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Abstract

The Grusin operator Ag = %(ai + 2202), z,y € R, is
studied by Hamilton-Jacobi theory. In particular, we find all the
geodesics of Ag of the induced nonholonomic geometry, construct
a modified complex action f which allows us to obtain the heat
kernel P; of Ag. The small time asymptotics of P; at all critical
points of f are computed. Finally we discuss the connection be-

tween A¢g and the subLaplacian of the 1-dimensional Heisenberg

group.

1. Introduction

We are interested in the geometric and analytic properties of the step

two Grusin operator
1
where the vector fields X; and X5 in R? are given by
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Note that X7 and X5 are linearly independent everywhere except on the
y-axis, where X5 vanishes. Consequently, the operator Ag is elliptic except
on the y-axis and the geometry of Ag is not Riemannian. On the other
hand, [X;, Xs] = a%, so Chow’s theorem [fl] holds, and any two points on
the (x,y)-plane can be connected by a piecewise differentiable horizontal
curve; a horizontal curve is a curve whose tangents are linear combinations
of X1 and XQ.

Our main tool is the Hamilton-Jacobi theory of bicharacteristics. (see [,
[2], [@]). The Hamiltonian function H associated with the symbol of —Ag is

H(z,y,&m) = %(52 + w2n2)

where (z,y,&,n) are the coordinates of the cotangent bundle T*R2. Note
that by setting n = 1, H corresponds to the 1-dimensional harmonic oscilla-
tor in quantum mechanics. A geodesic is the projection of a bicharacteristic
curve of H into the (z,y) plane. In order to obtain geodesics between two
points (g, yo) and (z,y) in R?, one solves the Hamiltonian system

d d d?
Yobe=e  Som=-ap (s 05— ap),
ds ds ds? ()
dy = H, =2y dn =-H,=0
ds K ’ ds T
with boundary conditions given by
2(0) =x0, y(0)=yo, z(1)=2z, y(1)=y. (2.5)

Since the operator A is translation invariant along the y-direction, one may
assume that y(0) = 0, in other words, only the quantity y — yo matters. We
shall mainly consider the case y > 0 which implies n > 0 by (Z3); the case
y < 0 (so n <0) is obatined by symmetry.

In solving (Z4l) with y > 0 one finds that there are more than one
bicharacteristic curve satisfying (2H) and the projected curves in (z, y)-plane
can be more than one, too. The length of a horizontal curve is defined in
EZ8), E2D). The length of the shortest geodesics is called the Carnot-
Carathéodory distance. Here we consider all the geodesics between any two
distinct points as Perry [11] showed that each geodesic contributed to the
asymptotics of the resolvent in the Heisenberg group case.
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From (ZZ)) one gets immediately that

x(s) = xo cos(ns) + Bsin(ns), (2.6)
with
B =220 g Lk (2.9)
sinn
and

1 1 xoB
y(s) = nb(x% + B%)s + E(m% — B?)sin(2ns) + OT sin?(ns)|.  (2.8)

Substituting ([Z9)) and s = 1 in (Z8]) one has (cf. ZI0), &I1), 1))

27 +siny

g )
14 cosn

+ (z =) 1 —cosn

y = 31w+ o)
Those 7n’s satisfying () give rise to geodesics connecting (x9,0) and (z,y).
Clearly n = km, k = 1,2,... are not allowed in (f]). However, if one puts s = 1
and 7 = k7 in (X)), the geodesics with n = k7 can still be obtained (see
2.4.2), but the information is only partial. One has to study the behavior of
the right hand side of () as a function of n € R in order to have a systematic
understanding of the geodesics. In so doing, one can count the number of
geodesics, their multiplicity, and most important, one sees those geodesics
which are not solutions of () are limits (in the sense of (23, 24)) of
the geodesics given by solutions of (). We call the geodesics coming from
the solutions of () ‘generic’ and the rest ‘exceptional’. As a result, one
only needs to work with generic geodesics or the formula (). A detailed
description of all geodesics is contained in Theorem 2.6. One remarks that
not all geodesics with n = km, k = 1,2,... are exceptional, see Section
2.6.1(II). Another interesting fact is that there are countably many geodesics
connecting (0,0) and (0,y) for any y # 0.

Imitating Riemannian case, one uses Hamilton-Jacobi theory to con-
struct an action and then finds the heat kernel of Ag. As in our case, the
geodesics connecting two distinct points may be multiple, so we uniformise
with a parameter and the formal expression for the heat kernel is an integral
over this parameter. It turns out that the action is the solution of the eiconal
equation (cf.(B2Z)). To get the heat kernel one has to find a proper contour
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to make the integral converge, and then one arrives at the modified complex

action
f(r) = —ity + 2 [(x + 20)? tanh% + (z — x9)* coth %] , TeC. (3.28)

Note that f is holomorphic in C\ {ikn | k = £1,+2,...}.

The case y > 0 corresponds to Im7 > 0 and symmetrically y < 0

corresponds to Im7 < 0 and as before, we deal with y > 0 only.

Writing 7 = u + v, we show that all the critical points of f in the
upper half plane are exactly of the form v with v satisfying (). In fact,
olmy w0030 = 0 is nothing but () with 5 replaced by v. One

the equation =5,
should mention here that n;, n; # mm for some m € Z and of multiplicity k,

corresponds to a zero of order k+1 of Imf at in;. On the other hand, n; =0
mod(7) and of multiplicity k, corresponds to a zero of order k — 1 of Imf
at in; (here k > 2 always). Furthermore, we find a curve I' (cf. Section 4.2)
part of Imf = 0, which possesses the property that Ref |F > 0 and Ref is
strictly decreasing on I'™ =I'N {u+iv |[u < 0} and Ref is strictly increasing
on I'" =I'N {u+iv |u > 0}. Together with the result Ref(0,7;) = g, where
l; is the length of the geodesic connecting (x¢,0) and (z,y) with n = n;,
(cf. Theorem 4.7), we show that the lengths of the geodesics are strictly

increasing with respect to 7;.

With the help of the properties of the modified complex action f, one
can easily verify the P;(zg,z,y) of Section 3 is the heat kernel.

In Section 6 we compute the small time asymptotics for Pi(xg,z,y) at

every critical point of f. In particular,

(I) for simple root n; of @), the expansion is of the form
f(m >
(2mt)~ Sem T Z ag(n;)t %

(II) for n; # m for some m € Z, n; double roots of (), one has

3 f(”]y E
(2mt)~ Zak nj)t3;
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(IIT) for n; = 0 mod(m), n; is of multiplicity two, one has
(2mt)~ Z ag(y tk+2

(IV) for n; = 0 mod(m), n; is of multiplicity three, one has

»M»—‘

(27Tt 3 _ U= 1)y7r Zak g

Thus small time asymptotics of P, yield all geodesic lengths.

[ is real analytic in o, x and y. It follows that the curve I'¢, ., de-
fined in Section 4 varies continously with respect to xg, z and y for generic
geodesics. As mentioned before, the exceptional geodesics are limits of
generic ones, one has, for example, as xg, * — 0, the roots n;_1, 72; of
@) with respect to (z9,0) and (z,y) tend to jm, which corresponds to two
distinct geodesics connecting (0,0), (0,y). We show that the sum of the first
terms in the small time asymptotics with respect to (x¢,0), (z,y) at inzj—1
and at iny; converges to the first term of the small time asymptotic with
respect to (0,0), (0,y) at inyj—1 = ing; = ijm. However, this is not true for
higher order terms.

In the final section, we point out the relation between Grusin operator
and the 1-dimensional Heisenberg group H;. We show how the fundamental
solution of Ag can be obtained from the fundamental solution of Ag,. We
also show how to get Pi(xg,x,y) from the heat kernel of Ag,. The relation
between the geodesics of Ag and Ay, is described also. At the end, we write
down the Wiener integral formula for P;(x¢, z,y) which shows the positivity
of Pi(xg,z,y). Of course, this fact also follows from the positivity of the
heat kernel of Ay, and the relation between it and P;(zo,x,y) (cf. [Z2)).

On the other hand, the modified complex action for 1-dimensional Heisen-
berg group Hj is (cf. ([ZTI)

. n 2 n
’L77y+ 4|113| CO 5

where (z1,79,y) are coordinates for Hy and |z|?> = 22 + 23. And due to
the group structure one can always take the origin as one of the end points.
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Now in Grusin case with xy = 0, the modified complex action becomes

—iTty + %xQ (coth % + tanh %)
=—ity + %xQ coth 7

=— in% + ng cothg ( by setting 7 =

N3

)

Therefore the results in Sections 2 and 4 all apply to Hy, except when |z| = 0,
where there are uncountably many geodesics in Hy connecting (0,0,0) and
(0,0,y), y # 0; they are parametrized by S*. By further study of the action,
we shall give in a forthcoming paper an elementary proof of the positivity of
the heat kernel for the Grusin operator and also for the heat kernel of Agj, .

In conclusion, the modified complex action plays the central role in the
construction of the heat kernel. We expect this will hold true for other
subelliptic operators.

We thank Mr. You-Jen Chang for helping in preparing graphs of this
paper.
2. SubRiemannian Geometry induced by the Grusin Operator

2.1. The definition of geodesics

In this section we study the geodesics determined by the Grusin operator
in the (x,y)-plane. Recall

Ag = %(Xf +X3) (2.1)

where the vector fields X; and X5 are given by

0 0
X1 = %, X2 = T=. (22)

The Hamiltonian associated with the symbol of —A¢ is
1
H(z,y.&n) = 5 (8 +a"n?) (2.3)

where we use (z,y,£,7n) to denote the coordinate of the cotangent bundle
T*R2.
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A bicharacteristic curve of H is the solution of the Hamiltonian system

dr d¢

==& g=He= o o)
g2, I =0 |
ds Tt e T Tl

The geodesics are the projection to the base space R? of the bicharacteristic
curves of H in T*R2. For our purpose, we first consider s € [0,1], and the

initial conditions are given by

2(0) =z, y(0) =yo, x(1)=u=z, y(1)=y. (2.5)

2.2. Reduction

Since 8% and :ca% are translation invariant in the y-direction, we will

assume yp = 0 in the rest of this paper. Moreover, the system 24 is

invariant under the transformation

('T’ Y, 57 77) = (‘T’ Y, 55 _77)’

thus it suffices to study y > 0 or y < 0 and we will assume y > 0 in the rest
of our paper. It follows immediately from 2] that 7 is constant along any
bicharacteristic curve of H. The choice y > 0 forces n > 0 by ([Z4)). First
we give a rough idea about the solutions of the system (2] with initial

conditions (1)) for the following possible 7’s.

2.3. The case n =0
When 1 = 0, the system (Z4)) implies £ = constant = £(0) = & and
z(s) = &os + o, y(s) =yo = 0.

So the geodesic is a straight line segment on x-axis connecting (xg,0) and

(z,0). Conversely, if we assume y = 0, then by Z4), we have

1
0=y=y(1) =7 /0 22 (u)du.
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This implies n = 0 or z(s) = 0. But z(s) = 0 implies ¢ =0 and xg =z =0
by (ZZ). This forces that the two end points coincide and 7 is arbitrary. In
fact, {(0,0,0,n)|n # 0} lies in the characteristic set of Ag. We exclude this
trivial case. We conclude that

Lemma 2.1 In Z3), the constant n is zero if and only if the initial
conditions are (z¢,0) and (z,0) with xo # x. The straight line connecting
(20,0) and (x,0) is the only geodesics.

2.4. The case n > 0

It follows from the proof of Lemma 2.1 that y > 0. In this case, we solve

() to obtain
2(s) = xo cos(ns) + Bsin(ns), (2.6)
where
B=5 6=g0) (2.7)
and

(2.8)

1 B
= 0[5+ B+ (o~ B2 sin(2ns) + 2 sin ()|
n n

Remark 2.2. Formula (8) implies if n = k7 for k € N, then z =
(—1)k1‘0.

