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MELLIN TRANSFORM FOR BOEHMIANS
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R. ROOPKUMAR

Abstract

A suitable Boehmian space is constructed to extend the
distributional Mellin transform. Mellin transform of a Boehmian
is defined as a quotient of analytic functions. We prove that the
generalized Mellin transform has all its usual properties. We also
discuss the relation between the Mellin transform and the Laplace

transform in the context of Boehmians.

1. Introduction

J. Mikusiriski and P. Mikusinski [§] introduced Boehmians as a gener-
alization of distributions by the motivation of regular operators [2]. An
abstract construction of Boehmian space was given in [9] with two no-
tions of convergence. Thereafter various Boehmian spaces have been de-
fined and also various integral transforms have been extended on them. See
[6, 10, [11, 13,116, [18, [19, 21]. The main objective of introducing an integral
transform to the context of Boehmians is to find a Boehmian space which is
suitable for defining the integral transform and it is properly larger than the
space of distributions where the particular integral transform has been al-
ready discussed. If we construct Boehmian space by using distribution space
as the top space (which contains the numerator sequences) of a Boehmian
space, then obviously the Boehmian space contains the distribution space.
In certain cases, such Boehmian spaces are even generalizing some other

Boehmian spaces. For example, the Boehmian spaces introduced in [3, 6]
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are properly larger than #P-Boehmians [4] and tempered Boehmians [12]
respectively.

In |1, 20], Mellin transform has been discussed on tempered Boehmians
and Mellin transformable C'°°-Boehmians respectively. In both papers, the
definitions of Mellin transform are erroneous and the Mellin transform on
M ;7b is not at all discussed. The details are given in the last section.

Since the distributional Mellin transform is defined on the space f//l;b,
we construct a suitable Boehmian space % which properly contains e//l;b.
To discuss the operational properties of the Mellin transform, we also de-
fine various operations on the Boehmian space such as multiplication of a
Boehmian by a function of the form (log aj)k, multiplication of a Boehmian by
a polynomial, derivative of a Boehmian, translation of a Boehmian, change
of scale of a Boehmian and change of variable of a Boehmian by the function
xP.

We define the Mellin transform of a Boehmian as a quotient of analytic
functions, satisfying all the expected operational properties. We also provide
the identification between %), and the Laplace transformable Boehmian
space %, [13] and establish the relation between the Mellin transform and
the Laplace transform in the context of Boehmian spaces. Finally, we show
that #a is properly larger than f//l;b.

2. Preliminaries

Let ., be the space of all smooth functions on I = (0, 00) satisfying
(0) = sup{Cap(@)a ¢ (@)] v € T} <00,k =0,1,2,... (21)

where

—b

% if0o<z<l1
Ca,b(x): .
T fl<z<oo

and a, b are fixed with 0 < a < b < co. The space .#,y is a Fréchet
space with the sequence (y)ken, of semi-norms, where Ny is the set of all
non-negative integers. The dual space ///é,b of M4y is equipped with the
weak™ topology. We say that f, — f as n — oo in ///r;,b if (fn(x),é(x)) —
(f(z),p(x)) — 0 as n — oo for each ¢ € #,p. A locally integrable function
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fon I, with f(z)/(x(p(x)) is integrable on I, can be identified as a member
of A, by the map

b /0 " H@)é(a)da (2.2)

For instance, every Schwartz testing function f € Z(I) can be identified as
a regular member of .#, ,. Mellin transform of f € ., is defined by

(Mf)(s) = (f(x),2°7"), Vs € Qqp (2.3)

where €, is the strip {s € C: a < Re s < b}. It is well known that M f
is an analytic function with a polynomial growth. See [24, p.108]. A Mellin
type convolution on .# Ci’b is defined by

((fV9)(2), 9(x)) = (f(x),(9(y), p(xY))),Yb € Myp. (2.4)

This convolution is a commutative binary operation on .# c:7b‘ When f,g €
e//lci’b are regular functions or f € ///r;,b and g € Y(I), fV g is also regular
[24, p.118]. In deed,

g(y)% dy,Yx € I if f and g are regular.
(2.5)

<§>>,V:cel if fedyy ge2(1).

Theorem 2.1. (Inversion) Let F(s) = Mf for s € Q¢. Then, in the

sense of convergence in 2'(I),

f(z) = lim L/UHT F(s)z*ds,

—r
where a < o < b.