2.4.1. n # km,k €N

In this case [ZH) and Z0) yield

T — xgCcosn

B (2.9)

sinm

Formula (Z¥]) then becomes

1 — sinn cos sinn — ncos
= [(@2 + ) (L2250 g (B
sin“n sin“n
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_i [(x+x0)2 ( (n—i-sinS?in)l(an—cos n) )+ (—20)?( (n— sins?l)lgln—l— cos 1) )}
or more properly
v =3[ +20%80) + (@~ z0)*u(n)]  where (2.10)
() = % and (2.11)
p(n) = % (2.12)

Those n’s solving (ZI0) give the geodesics between (zg,0) and (z,y). Not all
geodesics arise from the solutions of ([IM), for example, when x = 29 = 0
and y > 0 we do not have any information from (I0). The geodesics
arise from the solutions of (ZI0) will be called generic, and exceptional
otherwise. Note that 77 = k7 can be a solution of ZI0), see 2.6.1 (II), (III).
The properties of ¢ and g will be investigated in 2.5.

2.4.2. n = km,k € N

k

By Remark 2.2, we must have z = (—1)"z(. Most geodesics in this case

do not come from solving (ZI0).
Setting s = 1 and n = k7 in ([Z]) yields

k
y = %(xﬁ + B2). (2.13)
Solving for B, we get
2
B:i(% — 22)3. (2.14)

(ZI3) implies the following necessary condition for k
2y > kma}. (2.15)

Thus the cases xg # 0 and xg = 0 are quite different. They will be treated
separately in 2.6.2 and 2.6.3.

To find out all the geodesics, we need to solve (1), or to understand
the properties of the functions u and fi.
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2.5. Properties of u, ;t and the function F

For a,b € R, define

F(n) = a*fi(n) + b°p(n). (2.16)

We consider n > 0 only. The properties of y and i are summarized in the

following lemma.

Lemma 2.3.

The functions p and [ defined on > 0 are positive functions vanishing
at n =0 only.
The function p (resp. fi) has poles at n = 2km (resp.n = (2k — 1)7),

k e N.

The function p (resp. ft) is strictly convex in each interval (2(k—1)7, 2kn),
(resp. (0, 7)and ((2k — 1), (2k + 1)7)), k € N.

On (2km,2(k+1)m) (resp. ((2k—1)m, (2k+1)7), the function u (resp. 1)
takes minimum at o), € (2km, (2k + 1)), (resp. of, € ((2k — 1)m, 2km)),
k € N, where o, (resp. o) satisfies

/ ! 1! 1!
w(F)=% o ()=, ven
We have
a a//
plof) =%, (e, ) =), ke,
hence

< (k= 1)) = (k= D) < ulal) < (2 + D)

1
= (bt )7 <pl(@pr) <---

(resp. -+ < p2(k — D7) = (k — Dm < j(o) < p(2km) = kn <
(e ) <---) for all k € N.

Proof. We just prove parts (c¢) and (e) for p. The rest parts are straight-

forward.
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Proof of (c¢). We have for n >0, n # kr, k € N,

_ 2n+mncosn —3sinmn
= 5 .

1’ (2)

(1 —cosn)
Let
¥(n) =2n+ ncosn — 3sinn =n(1l + cosn) +n — 3sinn.

It suffices to prove 1(n) > 0 for 0 < n < 3. To do this, we differentiate
¥(n) and get ¢'(n) = 2 —nsinn — 2cosn, Y’ (n) = sinn —ncosn, P"'(n) =
nsinn. Now 1" (n) is strictly positive for 0 < n < 3, this fact and ¢”(0) =0
imply 9" (n) > 0 for 0 < n < 3. Again, ¥ >0 on 0 <n < 3 and ¢'(0) =0
imply that ¢'(n) > 0 for 0 < n < 3. Repeat the same argument once more,
we get 1’ (n) > 0 for 0 < n < 3. The proof of the convexity of fi is even
simpler. O

Proof of (e). We concentrate on the function 1(n). The statement for fi can
be proved similarly. From

2(1 — cosn) —nsinn
(1 — cosn)?

w(n) =

)

it follows that for n # nm, n G,N, () =0 < 2 =tan 4. When n = aj,

by repeatedly using tan % = %, we have

The graphs of u, fi and F' are shown in Figures 2-1, 2-2 and 2-3.

Now we may prove the main theorem of this section.
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Theorem 2.4. When ab # 0, the function F(n) = a?ji(n) + b*u(n) has

the following properties:
(a) F(n) >0 forn>0 and F(n) =0 if and only if n = 0;
(b) F(n) has poles at n = kr for k € N;
(c) F
)

(d) in each interval (km,(k + 1)), k € N, F(n) takes a unique minimum at

(n) is strictly convex in each interval ((k — 1)mw, km), k € N;

ay such that for k > 1, agr_1 < af, agy < o and

a’al, if k is odd

b2l if k is even.

F(ay) > {
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So F(ay) tends to infinity as k — oo;

(e) for each k € N, F(ay) < F(agt1)-
When a = 0, b # 0 (resp. b = 0, a # 0), F degenerates to b*u (resp.
a’fi).

Proof. Properties (a)—(d) follows immediately from Lemma 2.3. Now
we prove property (e). For a, b € R, ab # 0, recall

- +sinn n —sinn
F(n) = a® b u(n) = a2 b >0
(n) = a’fu(n) +b°p(n) = a Ll p—

It follows from Lemma 2.3 that F'(n) = 0 at » = 0 only and is convex in
(km, (k4 1)m) for all k =0,1,2,.... Observe that

F(n) = (ngm)" = g(n) +ng'(n) (2.17)
where
. a? b2

9(n) = Sm”(l +cosy 11— cosn)'
Note that

2 2

, a b
= 0 N R\ {kn| k€ Z
g (1+cosn+1—cosn)> ’ n € R\ {kr| k€ Z},

g(n) is a periodic function with period 27, and
g(n) = —g(2kw —n), for n € (km, (k+ 1)m). (2.18)

The graph of g(n) is shown in Figure 2-4.

Let F'(n) take the unique minima at oy in the interval (k7, (k+ 1)) for
k=1,2,.... For k € N, n € (kn,(k+ 1)), we have by ([ZIR)

g9(n) = —g(2km —n) and  g'(n) = g'(2km —n).
Put this and ZI8) into ZI7) to get

F(n) = g(n) +ng' (n) = —g(2km —n) +ng' (2kn —n)
= g(2km —n) + (2km — n)g'(2km —n) + 2[ — g(2kx —n)
+(n — km)g' (2km — )]
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|
|
|
|
|
|
Ao 7.T 01 2 (N 3 03 47 D4 5m
1
|
|
|
|
|
|

7 7 7 7 / n
COSéj = %
Figure 2-4
= g(2km —n) + (2kw — n)g'(2km —n) + 2[g(n) + (n — km)g'(n)]
= F(2km —n) +2[g(n) + (n — km)g' (n)]. (2.19)

When £ is even, by the periodicity of g, the terms in the last bracket becomes
g9(n) + (n —km)g'(n) = g(n — kr) + (n — km)g'(n — kr) = F(n — kr) > 0
for n € (km, (k 4+ 1)7). Therefore, for k even, n € (kr, (k + 1)7) we have
F(n) = F(2km —n) 4+ 2F(n — k), with  2km —n e ((k—1)m, k).
It follows that
F(ag) = F(2km — ag) + 2F (g, — k) > F(2km — ) > F(ag—1)

since oy, € (km,(k + 1)7) and F(ay — km) > 0 for all k € N.

For odd integer k, the periodicity of g yields, for n € (kw, (k + 1)7),

g(n) + (n—km)g'(n) = g(n — (k = D)m) + (n — km)g' (n — (k — 1)m) (2.20)
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with n — k7 € (0,7) and n — (k — 1)7 € (m,27). Direct computation shows
that

27 —smn b277+31n77 -0
1 —cosn 1+cosn

for all n € (0, 7). Thus, by [ZI9) we have F(n) > F(2km —n) for k odd and
n € (km, (k + 1)m). Therefore

gn+m)+nd(n+n)=a

Flag) > F(2km — ay) > F(ag-1)

since 2km —n € ((k — 1)m, km). This completes the proof of (e). O

2.6. The geodesics

2.6.1. The generic case

These are the geodesics connecting (z9,0) and (x,y) which come from
those n’s solving (ZI0):

1 2~

y= (o 202 0) + (e~ 20)p(n) = F(n)

. _ + _ —
with a = #5720, b = £550.

2
D)y >0, 2% # 2

By Remark 2.2, n = krm can not be a solution here. Since 2% # 3,
Theorem 2.4(e) implies that there exists N € N such that F(ay_1) <y <
F(an). When F(an-1) <y by Theorem 2.4 (a), (b), (c) there are 2N — 1
distinct solutions to (ZI0). When F(any-1) = y, ay—1 is counted as a
solution of multiplicity two. In this sense, there are always 2N — 1 geodesics
connecting (xg,0) and (z,y).

(I1) y > 0, x = 29 # 0 (resp. x = —xy # 0)

Here the function F(n) degenerates to z2fi(n) (resp. x3u(n)) due to
x = xq (resp. x = —xp).

We want to find those 7 satisfying % = fi(n) (resp. % = u(n)). By

0 0
Lemma 2.3, there exists N € N such that f(a/y,_;) < xig < (o) (resp.
plaly_y) < % < plaly)). As in (I) we conclude that there are 2N — 1
0

geodesics connecting (z9,0) and (zg,y) (resp. (z,0) and (—zg,y)). Note
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that (a) o, € ((2N — 1)7,2N7) (resp. oy € (2N7, (2N + 1)w), (b) it is
possible that n = 2(N — 1)7 (resp. n = (2N — 1)7). Clearly these geodesics
are limits of geodesics in (I) when 7 is not an integral multiple of 7. The
fact that the geodesic corresponding to 1, n = 0 mod(r), is the limits of

geodesics in (I), will be explained in Section 2.6.2.

(ITI) y = 0, = # xo
This case lies between y > 0 (so 7 > 0), and y < 0 (so n < 0). Observe
that obviously 7 = 0 is the only solution to (ZI0) when y = 0. The explicit
form of the geodesic is derived in 2.3. The point here is to show that its
form is consistent with ([Z8). For x # z¢ fixed and y > 0 small we have by
(I) a solution n € (0,7) to (ZIM). ZI) can be written in the form
n(x — xq cosn)

Bnp= ——F—7-—.
" sinn

Then put [Z8) as follows

n(x — zp cosn) sin(n s)
-8
sinn ns

x(s) = zg cos(ns) +
Let y — 0" and so n — 0. We have
z(s) = zo + (z — 2o)s,

which is exactly the form in Lemma 2.1.

2.6.2. The mild exceptional case y > 0, 2 = :L'g #0withn=0
mod(7), n not a solution of (EZIM)

These geodesics are called mild because only p(n) or fi(n) disappears in
F(n) and there are only finitely many geodesics connecting (z¢,0) and (z,y),
because of ([ZZIH)). We have briefly discussed how to obtain the geodesics with
n = km in 2.4.2. However, that approach can not tell whether the geodesic
is also a solution of (ZIM) or not and thus the total number of geodesics
is unclear. We are going to show that these geodesics are limits of generic
ones. This will solve the above question. We only treat the case x = xg # 0.

The case © = —x¢ # 0 can be done similarly.
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Fix y > 0 and z¢p # 0. Observe that when x = x¢, for n = k7 to

define a geodesic between (xg,0) and (x,y), it is necessary that k is even

by Remark 2.2. Also (ZI0)) must hold. We assume that y > Im;% = x3ji(km)

in the beginning. By Lemma 2.3, o/; < km and fi(n) is increasing for n €
2

(o/é, (k+1)7). Given € > 0 such that §(km — o/é) >e€>0,let x # zp and =

close to g to be determined later. Set F/(n) = 1 (z+z0)?fu(n)+%(z—x0)*1(n)

as before. By the definition of u(n) and fi(n), there exists § > 0 such that
- kma? krad
(z +20)%(n) < 71-210 + %(y — 71-210) =4+ %kmc%
if |x — xo] < d and |n — k7| < 2e.
k 2
(x —z0)’u(n) <3(y—-352)
if |x — x| < d and € < |n — k7| < 2e.

=

==

It follows that if x is chosen such that 0 < |z — x¢| < d, one has

i F(n) < and i F(n) <y.
ne(kﬂ—I:E(I}s—f—l)ﬂ) (77) Y " nE(kWIEl%er,lkﬂ—e) (77) Y
The first inequality shows that F'(«y) < y; whence by Theorem 2.4 there are

solutions n* with n~ < kr < n* satisfying y = F(nT). Furthermore, the

above two inequalities imply that [n* — kr| < 2e.

In conclusion we have proved

Lemma 2.5. Given y > 0, xg # 0, k positive even integer so that

2
y > kﬂ;(). For any e > 0, € < %(lm — o/é), there exists 6 > 0 such that for

any x satisfying 0 < | — xo| < 0, there are two geodesics connecting (x¢,0)

and (z,y) withn=nT orn=, n~ <kr <nt and |n* — kx| < 2e.
Next, we rewrite (0) in the form
x(s) = Asin(ns + «), (2.21)

where

o

A=\/z}+ B? and sina = (2.22)



136 C.-H. CHANG, D.-C. CHANG, B. GAVEAU, P. GREINER AND H.-P. LEE [June

Now formula ([ZF]) becomes

s sin2(ns +a) N sin(2a)]

a2 [T A2
y(s) =nA /0 sin“(nu + a)du = nA {2 1 1

At s =1, we have

1 sin2(n+a) N sin(2a)}
2 4dn 4n
sinn cos(2a + 17)}

p .

y =y(1) = n(ad + B2

:g(xg + B [1 -

Solve for B and get

2
B=+ . — 3.
n —sinn cos(n + 2«)

Note that B is a C*° function of n if W&(nwa) — 22 > 0. The sign of

B is determined by 1) or ). Let xo, ¥, n = n* be as in Lemma 2.5.
As n approaches km, we recover (14

Figures 2-5, 2-6 respectively illustrate geodesics for x = zg n = 27 with
B >0 and with B < 0.

Thus when 2y > lmx%, as x tends to zg, the two geodesics with n = n*
or nn~ tend to two distinct geodesics with B > 0 for one and with B < 0
for the other. When 2y = kmvg, we begin with 2y > kmc% and x = xg.

- krx?
As 7 decreases to %

one. However, there is another geodesic from (I) merges together. So this

, B tends to zero and the two geodesics merge to

geodesic has multiplicity three.

Let us look at (Z9) again. Instead of specifying that k is a positive even
integer, we now use 2kw. When n* — 2k7®, 2 — 29 — 0 we have

. T — X . x—xocosni—xo(l—cosni)
lim — = lim —
nt—2knt SN nE—2knE sinn
r—x9—0 r—xo—0
0 0 N (2.23)
. T — T COS
= lim 097 _p

ntookrt  sinpE
r—x9—0
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)(-’170-, y) (-’170-, !/)
w N
P_/(.’I?g, 0) \ (:1;07 0)
B>0 B <0
Figure 2-5 Figure 2-6
where
nt — 2kxt, x> x0, Or
B>0 if
n- — 2knT, x < x,
and
nt — 2krt, x <z, Or
B <0 if
n- — 2kn, x> xg.
As for the case x = —xg, we consider the limit n* — (2k — 1)x¥,

z + xg — 0 and have

lim T+ _ lim x — x9cosnT + xo(1 + cosnT)
nt—@k-Dr sinnE  pE o (2k-1)rt sinn®

w+20—0 -t 00
2.24
I T — xgcosnt B ( )

— 11m _— =
nE—@2k-1)rt  sinnt
r+x0—0
where
B ¢ nt — 2k -1t xz+z0>0, or
>0 i

n~— 2k—-1)r", x—x9<0,
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and

nt — 2k — 1), x+20<0, or
B<0 if
n~— 2k—-1)r, x+x9>0.

Finally, we count the total number of geodesics connecting (z¢,0) and
(xo,y) (resp.(—zo,y)). The number of mild exceptional geodesics here is
2(N — 1) (resp. 2N). In 2.6.1(II) we have oy, € ((2N — 1)7,2N7) (resp.
oy € (2N7, (2N+1)7)). So there are 2N —1 (resp. 2N —1) generic geodesics
coming from 2.6.1(II). Hence the total number of geodesics is 2N —1+2(N —
1) =4N —3=2(2N — 1) — 1 (resp. 2N — 142N = 4N — 1 = 2(2N) — 1).
This result agrees with 2.6.1(I).

Figures 2-7 and 2-8 illustrate the n’s for both cases 2.6.1 (II) and 2.6.2. In
Figure 2-7 11, n2 and 75 correspond to generic geodesics and 73, n4 correspond

to mild exceptional geodesics. As y decreases to wx%, one gets 3 =My = 15

= 27 which corresponds to a geodesic of multiplicity three.

Figure 2-7
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1 1 1
1 1 1
1 1 1
C l 1 1
1 1 1
1 1 1
1 1 1
1 1 1
1 1 1
1 1 1
1 1 1
1 1 1
1 1 1
1 1 1
1 1 1
1 1 1
1 1 1
1 1 1
1 =172 ! N5 ="N6 ! i !
Yy | X | : |
T T :
1 1 H 1
1 T | i H
1 il 1 o 1
1 H 1 . 1
1 H 1 ) 1
1 B 1 3! 1
1 il 1 H 1
1 : 1 : 1

1 H H
1 ! Hll| ! | ! 77
0 27 oy 3T a7 ab b 6

1 1 1
1 1 1

2.6.3. The exceptional case y > 0, x = x¢9g =0

Put zp = 0 in Z22) (so o = 0 automatically) and follow the same
argument there. We get

So there are infinitely many geodesics between (0,0) and (0,y), y > 0, with
Mok—1 = Nor = km, k € N. Explicitly,

x(s) = :l:\/z—;‘/T sin(kms)
y(s) = y((s — ),

So every km k =1,2,... corresponds to two distinct geodesics with the same

k=1,2,3,...

length. Figure 2-9 illustrates the n’s in this case.

2.6.4. The main Theorem on geodesics

In conclusion, we have the following theorem:

Theorem 2.6. Given two points (z¢,0) and (x,y) in the plane with
y>0,



140 C.-H. CHANG, D.-C. CHANG, B. GAVEAU, P. GREINER AND H.-P. LEE [June

n=n2 N5 = N6 n9 = MN10
Yy
N3 = N4 nr =mns
m 2 3 47 5m
r=x0=0
Figure 2-9

(1) If x # Fxo the equation ZIW) has finitely many solutions n;, j =
1,2,...,N, N odd such that

N-—-1 N+1
O<m<T<mp<p<2r- < T <NN-1 <N < m,
where nny_1 = NN occurs when Ny = an-_1.
2
The curves defined by
o ) T—To COSN; - )
e z(s) = xg cos(n;s) + —dnn, sin(n;s) (2.25)

y(s) =5 g *(u)du

are all the geodesics connecting (xo,0) and (x,y) in time s € [0,1]. Let
¢ denote the length of C;, one has 0 < f; </l <--- <Un_1 < {n.

(2) If 0 # x = x, then there are finitely many geodesics Cj, j =1,2,...,N,
N odd, connecting (x0,0) and (xo,y). The corresponding n;’s, j =
1,2,..., N satisfy

O<m <m<mp<mz=2m=my <ms < <Nz < Nak—1 = 2kT = N,
N+1

<Mpg1 < - <nNn—2 <nn—1 <y < m,

where NN—2 < %W < ny-1 =N < #W occurs when nN = 0/1/\1_17

2
N = 3mod4; %W <NN—3 <NN—2 =NN-1 =7N < %W occurs when

ny = YAa, N = 1mod4 and nn—3 < nn—2 = nn—1 < nn < Slr
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occurs when nN_o = NN—1 = %ﬂ', N = 1mod4.

When n # 2km, the corresponding geodesic is of the form ([ZZ0). When
y > kmc% we have Nyp_1 = M, = 2km and the two geodesics take the

form
_ x 2y :
Cort.Cor x(s) = zg cos(2kms) + \/227 o 2k sin(2k7s) (2.26)
y(s) = 2kr [7 x*(u)du.

When y = k‘wx% we have Cy_9g = Cny_1 = Cn with N = 1mod4, in
other words k = 7L and z(s) = g cos (X5tns) in ([ZZH).

The length of the geodesic satisfies

0<ly <ty <ly3="Ly<-+ <Lyp_o <lyp_1="Ly
Lypy1 < -+ <Un_o < Un_q1 < U

If 0 # x = —x0, then there are finitely many geodesicsCj, j = 1,2,..., N,
N odd, connecting (x0,0) and (—xo,y). The corresponding n;’s, j =
1,2,..., N satisfy

O<m=m=n<n3<ns<- <Mak—a < Nak—3 =2k = 1)m = Nap—2
N+1
2

<Nag—1 < -+ <NN-2 <NN-1 <N < T,

where NnN_9 < Nn—1 = NN occurs when Ny = O/N__l, N = 1mod4 and
NN—2 = NN—1 = NN occurs when Ny = %m N 543m0d4, and NN—g =
NN, < Ny occurs when NN_g = NN, = %W, N = 3mod4.

When n # (2k — 1)7, the corresponding geodesic is of the form (Z2H).
When 2y > (2k — 1)ma? we have ny—3 = mak—2 = (2k — 1)m, the two

geodesics take the form

Car—3,Cap—2 :
CC(S) = X COS((Qk - 1)7T8)
st i_?é — (2k = D sin((2k = 1)ms) (9 97

y(s) = (2k — D) [; 2*(u)du.

When 2y = (2k — 1)773:% we have Cn_9 = Cy_1 = Cn with x(s) =

o cos (Xtns) in @ZD), ie. k= FHL.
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The length £; satisfies

0<ly =l <l <ly< - <lyp_y4< 64]@,3 = lyp_o
<Lyp—1 < -+ <Un_o < Un_1 < Uy

If t =29 =0y > 0, then there are infinitely many geodesics connecting
(0,0) and (0,y). The n;’s are of the form

m=n=n<n3=2r=n<- - <Mp-3= 2k —1)T = ngp_2
<Mag—1 = 2km =mgp < -+ .

The geodesics take the form

z(s) ==+ Z—g sin(kms)

y(s) = y<3 _ %) (2.28)

Cok—1,Cop :

where Mop_1 = Mo, = kw. The length of Cor_1 or Cop is lop_1 = o, =
kmy, k € N.

If y = 0, xy # x then there is a unique geodesic connecting (xo,0) and
(x,0) with

n=0, ,CC(S) = Tp + (:C - IE())S, y(S) =0.
All the geodesics in cases (2)—(5) are limits of the geodesics in case (1).

The statements concerning the length ¢; will follow from Corollary 4.6

and Theorem 4.7.

Remark 2.7. In the next section we will use geometric mechanics

method to find the modified complex action which plays the key role in

constructing the heat kernel of Ag. In that process we use only the generic

geodesics which is adequate as justified by Theorem 2.6. The close relation

between the modified complex action and the geometry discussed here will

be seen more clearly in Sections 4-6. Only at that point one may say that

the modified complex action indeed reflects the geometry of Ag.
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3. The Modified Complex Action

3.1. Riemannian case

We recall the heat kernel for the Laplace-Beltrami operator,

1 n 1 n
2: * 2 :){2
=1 =1

Here Xi,...,X,, represent n linearly independent vector fields on an n-
dimensional manifold M,,. Assuming that X = {Xiy,...,X,} is an or-
thonormal set we obtain a volume element on M, which yields X j* , the
operator adjoint to X, +--- stands for lower order terms. The heat kernel

for A, at least locally, takes the form,

1 d(x,xq)?

—€ 2t a+at+at2—|—---.
(2mt)2 (0 ! 2 )

Pt(X’ XO) =

where d(x,x() denotes for the Riemannian distance between x and xq if
the metric is induced by the orthonormal set {X1,...,X,}. The a;’s are
functions of x and xg. Note that
0 rd(x,x0)? 1 — d(x,x0)%\2

(M) _,__Z(Xju) =0, (3.1)

ot 2t : 2t
J=1

d(X, X0)2

that is, is a solution of the Hamilton-Jacobi equation.