Definition 2.2. Let f € 4, k € No, a = u+iv € C, r > 0 and
p € R\ {0}. We define
(1) LF: Ab - f///é,b by
(LEf) (@), o(x)) = ((log z)* f(x), () = (f(x), (log )" ¢(x)), V¢ € M.
(2) Py : %c;b - ‘%(;—u,b—u by
(Paf)(@),¥(x)) = (x*f(2), ¥(2)) = (f (@), 2%¢(x)), V) € Mo p—u-



78 R. ROOPKUMAR [March

(3) DF: )y — M4y DY
(D*f) (@), x(x)) = (f®)(z),x(z))
= (=DF(f(2), (Dix)(x)), VX € Matkpr-
(4) (DP)* -], — A, by
(DP)Ef) (@), d(x)) = ((De)F f(2), ¢(x))
= )7

(6) (D*Pf) : My, — My by
(DFPN) (@), 6(x)) = ((Dga*)f(z), d())
= (=D*(f(2), ((z"Di¢)(x)), Yo € Moy
(7) (PEDF) : My — My by
(PFDM)f)(@), ¢(@)) = ((=*Dy)f(x), ¢(x))
= (=D*(f(x),(D}a")¢)(x)), V¢ € Map.
(8) M, : ///é’b — ///r;,b by
(M f) (), d(2)) = (f(ra), ¢(2)) = (f(z), 7" ¢(r~ @), Vo € Moy,
9) E,: My, — M, 4 by
(Bpf) (@), d(x))={f(2), () = (f (), [p| &1 =PVPp(x7P)), Vb € M4,
where ¢ = pa, d=pbif p >0, c=pb, d = pa if p <O0.

Theorem 2.3. Let f € M, « =u+iv e C,r >0, ke Ny and
p € R\ {0} and F(s) be the Mellin transform of f. Then

(1) M(LFf) = DEF(s).

(2) M(P,f)=F(s+ a).

(3) M(D*f) = (—1)f(s —k)(s —k+1)--- (s = 1)F(s — k).
(4) M((DP1)Ff) = (=1)F(s = 1)*F(s).

(5) M((PD)*f) = (—=1)Fs"F(s).

(6) M(D*Pff) = (=1)"(s —k)(s =k +1)--- (s = 1) F(s).
(7) M(PFD*f) = (—1)Fs(s +1)--- (s + k — 1)F(s).

(8) M(M,f)=r""F(s)

(9) M(E,f)=|p| 7" F(p~'s).

Remark 2.4. In the literature, the continuity of the distributional
Mellin transform is not discussed.
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By introducing a topology on the range of Mellin transform as
U is open in M(A4,,) if M~ (U) is open in A,
we can get that the Mellin transform becomes a homeomorphism between
My, and M (A, ). A similar technique is followed in the context of Hilbert
transform on the Schwartz testing function space 2. See |14, p.114].

The Mellin transform is closely related with the Laplace transform as
follows:

Let .7, be the space of all smooth functions ¢ on (—oo,00) with

Y(¢) = sup \fia,b(t)D%l <oo, k=0,1,2...
—oo<t<oo

where

bt

e 0<t< oo
Ra,b =
e” —oco<t<O

and its dual is denoted by &, ;.

The distributional Laplace transform on .f;’b is defined by
(LF)(s) = (f(t),e™"), 5 € Qup-
The convolution on "S/ﬂa,,b is defined as follows.

Definition 2.5. For g1,92 € £},

{(91 % 92)(1), &(1)) = (91(1), (g2(7), (t + 7)), & € Lap-

A locally integrable function g such that g/k,p is absolutely integrable
on (—o00,00) can be identified as a regular member of fé’b. When ¢g; and g9

are regular functions then g; * go also is regular, which is given by
o
T = / 91(z — y)g2(y) dy, Y € (=00, 00).
—0o0

The following theorems are proved in [24, §4.2 and §4.3].
Theorem 2.6. The mapping

O(x) — e t0(e) = o(t)
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is a continuous isomorphism J from M,y onto Z, . The inverse mapping
s given by

6(t) = 21 (~ log ) = 0(x).