3.2. The classical action for Grusin operator

In the case of the Grusin operator
1 ( 0? L 0? >
¢=o\g2 7" oy?
we shall look for a heat kernel in the form

1
—e M (3.2)
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where, imitating BI), h is a solution of
Oh 1/0hN\N2 1 ,/0h\2
- —( — — —_ = 0' 3.3
ot +2(8x> +2x <8y> (3:3)
Thus we start with solving

0z ( 0z 62) _ 0 (3.4)

g o= 7=
o T\ Y a0 9y

for z, where
1 1
H(Jf, Y, 57 77) = 552 + 5'%.2772'

Normally one reduces this question to finding a solution of a system of or-

dinary differential equations as follows. Set

H(z,y,t,2,&n,7) =+ H(z,y,§n) =0, (3.5)
where £ = %, n= g—; and v = %. We shall find the bicharacteristic curves

which are solutions to the following system:

iz}zf where a‘c:z—j,

j =H, = na’,

t=MH,=1,

§=—H, = -z, (3.6)
n=—Hy=0,

§=—H, =0,

With 0 < s <t

n(s) =n(0) = n = constant,

v = —H = constant,

2
—
VA
S~—
1

Here “constant” means “constant along the bicharacteristic curve’. Observe
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that ([B8) is an extended system of (). In particular,

t=¢-d+n-y—H (3.7)
From (B0)
i=¢&=-n*x, o i+n’z=0,
50,
2(s) = 2(0) cos(ns) + @ sin(ns),  ifn #0, (3.8)

(cf. &4, @&M)). As for y(s), one has

y(s) =na’(s)

—1[22(0) (% + % cos(2ns) ) + 290(0)&;) sin(17s) cos(ns)
2
+ 577(20) (% - % cos(2ns))],

z? sin(2ns
o) =00 = 0| 50 (54 20 1) i)

1£2(0) sin(2ns)
2 2 ’
_ g(sﬂ(o) + 577(20))5 n i(:ﬁ(o) - '577(20)) sin(2ns)
+@$ (1 —cos(2ns)).
From (BH), one has
§0) _ alt) z 2@ costmt) e oo 20, (3.10)

no sin(nt)
(cf. Z3)). So we work with generic geodesics only, see Remark 2.7.
We introduce (BI0) into B3):

() -90) = T2 (s + 1 sin(2ps))
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1 22(t) — 2z(t)z(0) cos(nt) + z2(0) cos?(nt) 1.

+§ sin2 () (778— 3 sm(2778))
x(0) z(t) — 2(0) cos(nt)

+ 5 Sin (D) (1 - cos(2ns)).

Collecting terms containing x2(0), z2(t) and z(0)z(t) respectively, we have

6 =0 = T {ans — [sntznt) — szt~ )]
s s s
—i—% [sin(2ns — nt) + sin(nt) — 2ns cos(nt)] .
From (B7), one has
2(t) = 2(0) + /0 " 5(s)ds = 2(0) + S(1) (3.11)

where S(t) is the classical action. To simplify matters we set

The classical action S(t) is given by

S(t) = /Ot (€& +nj — H)ds

(3.12)
=y —y(0) + / (€2(s) — H(s))ds.

t
0
Then ([B8) and ([BJ) yield

&(s) = it(s) = £(0) cos(ns) — ne(0) sin(ys).

H is constant along a bicharacteristic, so

H=H(0) = %(52(0) + n%?(o)),
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and

S(0) =n(w(O-y0)+ [ {COS(Q”S)(52< )22 (0)) e (0)E(0) sin(201s) | ds

= (- () + 222 (0) — 222(0)) + na((0) ==,
Replacing £(0) by @I0), one has
S(t) = n(y —y(0)
REIE
(o) :gi(r(jz;gs(nt) cos(2;7:/) ~1
= () s a0
—22(0) 2= ZEE?;;SW) (1- cos(217t))} .

After simple computations, one has

S(t) = 77(?/ —y(O)) — g <(3: +x(0))2tan%t — (3: — :c(O))Qcot %t> )

3.3. The Hamilton-Jacobi equation

To find the solution of the Hamilton-Jacobi equation we still need z(0),

ee (BII). Instead, we shall substitute S(t) of ([BI2),
S:S(t)x)y)x())n)a :COZCC(O))
into [B4)) and find the discrepancy. Recall

x(s) = z(s;x,y, g, n,t),..., etc.
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Then,
oS
%(tﬂ?awao,n)
_/ [ﬁgdm giax(sxy,xo,n, )+6_n@+ d Jy(s;--- 1)
~Jo Loz ds ox Bz ds ' ds ox
LOHOE_OHON_OH dalsiet) O Oyfsi ),
0§ dx On dx O« ox oy ox
t d 8:{?(8, ,t) d 8y(5’ ’t) ax(s’ ’t) ay(s’ ’t)
/0 ( ds ox +77£ ox +¢ ox + ox )ds
td [ 0x(s; - ) Ay(s;--+ ,t)
— el ) ) ) ) d
/0 ds ( ox +n ox > y
Ox(s;--- ,t)|s=t Ay(s;--+ ,t)|s=t
N E(S) ox s=0 + ?7(8) ox s:O.
which yields
a a 0; x’ 7'%. ) )
2 (o) = ) — (o) BRI I gy
Similarly,
a8 6y(0§$7y7$07n7t)
-\ = — . 14
5t 0.m) = (1) — (o) L (3.14)
Moreover,
oS
)

= &)t )+t )yt - ) — H(E)
t/ 0 dx 0dy OHOJx OHOJy
—i—/o (§ >ds

otds " "otds 0w ot oy ot
d Oz d ay 0x Oz

= @0 +nONO-HO+ [ (65515 GGy )ds (.15)

= £((t) + n(t)y(t) — H(t) + / L (2 %) as
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Now, zg = z(0;--- ,t) is fixed, and x = x(¢;-- - , ) is also fixed, so
d . Oz
0= %x(t,--- ) =x(t) + E(S’“. ,t) oy

and therefore,

ox
E(S"” )

149

(3.16)

we note that z(0) = x¢ is fixed. On the other hand y(0;---) is not indepen-

dent of ¢, so
%
ot

Consequently, one has

s=t . 8y

om0 = IO = 5 (O

(5 1)

oS
= —H() = n(0) 2 (0 ),

We set
h=n(0)y0;---)+5S

Then (EI3) and EI4) yield

oh oh

e = S0 g, =00,
and (BIX) gives us

oh oh
0= E =+ H(t) = E + H(-T(t)ay(t)’g(t)an(t))'

In view of (B20) we have found a solution of

oh

S+ H (), ()

L oh 6h> Oh

g oY _ 9 g (wh) =o.
o oy) "ot T (vn) =0
We note that

h = h(z,y,x9,n(0),t).

Thus we have derived

(3.17)

(3.18)

(3.19)

(3.20)



150 C.-H. CHANG, D.-C. CHANG, B. GAVEAU, P. GREINER AND H.-P. LEE [June
Theorem 3.1. When nt # +kw, k=1,2,...,
1 t t
h=ny— 1" (z + z0)? tan % — (x — x0)% cot % (3.21)

is a solution of the Hamilton-Jacobi equation B3).

3.4. The eiconal equation and the modified complex action
We note that
1 1
h(.%', Y, T, 1, t) - Zh(x7 Y, X, 77757 1) - ;g(xu Y, Zo, 77t)7 (322)

which we use to define g. According to (B2) and Theorem 3.1, we look for
a heat kernel in the form
1 -, 1
te te
The heat kernel should not depend on 7. So we use an age old technique to
get rid of n by summing over it. Thus we shall look for a heat kernel in the
following form:

1 9(z,y,20,))
P= B V(N)dA. 3.23
g LRV (3.23)

To simplify matters we summed over nt = A; an extra t can always be
absorbed in ¢t~¢, especially since we have not chosen « so far. V(\) is
thrown in for good measure; we are free to do so and we shall need it.

Lemma 3.2. g(x,y, o, ) is a solution of the eiconal equation

A@JFH(

dg 0
o v o)

—, =) =g .24
x7y7 ax7 6:{/ g (3 )

Proof. One has
Oh _ _1(0h\ 1 5 (00T
ot 2\ 0x 2 oy )’

Oh 1 1 dg

- 29 e

and (BZZ) gives
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The two right hand sides agree for all £, so we may as well set t = 1. Replacing
1 by A we have derived the lemma. 0

It is time to fix the path of integration. Equations ZI) and B22))
yield

A A A
9(N) =Xy — 7 |(z +20)” tan 5 — (z = zp)* cot T, (3.25)

A # tkm, k=1,2,.... Still, this nonclassical action will give us all geodesics
(see Remark 2.7).

To simplify the calculations we set

a? = (z + 20)?, b = (x — x0)*.

Lemma 3.3. Let A =0p = A\ +iXg € C with p = |\|, A\, A2 € R. Fiz
0. Then

lim Reg(0p) =
p—00
for all (z,y) off the canonical curve x* + x% =0 if and only if 6 € iR.

Proof. The content of the square bracket in ([B22H) may be rewritten in
the following form:

a’sing  b*cosy  a*(1—cos ) — b3 (1 +cos \)
cos% sin% sin A

— — b2 _
_ a?(1 —cos \) — b?(1 + cos \) sin )
sin A - sin A

a?(1 —cos\) — (1 +cosA) . «
sin A
cos(A — A) — cos(A + A))

1
2
2

(
(

a?(1 —cos \) — b?(1 +cos\) .
1 S
(

(cosh(2A2) — cos(2)A1)) A

2(1 _ _ 2 _
_ a*(1—cos A) — b*(1 + cos \) sin
cosh? g — cos? \q
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Now a straightforward elementary calculation gives us

Re(g)(A)

= My+

1 2 )\2 sinh )\2 — )\1 sin )\1 b2 )\2 sinh )\2 + )\1 sin )\1 (326)

4 “ cosh \g+cos A1 cosh Ay —cos A\

We write 0 = 61 + i0s, 601, 65 € R.

(i) 01 =0, 62 = £1, so 6 € iR. When p = oo,

Re(g) = — (a® + b?)02p tanh(62p)

~
~

DO = | =

(2? +a3)p — o
(11) f1 = +£1, 0, =0 and 8 € R. Then
Re(g) = £py — Z(az tang — b? cot g),
which is highly singular in p € R when :cg + 22 # 0, otherwise

Re(g) = £py — £(sgn)(y) oo,

as p — oo.
(iii) 01 # 0, O # 0. In this case, for large p one has

1
Re(g) ~ O1py+ 7 (a2 tanh Ao + 623, coth X )

1
~ Oipy + (a” +59)|0lp

= (0w + 53+ )00l ).
Choosing y so that
|01y] > %(m% + 2%)|62],
we obtain
Re(g) — (sgn(61y))oo,

which can be +o0o depending on the sign of y and 6;. This completes
the proof of the lemma. O
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So to have our integrand on its best behavior, our choice of integration
path should end on the imaginary axis at oo. An obvious choice is the
imaginary axis; this may also be forced on us, more or less, if the heat kernel

is real. We make this choice and set

A= —iT, TeC, (3.27)
by convention, and
f(r) = g(—ir),
SO
f(r) = —ity + 2 (x + x0)2 tanh% + (z — x0)2 coth %] , (3.28)

is the modified complex action.

We note that f(7) is bounded near 7 = 0. Thus we look for a heat

kernel in the form

1 f(r)
P = T d 2
(27Tt)a/Re & V(r)dr, (3.29)

where we used the shorthand
P = P, = Py(xo,z,y).

f(7) satisfies the eiconal equation (BZ4):

T% + H(m,y, of 8f>

50 ay) = (3.30)

4. Properties of the Modified Complex Action

4.1. The critical points of the modified complex action f
Recall the modified complex action
) 1,5 T 9 T
f=—ity+ Z(a T tanh 3 + b“T coth 5)

where 7 = u+iw € C, a = x +x9 and b = = — 9. Denote by f1, fo
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respectively the real and imaginary part of f.

fi(u,v) = Ref
11 qusinhu—vsinv  ,usinhu4wvsinv (4.1)
= vy + — [a ]
4 cosh u+cos v cosh u—coswv
fo(u,v) = Imf
1 . . . . (4.2)
ovsinhu+usinv  ,vsinhu—wusinv
= —uy—i——{a }
4 cosh u+coswv cosh u—cosv

In Section 3 we find the classical action S from the system (B which
contains (Z7) as a subsystem. Then we get from S successively the functions

h, g and the modified complex action f. Hence it is not surprising that

o= W = Q8 iyt Ln) 0] @)

which is exactly ¢ times ([ZI0). It follows from Theorem 2.6 that (E3)
vanishes at v =17;, j =1,..., N for generic geodesics connecting (x¢,0) and
(x,y). So these geodesics correspond to the critical points of f. In fact, we
will show that: For v > 0 (i.e. y > 0), all the critical points of f lie on the
positive v-axis and are related to generic geodesics. Therefore the critical

points of f is in one to one correspondence with the generic geodesics.

We first prove for the generic case, then give a brief discussion for the

exceptional geodesics.
4.1.1. The generic case

(A) As f is holomorphic,

of _
or

oh _ 0k

0 ou  ou

(4.4)

When a = b =0, f(r) = —ity, so % = —iy which vanishes if and only
if y = 0. In other words, this corresponds to the trivial initial conditions
rg = x =y = 0. So we exclude this case and assume that a? 4+ b?> > 0 and
y >0 (sov >0 by B27)) in finding the set satisfying the right hand side of

).
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(B) We have

4%:{ «*

ou (coshu + cos v)?
X [u + sinh © cosh u + u cosh wcosv + vsinhusinv + sinhucosv} }
b2

* (coshu — cosv)?

X {u—l—sinhucoshu—ucoshucosv — vsinhusinwv —sinhucosv} }

So % = 0 implies that

a? (u + sinh « cosh u + u cosh w cos v + v sinh u sin v + sinh u cos v)

—i—ﬁQ(u + sinh u cosh 4 — w cosh u cos v — v sinh u sin v — sinh u cos v) =0
where
2 a? 2 b*
(coshu + cosv)?2’ (coshu — cosv)2’

(C) When v = 0, % = 0 implies that

a? (u + sinh v cosh u + u cosh w + sinh u)

+32 (u + sinh u cosh u — u cosh u — sinhu) =0

and it is easy to see that % 0= —y.
v=

As

u 4 sinh u cosh u + w cosh u + sinhu = (sinh u + u)(cosh u + 1)

u + sinh u cosh w — wcosh u — sinhu = (sinhu — u)(coshu — 1),

we see that they always take the same sign. Hence,

% :%:0 holds only when =0 and y =0.
ou ou
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(D) It remains to consider v > 0. First assume u > 0. Now % =0

implies that

v(a? — 3%)sinh usinv
= —a?(u + sinhucosh u + u cosh u cos v + sinh u cos v) (4.5)
—32 (u + sinh w cosh uw — u cosh u cos v — sinh u cos v) .
Since
u 4 sinh w cosh u 4+ u cosh u cos v + sinh u cos v
> u 4+ sinhwcoshu — ucoshu — sinh w

= (sinhu — u)(coshu —1) >0
and similarly

u + sinh v cosh © — u cosh v cos v — sinh u cos v

> (sinhu — u)(coshu —1) > 0.
As v > 0, (E3) holds only if
(o — %) sinv < 0. (4.6)
On the other hand,
0f2 _ f2

ou u
2

vsinh u
]

(v cosh u—
U
(

) (cosh u+cos v) — (usin v+vsinh ) sinh u] (4.7

vsinh u

) (cosh u—cos v) — (v sinh u—wu sin v) sinh u] .
u

Now consider the case fo < 0. Then % = 0 implies that

sinh u

0 < a? {v( coshu — )(cosh u + cosv) — (vsinhu + usin v) sinh u}

sinh u

+32 [v( coshu — )(coshu — cosv) — (vsinhu — u sinv) sinh u]

9 9 sinh u cosh u sinh u
= « v(cosh Yy — —————— + coshucosv —
U U

cos v — sinh? u)

—u sin v sinh u]
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sinh u cosh sinh
432 [v(cosh2 u — ZRRUCRY _oshucos v + Y
u u

cos v — sinh? u)
+u sin v sinh u] .
Therefore, after multiplying the whole formula by u we obtain

v [aQ (u — sinh u cosh u + u cosh u cos v — sinh u cos v)

+3%(u — sinh u cosh u — u cosh u cos v + sinh u cos v)] (4.8)
> (a? — f?)u?sinvsinhu.
Multiply both sides of #X) by (a? — 3?)sinhusinv, the inequality reverses

because of (EEH). Then we substitute v(a? — 3?) sinh usin v by the right hand
side of (X)) to obtain

(o — 3?)%u? sinh? usin® v
> — {a2 [u(1 + cosh ucos v) + sinh u(cosh u + cos v)]
+ 3% [u(1 — cosh u cos v) + sinh u(cosh u — cos v)] }
X {a2 [u(1 + cosh ucosv) — sinhu(coshu + cos v)]
+ % [u(1 — cosh u cos v) — sinh u(coshu — cos v)] }
=— {a4 [u2(1 + cosh u cos v)? — sinh? u(cosh u + cos v)z}
+ 5 [u2(1 — coshu cos v)? — sinh? u(cosh u — cos v)2]

+ 20262 [u3(1 - cosh® ucos” v) — sinb? u(cosh® u — cos” v)] }.

Collect terms containing u? on the right hand side then move it to the left

hand side, we get

u? [a4(1 + cosh ucos v)? + 54(1 — cosh u cos v)?

+ 202 3%*(1 — cosh? ucos® v) + (o — %)% sin? v sinh? ul
>sinh?u [a4(cosh u4cos v)? 4 4% (cosh u—cos v)? +2a2 32 (cosh? u— cos? )]

In other words,

u? [a4(cosh u+ cosv)? + B*(cosh u—cos v)2 4202 5% (sin? v —sinh? u)]
> sinh?u (4.9)
X [a4(cosh u+cosv)?+ 3% (cosh u—cos v)*+2a?3%(cosh® u—cos® v)].
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Since (cosh? u — cos? v) — (sin v — sinh? 1) = 2sinh? u > 0, and u? < sinh? u,
the inequality (E9)) holds only when u = 0.

(E) The case v > 0, u < 0 and fy < 0 can be proved similarly. Actually,
follow the same steps, we see (B20)) holds also. Then the inequality is reversed
in ([@X). However, in this case (a? — 3?)sinhusinv > 0, so we get the same

conclusion.

We have proved that when v > 0, u € R, all the critical points of f in
{u+iv; fa(u +iv) <0} lie on v-axis.

(F) Finally observe that fs is an odd function with respect to u. There-
fore the critical points of f can only occur on the positive v-axis. In view of
(4.3) we have proved the following theorem.

Theorem 4.1. The critical points of the modified complex action f with
y >0 (and so v > 0) can occur only on the positive v-azxis. In fact, they

correspond exactly to the generic geodesics.
4.1.2. Discussion on exceptional geodesics

In Section 2 we already know that the exceptional geodesics do not
come from the solutions of ([ZI0) and the generic geodesics are dense. The
function F(n) is singular at n = km, k € N in general and is defined at these
points only in the sense of [ZI4)), Z23) and 24]). The situation here is
exactly the same. The modified complex action f is singular at 7 = ikm,
k € N in general. Suppose we take ([ZI4]), (ZZ3) and 24 into account,
f will be defined at these singular points. Also the critical points of f will
include exceptional geodesics if we start from generic case and then taking
limits in the sense of (ZI4]), Z3) and Z24]). The details are left to the
readers.

On the other hand, the volume form V(7) constructed in Section 3 for
the heat kernel of Ag is singular at 7 = ikm, k € N. This fact actually
reflects the existence of the exceptional geodesics and will be seen clearer in
Section 6.

4.2. The set {(u,v) : Imf(u + iv) = fa2(u,v) = 0} and the curve T

We follow the notations in 4.1. We need to consider the set {(u,v) :
fo(u,v) =0, u >0, v > 0} only. The set {(u,v) : fa(u,v) =0,u<0,v >
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0} can be obtained by symmetry. We then define the curve I" which is
crucial in proving the strict increase of the lengths of the geodesics claimed
in Theorem 2.6 and the discussions in Sections 5 and 6.

We start with the following obvious fact

Lemma 4.2. The function fo vanishes on v-axis except at T = ikm,
k € N, which are simple poles of f.

The next lemma is important.

Lemma 4.3. Assume y > 0. Let A= {(u,v)] u>0, v>0, folu,v) <
0}. Then % < 0 on A except those points (0,n;), j = 1,..., N with n;’s
defined in Theorem 2.6(1).

Proof. The lemma holds on positive u-axis since %\Uzo = —y < 0 by
assumption. On A N {u = 0}, we first assume that = # +z¢. By E3J)
of2

1
w0 = —y + —F(v).
L) o=~y F ()

It follows from Theorem 2.4(c) that

0 N-—-1
a—f(o,v)<01f0§v<m or 772j<v<172j+1,1§j§ (4.10)
0
a—j;z((),v):Oifv:nj,lgjgN (4.11)
0 N -1
a—{j(O,v) >0if ngj_1 <v <y, 1 <5< or Ny < v. (4.12)
Hence for positive u close to zero we have
fa(u,v) < 0 if v satisfies (EI0) (4.13)
fa(u,v) > 0 if v satisfies ([EIZ). (4.14)

Therefore AN{u =0} = {(0,v)] 0 <v <y, mj <v<mgjy1, 1 <j< %}
by E3) and by EIO), @II) the lemma is true here. The assumption
x # txg can be dropped by the same argument in proving Theorem 2.6.

It remains to consider u > 0, v > 0. In view of (1) it suffices to prove

sinv

sinhu coshu — w + (sinhu — w cosh u) cos v + u?sinhu > 0 (4.15)

v



160 C.-H. CHANG, D.-C. CHANG, B. GAVEAU, P. GREINER AND H.-P. LEE [June

and

PY Zsinhu > 0. (4.16)

sinhwu coshu — u 4 (u coshu — sinhu) cos v —

Proof of ([EIH). Note that

sinhu < ucoshu for u > 0. (4.17)

(a) sinv > 0. In this case

sinv .
u?sinhu

sinhucoshu — u + (sinhu — u coshu) cosv +
v

>sinh v coshu — w + sinh v — wcosh u
=(sinhu — u)(1 4 coshu) >0 for u >0
(b) sinv < 0. We first prove for v < 2.

(b1) 7 < v < 3X. Here cosv < 0, so

. . sinv .
sinh w cosh u — u 4 (sinh u — u coshu) cos v + —— u® sinhu

v
u? u?
>sinhwuwcoshu — u — — sinhu = sinhu(coshu— —) —u
T T
1 1
>sinhu(1 + (5 — =) —u>0 if u>0.
T

(b2) 3 < v < 27. Now cosv > 0 and by (EI2)

. . sinv .
sinh w cosh u — u 4 (sinh u — u cosh u) cos v + —— u® sinhu
v

2
>sinh v coshu — uw + sinhuw — wcosh u — 3—u2 sinh u

" g (4.18)
= sinh u cosh u 4 sinh u — (2 cosh? 5) - 3—u2 sinhu
™

ur .. u 2 4 U
:2cosh§ [smh§(1 + coshu — 3—7Tu ) — w cosh 5]

which is 0 if ©w = 0.
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On the other hand,
dr. . u 2 5 U
T [smh§(1 + coshu — 3—7Tu ) — w cosh 5}

1 2 4
=— cosh u (1 + cosh u — —u2) + sinh E(sinhu — —u) —cosh w_u sinh u
2 2 3T 2 3T 2 2 2

1 2 4 1
=3 coshg(coshu— 1-— 3—7Tu2) —|—sinhg<sinhu+ (3—7T + §)u> >0, if u>0.

Therefore the last line of ([IR) is strictly positive if u > 0. So (EI]) holds

for377r<v<27r.

When v > 37 and sinv < 0, the proof is similar but easier. We omit it.
This completes the proof of (EIH). O

Proof of ([EIM).

(a) sinv < 0. In this case

. . sinwv .
sinhu cosh . — u 4 (ucoshu — sinhu) cosv — —— u? sinhu
v
> sinhwucoshu — u — ucoshu + sinh u

= (14 coshu)(sinhu —u) >0 if u>0.

(b) sinv > 0. We divide the proof into two cases.