Theorem 2.7. If

(f(e™),0() = (f(), (T '9)(x)), Vo € Lup
and

(9(=logx),0(x)) = (9(t),(TO) 1)), VO € Moy

then the mapping f(x) — f(e™t) is an isomorphism T from ///é’b onto ‘,S/”a”b.
The inverse mapping is given by g(t) — g(—logx).

Theorem 2.8. If f € ///C;b then M f = L(Zf), where L is the Laplace
transform on %, ;.

For more details on the distributional Mellin transform we refer the
reader to [3, 23], [24, Chapter 4], |15, Chapter 7].

3. Auxiliary Results

First we recall the abstract construction of a Boehmian space. To con-
struct a Boehmian space we need G,S,x and A where G is a topological
vector space, S is a subset of G and x : G x S — G satisfying the following
conditions.

Let a, 8 € G and (, € € S be arbitrary.
1. (x&E=ExCES; 2. (ax()*xE=a*x((xE§); 3. (a+B)*x( =ax(+B*(;

4. If o, > @ asn — oo in G and £ € S then a, x§ — a*x & as n — o0,

and A is a collection of sequences from S satisfying

(a) If (&), (Gn) € A then (&, x () € A.
(b) If « € G and (§,) € A then ax &, — ain G as n — 0.

Let o7 denote the collection of all pairs of sequences ((av,), (§,)) where
an € G, Vn € N and (&,) € A satisfying the property

Onp *E&mn =am*x&y, ¥V myn € N. (3.1)



2009] MELLIN TRANSFORM FOR BOEHMIANS 81

Each element of o7 is called a quotient and is denoted by «;,/,. Define a
relation ~ on & by

an/é‘nN/Bn/Cn if an*Cm:/Bm*fm vV m,n €N. (32)

It is easy to verify that ~ is an equivalence relation on </ and hence it
decomposes & into disjoint equivalence classes. Each equivalence class is
called a Boehmian and is denoted by [a,/€,,]. The collection of all Boehmians
is denoted by # = #(G, S, x, A). Every element « of G is identified uniquely
as a member of & by [(a *&,)/&,] where (€,) € A is arbitrary.

P is a vector space with addition and scalar multiplication defined as

follows.

o [an/&n] + [Bn/Cnl = [(atn % Cn + B x €n)/ (§n * Cn)l-
o clan/&n] = [(can)/&n].
The operation * can be extended to % x S by the following definition.

Definition 3.1. If 2z = [0,/&,] € B, and ( € S then z x( =
[(an * €)/&n] -

Now we recall the d-convergence on %.

Definition 3.2. [6-Convergence] We say that X, % X asn — oo in
2 if there exists a delta sequence (&,) such that X,, x & € G, Vn, k € N,
X x &, € G,Vk € N and for each k € N,

Xp*x& = X *& asn —ooin G.

The following lemma states an equivalent statement for J-convergence.

Lemma 3.3. X, 2 X as n—s oo if and only if there exist v, 1,0 €G
and (&) € A such that X, = [y, /&), X = [ag /€] and for each k € N,

Qpk — ap as n — oo in G.
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Now we state and prove some auxiliary results to construct the Boehmian
space By = (M), 2(1),V,A1). The following lemma is proved in [24,
p.119].

Lemma 3.4. If f,g € A, then M(fVg)(s) = (M[)(s)-(Mg)(s), Vs €

(1) (f+g)van=(fVn) + (gvn)
(2) (af) Vo =a(fVn).

(3) fvg=gVf

(4) fvinve)=(fvn)Ve.

(5) nVvoe ()

Proof. The conclusions (1) and (2) are straight forward. The commu-
tativity and associativity of V are consequences of the Lemma 3.4 and the
fact that Mellin transform on ./ , is an injection [23, Theorem 14]. Hence
we prove only (5). It is easy to verify that the map Z : Z2(I) - Z(R) given
by 0(t) — 6(e™?) is a bijection. We also note that

Znvo)t) = (nVvo)(e”
- /fn(e > g

/ n(e ““)du by putting y = e

— (@) + @0) ).