(bl) v > 7, sinv > 0. This implies that v > 2. Hence,

sinv

sinh u coshu — u + (u coshu — sinhw) cosv — u?sinhu

1
> sinhucoshu — u — ucosh u + sinhu — 2—u2 sinh u
T

3

> sinhu—u+coshu(sinhu—u— ;—) >0, ifu>0.
i

1 1
>U3(§—g)>0

In the last line we replace u? sinh u by u? cosh u which is larger by @IT).
(b2) 0 < v < m. We have

sinv

sinhu coshu — u + (u coshu — sinhu) cosv — u? sinh u
sinh(2u sinv
= # —u + (ucoshu — sinhu)cosv — —u
v

2sinhu
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1 o0 (2u)2k+1 0 w2k & w2kt
:_Z 4 UZ —27>cosv
| | |
2 &~ (2k + 1)! ( — (2k)! P (2k + 1)!
2 f: u?k+l sinv)
|
— 2k+1)! v
1.0 2kt
= = Z — (2% v + 2kv cos v — 2k(2k + 1) sinv ).
q
Ul (2k + 1)! )

It is easy to see that 22% — 2k — 2k(2k + 1) > 0 for k > 3. Furthermore,

d
o ( 2%y 4 2kv cos v — 2k(2k + 1) sinv)

denote this function by E(v)
= 2%% 4 9k cosv — 2kvsinv — 2k(2k + 1) cos v

= 22k _ (2k)% cosv — 2kvsin v,

and

d*E(v)

e (214:)2 sinv — 2kv cosv — 2k sinv

= 2k(2k — 1)sinv — 2kv cosv

> 2k(sinv —vcosv) >0 for 0 <v <.

Now E(v) =0 if v =0, and

dE

i =22 _ 2k =0 for k=1,2
d’l)v=0 () 0 or ’

It follows that E(v) > 0 for 0 < v < 7, and the proof of (1) is therefore

complete.

This completes the proof of Lemma 4.3. U

Assume that y > 0. For any vy > 0 fixed, the function fa(u,v) tends to
—o0 as u tends to co. Lemma 4.3 implies that there is a unique ug > 0 such
that fa(uo,v9) =0, fa(u,vo) < 0if u > ug and fo(u,vg) > 0 if u < uy. Thus
A is an unbounded simply connected set and JA \ u-axis is a curve {(u,v)}

so that u is a function of v > 0. We set

't =0A\ {(u,v)| v<m} if y > 0.
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When y = 0,we set
'™ = {(u,0)| u>0}.

0.

Note that in this case A = () and %
I+

The properties of I'" are collected in the following proposition. We need
consider y > 0 only. First assume that = # xg.
Proposition 4.4.
(1) T is a C*° curve except at (0,n;), j =2,...,N.
(2) Tt = Uf[ F;r where
-1
2

Iy ={(u,0) €T i Sv<my}, 1<5 <

. N
I3 = {(0,0)] mj <v<mjpr}, 1<5<

-1
and

I'f ={(u,v) eI ny <0}

For u, v large Ty asymptotically tends to uy = 3(z3 + 2?) = %(a* + b?).

N+1
Also {(u,v)|u >0, v>0t\A=;2 Dj;. EachDj is simply connected.
Forj=1,..., %, Dj is bounded by FELJ'A and v-axis, so is a bounded
set. The boundary of Dy is {(0,0)] v > ny} U T, and so Dy is
2 2

unbounded.

of .. 0’f .

E(znj) =0, and W(mj) #0.
't meets v-azis at inj, j =1,..., N orthogonally.

(4) If nN—1 = nn, then nny = an—1 by Theorem 2.6(1). We have
2

0?2 o3
O (i) = 2 2 onx) =0, and 2 (inw) £ 0

In this case, F}q degenerates to the point (0,mn) and I‘}fz, Fj(, and

v-azis meet at iny with three equal intersecting angles, i.e. 3.

Proof. (1) follows from the implicit function theorem by Lemma 4.3.

(2) is clear from the discussions before the Proposition.
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To prove (3), observe that 7; is not a local minimum of %M:O for

1<j< Norforj=N if ny_1 < nn. So, we have for these critical points,

& fy
8’&8’0 (Oanj) 7é 0)

or equivalently,

82
oL lin) #0.

The last statement of (3) follows from the fact that fs is harmonic there.

As for (4), if ny—1 = nn, then ny is a local minimum of %(0,@) and
ny = an-1 by Theorem 2.6(1). Hence
2
& f2 O f

m(& ny) =0 or equivalently W(im\’) =0.

By Theorem 2.4(c) F is strictly convex there, this and ([£3]) imply the strong

. )
convexity of %\uzo near 7y, thus we have

& fy : »Ff.
90 002 (0,mn) #0 or equivalently ﬁ(zm\z) # 0.

The last statement follows from the harmonicity of f,. This proves the

Proposition. U
The orientation of I'" starts from in; to infinity. Let
' ={r: 7=u+iv suchthat —wu-+dveclt} (4.19)
with orientation reversed. Then set
r=rtur- (4.20)

The curve I' is depicted in Figure 4-1 and 4-2.
Next we discuss I' in limiting cases.

The case y = 0, xg # x is obvious: it is just the u-axis. For the rest cases, the

definition of I'* still holds if we use the conventions for 7; in Theorem 2.6.
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For example, the curve I' in the case y > 0, xg = = = 0 consists of
T={0"+iw: v>7} andI" ={0" +iv: v>7}

with usual orientation. In other words, we have N = co and F;rj_l shrinks
to the point ijm, 7 =1,2,....

The details of the other cases are omitted. See Figure 4-3—4-6 for the
corresponding pictures of I'.

15 \'
ITI4 N4 =15
fa<0 | f2>0
27
L

3

f2>0 I fa <0
/772\ o 73
s
f2<0 | f2>0 12
| W#
m
m

Figure 4-1 Figure 4-2

NN
G G

27r|773:774 27r|773:
12

" ) ﬂ* )
m

| |
Figure 4-3 Figure 4-4
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3m g 5 ="6
4
27 *
3
™8 M =12
Figure 4-5 Figure 4-6

4.3. Monotonicity of Ref along the curve I't
In this section we prove the following theorem.

Theorem 4.5. The function fi = Ref is positive and monotone in-

creasing along T which is defined in 4.2.
Since fi(—u,v) = fi(u,v), it follows that f; is monotone decreasing
along I'".

We shall give two proofs of this Theorem. When y = 0, I'" is the positive
u-axis and %{ﬁ > 0 follows from 4.1.1(c). So we assume that y > 0 in the

following proofs.
Proof. Proof I: First we deal with the case, a? + b? > 0.
(A) When u = 0, one has, by (EIT),

Af1(0,v 0 . N
%:_8—{;@0>0, it0 <o <, or ;<o <, 1 <j < ‘

Thus f1(0, v) is monotone increasing for v in the intervals [0, 71] and [12;, 72;+1],
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1<57< %, and so

J1(0,m2541) > f1(0,m25)  if mojy1 > moy. (4.21)
As f1(0,0) = % > 0, we have

f1(0,m1) >0 since 1 > 0 if y > 0. (4.22)

(B) The case u > 0. On 't \ {u = 0}, u is a C* function of v by 4.2. We
differentiate fo(u(v),v) = 0 with respect to v implicitly and obtain

Of2
du =2

u = = o (4.23)
ou

Note that by Lemma 4.3 % <0on '\ {u=0}.
Let now r(v) = Re(f)(u(v),v). Then by Cauchy-Riemann equations

dr_ of | Of (B2 + (3R

%_“au o _%

(4.24)

Therefore % > 0 on I'"\ {u = 0}. As a consequence, fi is strictly

increasing on 't \ {u = 0}. So the theorem holds for a? + b* > 0.

When a? + b = 0, I'" degenerates to {(0%,v)jv > 7} and f; = vy.

Obviously the theorem is also true. This completes our proof.

Proof IT: By Lemma 4.3 and Theorem 4.1 we know that (%, %) #0

on '\ {(0,n;)| 7 =1,...,N}. By Cauchy-Riemann equations (%, %) =

(92, 882y £ 0 on TF\ {(0,7;)] j = 1,...,N} too. Since fo < 0 on the

v’
right hand part of '™, (%, %) is perpendicular to I' and lies to the left

of it. Thus (%, %) is tangent to 't and directs along the orientation of

I't. Therefore f; is strictly increasing on '\ {(0,n;)| 7 =1,..., N} at the
greatest rate. This completes the proof. ]

As a consequence, we have for 1 < j < %7

Re(f)(0,m25) > Re(f)(0,m25-1)  if 725 > 1251 (4.25)
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Combining @210),[E22) and EZ0), we have for j =1,2,...,N —1

Re(f)(0,mj+1) = Re(f)(0,m;) >0 if nj1 > n;. (4.26)

In summary, we have

Corollary 4.6. Letn;, j =1,...,N be defined in Theorem 2.6. Then

0 < f1(0,n5) < f1(0,mj41), if nj <mjr1, 1 <j< N -1

The following theorem gives the precise relation between f1(0,7;) and

the length /; of the geodesic C; defined in Theorem 2.6.

2
Theorem 4.7. We have f1(0,7;) = % foralll<j<N.

So the statements concerning the E}s in Theorem 2.6 follows from Corol-

lary 4.6 and Theorem 4.7. This finishes the proof of Theorem 2.6.

Proof. Let C; be the geodesic defined in Theorem 2.6. We have

o) = (o)) = i) (5) + 2 (o) =) x+ B0,

Then /; is defined by the follwing
1 . 9.1
(: — -2 y(S) 2d
y /0 [#0) + (x(s)) "as
1 :
- [ [Ee+2ere] e or @) (4.27)
1
~ [ emids= vl oy @)
0
since the energy H is constant along the bicharacteristic.
At s =0, 8l and 1) yield

L .o 2 772 2 2
H =€ +a*?) = L(af + BY) (4:28)
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Then by [23), (€10), @II) and ZI2)

n][ 9, - sinn; 9 sinn;
o L0 WB) = o) T ) + o
. +1<—a2 n; sinn; b Sinnj) (4.29)
Y 4\ 1+ cosn; 1 — cosn;

=f1(0,n;)  (by @)
if n; solves (ZI0). In other words, (E2Z9) holds for all n;, n; # k. The case

n; = km can be checked in 27)) directly with the help of 228), 221),
(Z2]). We omit the details. This proves the Theorem. O

5. The Heat Kernel

We shall show that with an appropriate choice of V(7), (B2Z9) does
represent the heat kernel of Ag. By the definition of the heat kernel, one

needs to show

{AgPt—%Ptzo, t>0, 51)
limy_,g Py(x,y,z0) = d(z — x0)d(y).
We start with the first assertion of (B1I)
O\ et et et
(AG B E) o ot (H(vf) - f) ol (AGf - O‘)'
Then the eiconal equation (B30) implies
i i !
d\e tV(r) e7 10f e
(AG - a) =~ gg)V e (Bl )V
i i
et [ dV 0 (et V(1)
= _—ta+1 I:TE‘F(AGf—Oé‘Fl)V] +E<7ta+1 )
Assuming
lim T€7%V(T) =0, (5.2)

T—300
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one has
(AG - %) tia/Re{V(T)dT
= — to‘% /Re_% [T% + (Acf— o+ 1)V(7)} dr
=0
if t >0 and
T%+ (Agf—a+1>V(7') — 0.

From (B2¥), one has

1
Aaf = §TCOth T,

therefore (B3)) yields

d 1
T—V + <—TCOth T—a+ 1>V(T) =0,

dr 2
dVv a—1 1
_— = _ — h
v ( - 5 cot T) dr,

SO

1
log V = (a—1)(log 7 +log C) — 3 log(sinh 7),

and we have derived

Lemma 5.1.

is the general solution of (B3).

(5.3)

We need V' holomorphic near 7 = 0 which forces us to choose o = n+ %,

n=1,2,..., and then

V(r)=crm - —
(7) T sinh 7’
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so we are looking at the following heat kernel

P = Ll/ e e (5.5)
(2rt)"tz Jr sinh 7

Here ( )% is defined on C\Uj—¢ 1 »...[(2k+1)mi, 2(k+1)7i] Uy 1 o, [2(k—
1)mi, (2k — 1)mi]. By writing 7 = u +iv, u, v € R

’
sinh 7

u2+v2
2

1 T
)QeEarg(sinhT) (56)
. 192 2 P} . )
sinh”® w cos? v + cosh” w sin“ v

()? = (

sinh 7

) — arctan (vsinhucosv—ucoshusinv) for u € R, |U| < 7T/2 and

where arg( u sinh u cos v+v cosh u sin v

_T
sinh 7

this defines ($)% on its domain.

By 1) and (&6), one has (B2) and so the first part of (&) holds. In
fact, recall that in the definition of f we always have vy > 0; also —Re(f) —
—00 as |u| — oo for any v fixed, if a® + b? = 2(z2 + 2?) > 0. So, in view of
BH), (B2) always holds as |u| — oo for any v fixed. As a result, we may
write (B0) as

oo+iv £(r)
Pt:7c 1/ et ,T " dr (5.7)
(27t)" T2 J—cotiv sinh 7

for any v € (—m, m) fixed.

Furthermore, let By be the subset of C between u-axis and the curve I'
defined by ([EZ). We claim Re(f) > 0 on B and Re(f) — oo on By as

|7| — oo.

Proof. Recall that it is implicitly assumed that (zg,0) # (z,y) and
y > 0. Section 4.1 part (C) gives % >0 (=0 only when u =0 or x =

29 =0) onu>0,v=0. As Re(f)(0,0) = % = (a;—;o)?’ one has Re(f) >0

and Re(f) 7 on positive u-axis. Next, Lemma 4.3 and Cauchy-Riemann

equations give % > 0 on By N {(u,v)] u > 0}. Also, by Proposition

4.4(2) and the argument preceding (&) one concludes that Re(f) — oo on
By N {(u,v)] u > 0} as |7| — oo. Since Re(f)(u,v) = Re(f)(—u,v), the
Claim is proved. O
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Therefore, when y > 0 one has

P = %/eﬂ;) gy (5.8)
2rt)"tz Jy sinh 7

where v is any rectifiable curve homotopic to u-axis in B,. Note that
Re(f)|y > 0. In particular, when v =T" one has Im(f) = 0.

When y < 0, one deals with v < 0 and the corresponding result still

holds. In conclusion, one has

lemma 5.2. For each (z,y) € R?\ {(z0,0)}, there is a contour in (u,v)
plane on which Re(f) > 0, Re(f) — oo as |7| — oo and &) holds. In

particular, there is a contour on which Im(f) = 0.

Corollary 5.3. One has
l. P ) ) e O 5-9
t11011+ t($0 z 3/) ( )

uniformly for (x,y) in any compact subset of € R%\ {(x0,0)}.

Proof. Let W be a compact subset of R?\ {(z¢,0)}. Let 2¢ = dist((xo,0),
W). Write W = Wy UWoU W3 where Wi = W {(z,y)| |y| < e}, Wo =WnN
{(z,y)| y > €}, W =W n{(x,y)] y < —€e}. So Wy, Wy, W3 are compact
sets in R?\ {(x0,0)}. For any (z,y) € Wy, one has |z —z¢| > ¢; whence there
exists a positive constant ¢ such that Re(f)|,—0 > 0 > 0 for all (z,y) € W;.
Therefore (B9) holds for Wj.

The case W3 is similar to Wy. So it suffices to prove ([BJ) for Wo
and the corollary is proved. Let (z,y) € Ws. Since y > € it follows
from our discussion in Sections 2 and 4 that the smallest critical point
m(z,y) of f(xo,x,y,7) is strictly positive. As Wy is compact, one has
no = ming yyew, M (,y) > 0. Thus Re(f)|v=iy, > 0 for all (z,y) € Wa.
Therefore (B9) holds for Wy too. O

We shall show that for all ¢t > 0

V(0)c
P, de dy = ————.
/RQ t(anxay) T ay (271_1;)",1
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So by taking ¢ = 1 and n = 1 the second part of (BJl) will follow in view of

Corollary 5.3. By taking v =1 or —1 in (&) we have,

+o0 +oo+iSgN(y )
/ dy / ¢ V(r)dr

co+iSgN(y

+o00+1 +o0—1
/ dy/ dT+/ dy/
0o+1
+OO U+ +OO u— 74
/ dy/ ~HEy u+zdu+/ dy/ S V(u—1i)du
© juti) O s
:/ V(u+i)du / et dy+ / V(u—i)du / e dy
—00 0 —00 —0o0

o0 u+1 t o0 u—1 t
:/ V(u—i—i)e_h( t+)—.du+/ V(u—i)e_h(t )—.du

V(r)dr

oo —u o +u
oot he) oo he)
:i/ V(z)e ¢ —dz—z/ V(z)e” & —dz
—oo+1 z —00—1 z
h(O)
=27tV (0)e” ¢
(z—=0)?

=2ntV (0)e” 2t

where f = —iTy + h.

As
0 (z T
/ e dx = v/ 27t,

/R2 /_Z ~FEV(r)dr = (2rt)

We have derived

we obtain

Njwo

V(0).

Theorem 5.4. The heat kernel for the subLaplacian of the Grusin

operator is given by

_3 (1)
Pi(zo,z,y) = (2mt) 2 /eft (5.10)
R

sinh 7

Remark 5.5. Assuming V' in (B29) is analytic near 0 and V(0) # 0,
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set

V() =ao+ a7 +asm* + -

Substituting this into (B3]), one obtains

1 2
a17'+---+(§Tcoth7'—a+1)(a0+a17'+a27' +---):O,

1
alr+---+(§+---—a+1>(a0+a17+a272+---):0,

3
alT—i—§a0+§a17—aao—aa17+---:0,

or,

(g — a)ao +O(7) =0,

and ag # 0 implies

3
a=—.
2
Remark 5.6. We note that
1 T wn)
P(z9,x,0) = = / e ¢ V(r)dr
(27‘('75)§ —00

is positive, hence P;(x¢,z,y) is also positive for small y, by continuity.

6. Small Time Asymptotics of the Heat Kernel

In this section we study the small time asymptotics of the heat kernel

at every critical point of the complex action function f. For y > 0, we have
_3 _f(n
Pi(zo,x,y) = (27t)" 2 / et V(r)dr. (6.1)
r
where I' is defined by [2Z0). As before, the critical points of f are denoted

by n;, 1 <j < N. Let’yj:F;'UFj_,lgjgN. When 7; = ;41 then ~;

degenerates to a point. Now, ([E1]) can be written as

N
Pi(zo,7,y) = (2t) "2 Z/ -2V (r)dr. (6.2)
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We want to find the small time asymptotics of the integrals

IJ’.:/ V(A j=1,...,N, (6.3)
.

j
as t \, 0.
Recall that the function f; = Ref is strictly increasing on I'". So in studying
the small time asymptotics of I ]’-, we need only to consider the part of ;

close to in;. Now, let (1) € C§°(C) satisfying

0<p<l, ofr)= {(1) H i ; and o(7) = p(e’7)  (6.4)
for all § € [0, 27].
Set
pi(r) = o210, (6.5)

€
where €; > 0 is to be specified case by case later on. The integral @3 is

modified to

I; = / ot ;i (T)V(7)dr j=1,...,N. (6.6)
7
In the following lemma we collect the properties of V(1) without proof.
Lemma 6.1. Foru € R, v >0, V(1) satisfies
V(—u+iv) = V(u+ ) (6.7)

When n; is not an integral multiple of m, 1 < j < N, we write

1
V(OF 4 ims) = iﬁj( i )2, 1<j<N, 6.8
(07 +in;) = e [sin ;] J (6.8)
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where

)

B;=0 if j =0 or 1 mod(8)
8);

)i
ﬁj:—%ﬂ if 7 =6 or 7 mod(8).

ﬁj:_% if j =2 or 3 mod

(

(
Bj =—m if j =4 or 5 mod(8

(

Lemma 6.2. For j odd, 1 < j < N, and v; nondegenerate, let ’y;-r = I‘;r.
We write 'y;-r = {u+i(vj(u) +n;)} for 'y;-r near in;. We have, when in; is a
double point of f,

3 f1
2
v5(0) =0, vf(0) = 5852—]?;) , 0f'(0)=0 (6.9)
u?  |r=in;
and when in; is a triple point of f,
v}(O) =0,
o f
HOREL =
) 8u281v T=in; (610)
Bf _f o' f1 \2
J(0) = \/§<128u281v g0 — 5 (geziez) )
/ 135(-241)°
Ou2dv T=1in;

Lemma 6.2 follows from implicit differentiation.

6.1. v; nondegenerate and 7); is not an integral multiple of =
Here we have three cases.

6.1.1. 7 even
In (B3) we choose €; such that 141 ¢ suppp;. Now
M —f00w0)

T+ — 1 (0,0)
I; :/ efgoj(iv)V(O'F—i—iv)idv—i—/ et p(iv)V(07 +iv)idv
1,

J

—f1(0,v+n;)

= 2Re 6(72T+ﬁj)i/ooe ¢ v+ ) (————
: P00 R+ o)
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As t — 0, we have

_ f10.m5) n; 1 2t L
Ii~—ce t 1 2(—)2sin G, x
) () H (2 b
V2711 as 1 1
\/7?+—[— — — cotn; ——]ﬁ
{ \/ a2 2(77j 77]) 3a2 (6 11)
ﬁ[ag cotn;) + 1 ( 5a§) '
B et B O N (qu— 228
az Ldas "n; K 8a 4 3 as
1 1 cot n;
— —(243cot?n; — = —2 J }t—i—---},
8 R ) )
where ay = %21}};1 ‘inj’ ag = %Svél ‘inj’ a4 = ‘?yﬁl ‘inj' Note that ao > 0 by the

fact that fy is strictly increasing on I'" and 4n; is a double point of f.

Remark 6.3. By Lemma 6.1, I; =0 if j = 0 or 4 mod(8).

6.1.2. jodd, g < Nand nn_1 <nn ifj3 =N

So 7; is a double point of f. Here we choose ¢; in (B3] such that v;(u)
in Lemma 6.2 is a C* function of u € [0, ¢;]. Now

f1(w,v;(w))
I; = 2Re /+ et @i(n)V(r)dr
v

J

And as t — 0, we have

L ) )
xRe(eZﬂf{f - z\/% [%(% — cot ;) — ;—é}t% 612
+\g—f[%(%—cotnj)—8—;(b4+g%) .
—é(2 + 3cot?n; — 7% - 2CO;jnj)]t+ e }),
where by = %27‘””, by = %‘im’ by = %2}2 |im" By the same reason as in

6.1.1, bs is a strictly positive number.

6.1.3. jodd, 5 = N and nny = NNn—1 = @N-1 > NIN—2
2

Here €; is chosen as in 6.1.2. Note that ny is a triple point of f. So we
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need (GI0) in calculating the small time asymptotics of Iy. Similar to 6.1.2

Iy = 2Re/ e_flT(T)goN(T)V(T)dT
g

+
N
Ast — 0,
21,931 _noaw, ny (1L ,
In ~ =t 3 MV yaR, (lﬁN
N 3 3(41)3) © (|sin77N|) e
1 2. 9V3.11 i, 1 by, 2 1 1.
PG +TG)(50) 7 [~5(= — cot A(-zit =)t
AT + TG () (50 — cotmw) + 3t (=i + 528
9\/§ 271 by, 1@ 1 by 1 1 7
—(=—)3|(=)(—=+—) + —(— —cot ~+—=) (6.13
) (G g+ 1) + iy — )G+ ) (619
1 1 cot N bs 21 1 2
+-(2+3cot’ gy — 5 —2—~) — 2 (—= — —)|t3

.

EL| _ A _EL|
ou20v liny Y4 T But liny Y2 T Dutow lin

where b3 = . Note that b3 > 0.

Remark 6.4. Observe that in 6.1.1 and 6.1.2 all the powers in ¢ are
multiples of % which is due to the fact that in; is a double point of f. For

the similar reason, the powers of ¢ in 6.1.3 are multiples of %

6.2. n; =0 mod(7w), j < N

The cases include a = b =0 and a = 0 or b = 0 with j < N. For j
odd, 7; degenerates to the point %w; hence we only consider j even with

n; = %W. Observe that f is regular at in;, while V' is singular at in;.
6.21. y>0,a=b=0

We choose €; such that suppp; C {7 | |7 —in;| < 3}. Now

I; = A e T (T)V(r)dr

J

iy xgy [ v jro w1
= 2e 2 R, { (2+ﬁ])l/ - (2 _ — 2 2d }
e 2t Reqe ; et p;i(v ))(|sin v|) v
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Remark 6.5.

(i) For the same reason as Remark 6.3 we have I; = 0if j = 0 or 4 mod(8).