Since (Zn) = (Z6) € 2(R), we get that n Vv 0 € 2(I). O

—Uu

(Zn)(t — u)(Z0)(u) du

Lemma 3.6. Iffn—>fa5n—>oom///bandn€@( ) then f,Vn —
fvn asn—>oom///a7b

Proof. Let ¢ € M4 be arbitrary. Now

((fa V) (@), o)) = ((f vV n)(x), ¢(x))
= {ful), 0(y), o(2y))) — (f(2), (n(y), ¢(xy)))
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= ((fn = (=), (n(y), ¢(xy))) = 0 as n — oo,
since the function  — (n(y), #(xy)) is a member of .Z, . O

Definition 3.7. A sequence (7,,) from Z(I) is said to be a §;-sequence

if it satisfies the following conditions:

(1) fo° mm(x)dz =1,V e N.
(i) fy° |mm(2)|dz < J, V € N for some J > 0.

(iii) Support of n,, C (ap, Bn), ¥n € N where o, — 1 and 5, — 1 as n — oo.

We denote the collection of all §1-sequences as Aj.

Lemma 3.8. If f € 4, and (n,) € Ay then fVn, — f asn — o in

!/
ab’

Proof. Let ¢ € .44, be arbitrary. Since

(f Vin)(@),¢(x)) = (f(2), ¢(x)) = (f (), (n(v), ¢(xy))) — (f(z), o()),

to prove this lemma we shall show that
(m(y), d(xy)) — ¢(x) In Map as n — oo. (3.3)
Let 1 (2) = (17, (y), d(xy)). First we claim that
P (@) = (mn(y), y*o®) (xy)), vk € N, (3.4)

We choose € > 0 and J > 0 such that support of n, C (¢,J). Now for a
small » > 0 and h € (—r,7r),

Y. (3.5)

xT - T 7 T - T
infe 4 1) —vole) _ 17, o) = o),

We know that for each y € (¢, J), nn(y)w — n(y)yd (xy) as
h — 0. Using mean-value theorem, we get that

o((z+h)y) —
h

o(zy) ‘ ()] < |yll¢' ()] (v)] (36)
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where t lies between (x + h)y and zy. As x is fixed, y varies in a compact
set, and h € (—r,r), t varies at the most in a compact set B. Hence the
expression on the right hand side of the inequality (3.6]) is dominated by the

constant
Jsup{|¢'(t) : t € Bysup{|n.(y) :e <y < J}

Thus by dominated convergence theorem we get that

J - _
[ oy = o

J
) gy / (9 (zy)dy as h — 0.

Hence our claim holds for £ = 1 and by induction it holds for each k£ € N.

Now by the property (i) of (1), we get for = € I,
Cap(@)2" | (9, — 9) W ()|
= G| [T wan — [T o]
Ca,b(x)xk—H /OOO

< hLh+1D

IN

() (46 (@y) = 60 (@) |y

where It = (o ()2 57 [na(y)yF (65 (zy) — 6 (2)) | dy and

I = Ca,b(x)xk—H fooo |77n(y) (yk_l) ¢(k) (x)‘ dy. Let support of 0, C (an, Bn),
where o, = 1,8, — 1 as n — oo. It is easy to verify that if a,, < y < 3,
and if J,,  =max{|af — 1|, |8 — 1|}, then

\yk — 1| < JyforallneN, ke Nyand J,, — 0 asn— oco. (3.7)

Choose m € N such that J,, 1 < 1, Vn > m. Now for n > m, using mean
value theorem we get

b k+1 k(o (k k
L= | Gap@)a™ )y (60 (wy) — o® (@) | dy

Qn

Bn
S/ Cap (@) T2y —1]y" 0 (y)o* D (2 + t(zy — z))|dy for some te (0,1)

<[ Cap(@)y =115 (W) e41(0) [(Ht(y—1))(’“+2)<a,b(w(1+t(y—1))) “dy
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Since |y — 1| < Ju1, y* < BF and (1+t(y—1))"*+2) < (1, 1)~ *+2) v >
m, the last integral is dominated by

B
BE T (1 — Jn,l)_(k+2)’7k+1(¢)/ 190 () [Cap(2) [Cap(z(1 + t(y — 1)))] ' dy

o (3.8)

Using the inequality

(14 Jp1)* f0<z(l+t(y—1)) <1l,zel

z T —1)
Cabp() [Cap(@(14+t(y—1)))] S{ (14 Jo1)t if (1 +t(y—1)) > 1,z €,

and the property (ii) of (1,) € Ay, the expression (3.8]) is dominated by
Brndna(L = )™y 1 ()T (1 4 Jny)”

Since J,1 — 0 as n — oo we get that Iy — 0 as n — oo.