(ii) The integrand in I; is integrable.

Ast—0
29wt 1 x
I ~ —( 4l )Qe*%sin @{ﬁ—i— -
VT 6 .2 .
Y (1 — )t
+16y2( ]27T2) + }

6.22. y>0, z=20#0,5 <N (b=0)
In this case, I; = 0 by Remark 6.3 or Remark 6.5(i).
6.23. y>0,z=—x20#0,5 <N (a=0)

Here ¢; is chosen as in 6.2.1 and j = 2 or 6 mod(8), or n; =7 mod(27).

Ast— 0

Tt 1 jn 1.2 3w}
L~ —(Z)e i py{ava+ 2(n + 2T,
c , ¢ jm 4c (6.15)
6 30 1 ' 105
Vi 6 3ep L gy 100,y
2c2 j2m2 c w12 2c2
where ¢ = 2y — %mc% = 2%‘Zm> 0 since 7 < N. Note that %21}};1 ‘iT]j = —x3,
Bf . i.2
81)31 in; _iﬂ-xo'

Remark 6.6. In (I4]) and (GI5), the term t2 in front of the braces
comes from V. The gap of the powers in ¢ inside the braces is one which is
due to the fact that f is regular at in;.

63. j=N,nmn=nn—1=1N-—2="2">nN_3,a=0o0r b=0

This case is a mixture of 6.1 and 6.2. Here ny is a double point of f
and V is singular at ny too. ¢; is chosen as in 6.1.2. We have

In = 2Re/ e flt(T)(pN(T)V(T)dT.
gl

+
N
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Ast — 0,
In ~ 4((Nb_1)w)%e(N21)wytiRee T
2
T -1 bs | 1 2 by 1
1 23 )¢ —[———— 6.16
X{ +’2\/E((N—1)7r+452) e, 12 610

5b3 25 b3 1
TN = 1rbs 9612 722}t+"'}’
12(N — 1)wby 96063 2(N —1)2x

where b, are defined in 6.1.2.

Remark 6.7. In (BI6), the power 1 in front of the braces is due to the
singularity of V' and the fact that iny is a double point of f. The gap % of
the powers of ¢ in the braces of (EI6) is due to the fact that iny is a double

of f.

6.4. Some observations

We want to find out the possible relations among the different types of
small time asymptotics discussed in the previous sections. The cases 6.1.3
and 6.3 are of distinct types. We can only look at the rest cases.

In the following, we assume, for simplicity, that y is fixed and let a or b
tends to zero.

(A) In 6.2, by Remark 6.5(1) we see that when j = 0 or 4 mod(8), both
6.2.1 and 6.2.2 are identically zero. So in this case 6.2.1 is the limit of 6.2.2
as rg — 0. As for 6.2.3, if we let g — 0 in ([EIH), it is easy to see that the
limit is (&I4)). Therefore, when j = 2 or 6 mod(8), 6.2.1 is the limiting case
of 6.2.3 as ¢y — 0.

We then seek the relations between 6.1 and 6.2.

(B) Suppose 1251, 12; are not intgral multiples of © and 7,1 " j7 (resp.
N2j "\ Jm) as a®? \, 0 when j is odd or b \, 0 when j is even. Necessarily,
n2j—1 (resp. 12;) is a double point of f. Direct computation shows that

k
% A = O(|njo1 — jn| ") asa® N\ 0,k=1,2,.... (6.17)
T lingj—1
ok f -
(resp. 37 oy, = O = i B as B2N,0, k = 1,2,....) (6.18)
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We write down a few derivatives of f:

82f 1, 9 o 2 27U
‘m] =1 a” sec E—i-b cse 3)
ny )
—i-g](aQtan ? sec? =L — b% cot -2
> f 3 2 j 2 Yj 2 j
ﬁ‘im’ = —(—a tan == sec §+b cot
%[a2(28e04 2j —i—tanQ%sec
—i—b2(2csc4%—i-cot2 2JCSC2U2])]
o 1 1 ; ;
f‘m] = —§[a2(58e04%+tan2%sec2v—

1
+b2(§ csct ) —i—cot2 2j csc? 5]

+%J[ (Qtan 2 ect ] +tan 34

v, v
+b? (2 cot -Z csc? % + cot3 % csc? L

2 2 2

181

(6.20)

(6.21)

From (6I9)- (6210), for example, the coefficient of £2 in the braces of (1)

(resp. (EI2)) is not null, it blows up at the order

L1 L1
|772j—J7T| 2 (resp. |772j71—J7T| 2

(6.22)

as 12j \, jm (resp. 19i—1 /" jm). As a result, we can not find a connection
between (E11I), (E12) and the small time asymptotics in 6.2 for these terms.

(C) However, let us look at the first term in (GI1) and (GIZ).

For j even, we have as j \, 47,
4y
i\

by E19) and ZT14).
For j odd, we have as j JH
lim  |bysinn;| = n;B?

Rl
+1 J
nj il m

. . 1 — o 2 2_ 2 2
hrr%r |ag sinn;| = n; B, where B; = x5 >0,

(6.23)

(6.24)

Thus, in view of ([EZ3), the first of (EIT]) becomes, as ny; “\, jm, (or, b — 0
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if j is even and a — 0 if j is odd),

—e 2t 2) 3 (sin Bo;) V. (6.25)

2y _
jr 20

Similarly, as 79,1 /" jm, the first of (EI2) becomes,

2t
2y 2

j T 1 .
et ( )2v/7Re etP2i-1, (6.26)

g 10

By Lemma 6.1, B2; + § = (21, or we get (EZ0)= (E26). It follows that
the sum of (E20) and E20) is

—2e - 2t 2)%(sm Bo)V/T. (6.27)

Jm 0

Observe that

(i) (E2D) equals the first term of I5; in (EIH) when a = 0.
(ii) (BZD) equals 0 when 25 =0 or 4 mod(8). So it is the same as 6.2.2.
(iii) When @ = b =0, or 2o = 0 in ([E27), the first term of I; in (EI4) is
exactly (E21).

6.5. Conclusions

We have computed the first three terms of the small time asymptotics
of the heat kernel of Grusin operator at every critical point of the complex
action f. We also find out some relations between these coefficients. We

may say that

(i) all the geodesics determine the geometry;

(ii) all the informations of the geodesics are contained in the complex func-
tion f;

(iii) one can then use f to construct the fundmental solution and the heat
kernel of the Grusin operator;

(iv) a thorough understanding of the action f enables one to compute the
small time asymptotics of the heat kernel at every critical point of f;

(v) the information contained in f is revealed in these asymptotic expan-

sions.
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7. Connection with the Heisenberg sub-Laplacian and Brownian

Motion

As we have seen in Section 1, the Grusin operator is

Ag = %(Xf +X5) = %[({%)2 + (xa%ﬂ.

We can compare it to the operator

1[(8 x28)2+ 0 xla)z}

_l 2 v2) — ~ | (Y R It
E_Q(X1+X2)_2 61‘1+ 2 Ot (8902 2 Ot

on the Heisenberg group H;. It is easy to see that the operator L is left-

invariant translation under the group law on Hj:

1
(z1,@2,t) 0 (Y1,y2,8) = (21 + Y1, 22 + Y2, t + s+ 5(962211 — z1Y2)).

The fundamental solution for £ with singularity at the origin is

1 /°° csch(r)dr

K(z1,29,;0,0,0) = — — -
(21,2 ) 72 | o (23 + 23) coth(7) — idt

Set
. — t — il —
r =z, T2=23, B Yy
Then the operator £ transforms to
17,90 2 0 0 \2
Am = 5[ (5- =+ )]
=y (83:) +(x8y+8z)

Ap, is translation invariant in y and z. Hence it suffices to have the singu-

larity at (xg,0,0).

(0.0.07" (2.2, % ) = (&~ a0, 2, LT

Therefore,

K(:Ca Z,Y;%0, Oa 0) - K('Tla T2, ta ZQ, Oa 0)
/ 7~ 2csch(n)
o [~ w0 + 2] coth(n) — iR  7) — 4y]

dn.
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Note that the fundamental solution for Ag may be obtained from the fun-
damental solution for Ap,, using the Hadamard method of descent, by in-

tegrating the f((x, z,1; 0, 0,0) for Ap, with respect to z. Recall

/ d\ _ 27sgn(a) \eR
LA A te Viae B

if a # 0 and a\® + bA + ¢ # 0 VA € R. Hence

Ka(z,20,y)
:l/ [sinh(n) cosh(n)] 71/2d17
™ JR \/(-T — :CO)Q Coth(n) + 4iy + (:C + :CO)Q tanh(n) .

We may also look at this connection by the other method. Let H; be the
Heisenberg group whose Lie algebra h has a basis {X1, X5, T} with the
bracket relation [X;, Xo] = —T. Then
lLiso | 52
-5 (X7 + X3)

is the sub-Laplacian on H;. Let Ng = (Xg) = {an}aeR be a subgroup
generated by the element X5. The map p : H; — R? defined by

p:Hy —>R2%hag:x1)z'1+x2)22+zT

=(x1,29,2) — (u,v) € R?

where

1
u =2y, U:Z—§SC1CC2

realizes the projection map
H, ~R> — Ng \H, 2 R%
In fact, this is a principal bundle and the trivialization is given by the map
Ng, x (Ng \Hi) 2R xR*3 (a;u,v) — (21,22, 2) € R* = H;

where

(a;u,v) — (u,a,v+ %au).
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So the operator Ay, = %(X%—}—X%) on H; and Grusin operator Ag commute
each other through the map p:

Am, 0p" = p* o Ac.

The heat kernel Py, (t,9) € C*°(R4 x Hy) is given by

1 4inz—mn coth g(z%+z%) 77
P, (t,9) = P, (t, 1,22, 2) = W/ € 4 QSinhﬂdn (7.1)
2
Hence
—+00 1
/ Py, (t, (21,22, 2), (u,a,v + §ua)) da
- (7.2)

1
= Pg(t, (1,2 — 5561.%2), (u,v))

that is, the fiber integration of the function Py, (t,g,h) along the fiber of

the map p gives the heat kernel of the Grusin operator.

7.1. About the bicharacteristics and geodesics

Consider now the bicharacteristics of Ag and of Ap,. We have the
following table.

1. Thus a bicharacteristic of Hy such that & = 0 projects by

(z1(s), 22(s),y(5), E1(s), €2(s),m) — (x(s) = 21(s),y(s),£(s) = &1(s),m)

on a bicharacteristic of Grusin operator.

Table 1. Comparison of the Hamitonian systems between Ag and Apg,

(561,902,3/) € Hy, An, (x=w1,y) € R?, Ag
=5 + (& +2)?) H =&+ 2%
dzl—fla %: —(& +x1m)n z_fz:& %:_:an

22 = &+ ayy, %—0
a a a
y—(€2+9€177)961, ds—o F=an, £=0
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2. Conversely, a bicharacteristic of Grusin operator is the projection of a

bicharacteristic of H; with &, = 0. And these are the only possibilities.
7.2. About the Brownian motion for Grusin operator
The stochastic process for the Grusin operator is

() =m0 4 bot), ult) = /0 £ () dBy (u)

Here b, and (3, are independent Brownian motions starting from 0 so that

2,(0) = z¢ and y,,(0) = 0 (which we can always assume).

The heat kernel for Grusin operator is

t

~B{3(e a0~ bu(e)3ly — [ wu(w)diu)}.

0

Pz, yl20,0) =E{d(z — 2 (£))0(y - (1))

Write
) = [ em?
2T

as the inverse Fourier transform of the function 1. Thus

Pt($,y|$0,0) (7 3)

_ / Z_Zaym(a(x — g — b (1)) exp(—in /0 v (w)df(w) ).

The expectation E is the Wiener integral over b, (¢) and (,(t). In the formula
([Z3), one can first integrate over the Brownian motion 3, due to the fact

that x,(u) is independent of 3, (u), so that

t

B (—in [ uai ) = e (- g [ w))au)

and consequently we have reduced the heat kernel to

Py(x,y|wo,0) = / ;—Zeiy”E{ exp (— %772 /Ot(:vw(u))2du)5(:c —x — bw(t))}
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with z,(u) = xg + by (u). Then the Wiener integral becomes a path integral
which is quadratic in the exponential and can always explicitly calculated,

one way or another.
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