Next we consider

Bn
bsz/|wmw4w

IN

Jn,m(tb)/ | (y)|dy — 0 as n — oo.
0

Hence the lemma follows. O

Remark 3.9. It is interesting to note that the distribution d; is the
identity for this Mellin type convolution V, where 47 is defined by (01, ¢) =
(1), V¢ € 2(I). This fact and the previous lemma motivate us to call the
members of Ay as d1-sequences.

Thus the Boehmian space % = ‘%)(///c;b’ 2(I),V,A1) is constructed.
At this juncture, we point out the reason for using a distribution space as G of
P . Since our objective is to find a Boehmian space, containing ///Ab, each

DV for some
mn

member f € ///Ab would be identified by the representative
(nn) € Aj. Therefore the required G should be containing f VvV n, Vf € e//l;b
and Vn € 2(I). Though it is known that fV 7 is a function, so far it is not
discussed what type of function is this. Therefore we prefer to use .# Ci’b as

G of the required Boehmian space. The advantage of using a function space
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as GG of a Boehmian space is that every Boehmian can be approximated
by functions. This can also be achieved in a Boehmian space with G as a
distribution space, since each Boehmian is approximated by distributions
and each distribution is approximated by functions. In the literature, many
Boehmian spaces have been constructed by using distribution spaces and
it is well established that they are more comfortable for studying various
integral transforms. See [5, 6, 7, 17, 18, [19].

4. Generalized Mellin Transform

First we construct a quotient field of certain analytic functions. Let
H,p be the space of all analytic functions on the strip ), consisting of
the images of f € //l[;b. We know that H,j is a commutative ring with
identity with respect to point-wise addition and point-wise multiplication.
It is interesting note that it is an integral domain.

Indeed, if f-g =0 on Qg and if
Z(f) ={s € Qap: f(s) =0} and Z(g) = {s € Qap : g(s) = 0}

then
Qa,b - Z(f) U Z(g)

Since €2, has limit points at least one of Z(f) and Z(g) has limit points.
Hence by analytic continuation we get that at least one of f and ¢ is iden-
tically zero.

Thus we can construct the quotient field Fy;, of H,p, and every element

f(s)
a(s)”

of Iy, is denoted by 5 or

af

By defining the scalar multiplication by ozg = < we can make Fp; as

an algebra.

Definition 4.1. Let F' = gég €cH,p,a=u+iwecC,r>0,p#0and

q(s) is a polynomial. We define

) F'=L0td e,
[e%

(
(2) g(s—a)
(

-
3) q(s)F = —q(z)(i)(s) € Hyp.

F= flo—a) € Ha—u,b—u'
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(@) rF =00 e Hyy,

(5) SpF = ?;EZ:::)) € H.g4, where ¢ = pa, d = pbif p >0, c = pb, d = pa if
p <0.

It is easy to verify that the above definitions are well defined in H, .
We introduce a notion of convergence as follows.

Definition 4.2. We say that a sequence (F},) converges to F' in F, if

there exists f,, Vn € N and g € F,; such that F,, = %, F= 5 and

fon— fasn —o00in Hyy,.

Now we are ready to define the generalized Mellin transform.

Definition 4.3. The generalized Mellin transform M : By — Fup is
defined by

D (fufm]) = 312

for any n € N. (4.1)

n

Remark 4.4. It is easy to verify that Mn, — 1 as n — oo uniformly
on compact subsets of Q. Hence in view of defining Laplace transform of

a Boehmian in [13] In can also be viewed as li_}rn M f,,, where this limit
n [e.e]

is obtained by umform convergence on each compact subset of €.

By routine procedure, it can be verified that the generalized Mellin
transform is well defined, consistent with the distributional Mellin transform

on ., ,, linear and one-to one.
b

Lemma 4.5. Letf,gE//lb,oz—u+wE(C k € Ng, r > 0 and
p € R\ {0}.
(1) L(fvg) =(Lf)Vg+fV(Lg).
(2) Po(fVg) = (Paf)V (Payg)-
(3) D¥(f Vv g) = (D*f)V (PEg).
(4) (DP)M(fVg)=((DP) )V g.
(5) (PLD)*(f Vv g) = ((PAD)*f) Vv g.
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6) (D*PI)(fVg) = ((D*PP)f)V g.
7) (PFD*)(fV g) = (PFD*)f) Vv g.
8) Mp(fVyg)=(Mf

) E

(
(
( )
9) Eo(fVg)=Ipl(Epf) vV

( pg)

Proof. We prove the first result. Simialrly the other results can be
proved. Let ¢ € .#,} be arbitrary.

(L(f Vv 9))(x), o(x))

(f Vg)(x),log xg(x))
(), (9(y),log(zy)p(xy)
), (9(y), (log x + log y

),

—_ ~—~—

flx o(zy))

(x),log z{g(y), d(xy))) + (f(x), (9(y), log y¢(xy)))
(L) (@), (9(y), d(xy))) + {f (), (Lg) (), d(ay)))
(L) V g)(x), o)) + ((f V (Lg)) (), o(x))

+

{
{f
{
{f
{
{

Hence the Lemma follows. O

Definition 4.6. Let X = [f,/n.],Y = [9n/0n] € B, k € Ny, a =
u+iv e C,r>0and pe R\ {0}. We define

(1) LX = [(Lfa V1 = fa vV Lnn) /(0 V 0n)] € B
(2) PoX=[(APufn)/MnPann)] € Ba—up—u, where Ay =([5° 2%y (x)da) 1.

(3) DX = [(vn (D fn)/ (Wn(P-11n))] € Bag1,p+1, Where vy = (Jo° 2™ ' (a)
dm)_

(4) (DP)*X = [(DP) fn) /1] € B

(5) (PID)*X = [(PLD)* f) /0] € B

(6) (D*PF)X = [((D*PF) fu)/nn] € B

(7) (P{“D’“) = [(PFD*)f2)/nn] € B

(8) My X = [(Myfn)/mn] € Bm-

9) B, X = [(|ol " tnBofun) /(1 Epin)] € Beq where i, = (f5° nu(aP)da) ™

andc-pa, d=pbif p>0,c=pb, d=paif p<0.
(10) X VY = [(fn V gn)/(n V 0n)].

For k > 1, L*X and D¥X can be defined recursively by L*X = L(L*71X)
and D*X = D(DF~'X) respectively.
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Remark 4.7. Because 1, — 01 as n — 0o, there exists m € N such
that [~ 2%n,(x)dz, [3° nn(2f)de and [§° 2~ n, (x)dz are not equal to zero
for all n > m. Since j;—: ~ % with out loss of generality we assume that

An, tn and v, exist for all n € N.

It can be verified that the above operations are well defined, using the

Lemma 4.5. Indeed we prove the first operation is well defined.

For any m,n € N,

LfnVn = foV LV 0m V 1y,

= Lfa Vo Vm V m — U V Ly V 0 V im

= LoV V1V m — Un V0m V L1y V .

= L(fa V)V V= fa NV LIy V1 N 0 — oV 1m NV L V i
= L(fm V1) V0 Vi = fin V00 NV Ly V1 = frn N 0V L V i
= L(fm V)V i V= fn V I NV 0 N 0 — iV L V0 V 1
= Lfm Vi ViV im = frm V Ligm V1 V 1

= (Lfm V 1m — fn V L) V 10 V 1.

Hence (Lfy, V 1y — fu V L)/ (e V 1) is a quotient.

To prove these definitions are independent of the choice of the represen-
tative let f,,/nn ~ hyp/&,. Then we have f, V &y = hy, V 1, Ym,n € N.

In the proof of (Lf, V1, — fnV Lny)/ (0, V1) is a quotient, by replacing
fm by hp, and n,, by &, respectively, we get that

(Lfa Vo = fa NV Lnn)/(n NV n) ~ (Lhn V & — hn V LE) [ (§n V &), (4.2)

and hence LX is well defined.

Using Lemma 4.5, we get that, if T is any one of the operations in
Definition 4.6, f € j/é,b and X is a Boehmian representing f in % then
Tf = TX. Hence it follows that these definitions are consistent with the
definitions on ./ .

The following two theorems are straight forward from the Lemma 4.5
and Theorem 2.3.
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Theorem 4.8. If XY € By, k € Ng, a=u+iv € C, r > 0 and

p € R\ {0} then

(1) M(LFX) = (MX)®),

(2) M(PX) = 7.MX.

(3) MDFX) = (—1)F(s —k)(s —k+1)--- (s — 1)1 MX.
(4) M((DP)FX) = (=1)F(s — 1)FMX.

(5) M((PLD)"X) = (—1)Fs"MX.

(6) M(D*PF)X) = (=1)*(s = k)(s =k +1)--- (s = 1)MX.
(7) M((PFDM)X) = (—1)ks(s+1)--- (s + k — 1)MX.
(8) M(M,X) =r—*MX.

(9) M(E,X) = |p| 'S, MX.

(10) M(X VY) = MX - MY

Theorem 4.9. Let X = [f,/m],Y = [[9n/0n] € B, a =u+iv € C,
k€ Ng,r>0and p e R\ {0}.

(1) LXVY)=(LX)VY + XV (LY).
(2) Po(X VYY) = (P,X)V (P.Y).

(3) DX VY) = (DX)V (P-1Y).

(4) (DP)* (X VY) = ((DP)*X)V

(5) (AD)*(X VY) = (PD)*X)V

(6) (D*PI)(X VY) = ((D"Pf )X)

(7) (PfDM)(X VY) = ((PFD*)X)V
(8) M. (XVY)=(MX)VY.

(9) Ep(X VY) = [pl(E,X) V (EpY).

Theorem 4.10. The generalized Mellin transform M : By — Fop 18
continuous with respect to the d-convergence.

Proof. Let X, % X asn — ooin Prg. Then by Lemma, 3.3, there exists
Jngs fn € //lci’b, Vn,k € N and (n) € Ay such that X,, = [for/me], X =
[fi/mk] and for each k € N,

fok — frasn— oo in ///Ab
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Applying the continuity of the distributional Mellin transform, we get that
for each k € N,

Mfnr — Mfrasn —o0oin Hgy,.

_ an,k _ M_fk
But for any £ € N and for each n € N, MX,, = ST and MX = M

Thus it follows that MX,, — MX as n — oo in F, ;. O

Finding the range of this generalized Mellin transform, is an interesting
open question.

5. Mellin Transform And Laplace Transform

Two sided Laplace transform is defined and studied in the context of
Boehmians by P. Mikusiriski, A. Morse and D. Nemzer [13]. For our conve-
nience, we slightly modify the definition of the Boehmian space %, intro-
duced in [13] as B(Z, ;. Z(R), x, A), where the operation * : £, , x Z(R) —

£, is the convolution of a distribution and a function, defined by

(f  6)(D).0(0) = <f<t>, | wwote+n df> Ve Ly,

and A is the collection of all sequences (d,,) from Z(R), satisfying

(1) [72 6n(z)dz =1, Vn €N,
(2) [ |6n(x)|de < M for some M >0 and all n € N,
(3) s(0,) =inf{e > 0: supp 0, C [—€,€]} = 0 as n — oo.

First we justify that this modification does not alter the original Boehmian
space %,. Obviously, the original Boehmian space is contained the altered
Boehmian space. If [g,/0,] € B(Z. ,, Z(R),*, A) then

[9n/0n] = [(gn * 0n)/ (dn * 6n)].

Here each g, * d,, is a regular function in fé’b. Hence this change may just
increase the collection of representatives of a Boehmian and not the space
Br. Thus By = B(L.,, 2(R),*, A).

Now we define the identification between the Boehmian spaces £ and
Br. For [fn/m] € B if we put Z(f) = g and Z(n,) = p, Vn € N then
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obviously, g, € £, and d, € Z(R), ¥n € N. We claim that (0,d,) € A,
where o,, = ( OOO (@) da;) ,Vn € N.

(1) For an arbitrary n €N, by using the change of variable e™t = x,
on f t)dt = oy, f e Y)dt = oy OOO 1(Z) g0 — 1.

(2) Let support of n, C (ap, ﬁn), Vn € N, where () and (,) both converge
to 1. Now
ffooo o005 (t)]dt = ‘Un‘ f ‘nn t ‘dt

ol Jo? W Id

ol o 17 de

o) i

n

IN

IN

Since (oy,) and (ov,) converge to 1, (Sup |0"> is finite. Hence the second
neN 7L
property of a delta sequence is satisfied by (0,,0,,).

(3) The support of n, C (ay,5,) implies that support of 6, C (—log By,
—log av,). Since a,, — 1 and B, — 1 as n — oo, our claim follows.

Now for m,n € N and for each ¢ € £,

(Z(fo Vv am))(@),0(1)) = ), (T ') ()

), &~ ¢(—log x))

m (), (2y) " p(—log(xy)))

2 m(y), v~ d(—log z — log y)))
(t), (1 (y), y " d(t — logy)))

), (Znm)(7), ¢t + 7))

) * (Znm))(2), (1))

Hence ((Zf,),(Zn,)) is a quotient whenever (f,,n,) is a quotient. Thus if
we denote & ([fn/mn]) = [(Zfn)/(@Zny)] then I : Brr — B, and its inverse
is given by & 1([9,/6n]) = [(Z71gn)/(Z716,)]. We know that %, contains
an Boehmian Y which is no longer a member of 2'(R). Then .~V € B
is not representing any member of %’(I) and hence, j/é,b ;Cé B .

Let £ denote the Laplace transform on Boehmians in [13]. Using
Therorem 2.8 and Remark 4.4, the relation between £ and 9 is given by,
for each [f,/nn] € B,
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Mo
=M =
= m[fn/nn]

6. Comparative Study

In [1], Mellin transform F of a tempered Bochmian F = [f,/¢n] is
defined by the limit of {f,} in Z’, where f, is the Mellin transform of f,.
According to [1, (1.3)], the Mellin transform of a function f(z) is defined by
M{f(z);s} = F{f(e");is}, where F is the Fourier transform.

We recall that tempered Boehmians [11] are constructed by taking nu-
merator sequence from the space of slowly increasing functions. We shall
show that Mellin transform of a slowly increasing function is not always a
member of 2’ but a member of Z’. For example, we consider f(z) = 22,
since it is a polynomial, obviously f(z) is a slowly increasing function. Then
fle®) = e*”, which is a distribution and not an ultra distribution. See [22,
Problem 4]. As a consequence, Fourier transform of e is an ultra distribu-
tion and not a distribution. Therefore it is not possible to expect that ( fn)

is a sequence in &', when [f,,/¢,] is a tempered Boehmian.

In the following theorem, the operational properties of Mellin transform
is discussed, in which the first property is not consistent with the corre-

sponding property of distributional Mellin transform. See Theorem 2.3(3).

Theorem 6.1. [[1]] Let F' = [f,/¢n] € By and G = [gn/Vn] € Bs.
Then
(a) (0/0zmF) = (—s)P(is),
(b) G is an infinitely differentiable function,
(c) (F = ) FG and
(d) F, = f, for all n. € N.

Since the convolutions and the delta sequences used in £ and B are
different, it is not possible to say one space is contained in the other. How-
ever, we can say that present work is a better extension of Mellin transform

on ./, to the context of Bohemians than that in [1], since in the latter,
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Mellin transform on .# ;b is not discussed and not all the properties of Mellin

transform are proved.

In [20], a C*°-Boehmian [f,,/¢y] (see |9]), is called Mellin transformable,

(1) if each f,, is Mellin transformable,

(2) there exists a non-empty strip @ C N,{s € C: Res < fy,}, where
Br =sup{s e R: [[°|f(®)]t* " dt < o0}

Here to define the Mellin transform, first it is claimed that if [f,,/d,] is a
Mellin transformable Boehmian then (M f,,) converges to an analytic func-
tion uniformly on every compact subsets of a suitable region. In the proof
of this theorem, the following two unproven statements are used.

o M(fx¢)=(M[)(M¢), where (f x¢)(x) = [ f(z —y)o(y) dy.

e M(¢,) — 1asn — oo where (¢y,) is a sequence from 2, with [ ¢, (z)dx
=1, Vn, [|¢n(x)|dz < M,Vn, for some M > 0 and supp ¢, — 0 as
n — oo.

The first statement is not true, for the following reason. If f,g € Z(I), then
fVgand fxg both are defined, and obviously fV g # f * g. It is proved
that M(f Vg) = (Mf)(Mg) [24, p.119]. If M(f xg) = (Mf)(Mg) were
true then we get M(fV g) = M(f x g). Using the injectivity of the Mellin
transform M, it follows that f x g = f V g, which is a contradiction. Hence
the existence of the Mellin transform in [20] is not justified.
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