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ON STRONGLY EQUIPRIME I'- NEAR RINGS

BY

C. SELVARAJ, R. GEORGE AND G. L. BOOTH

Abstract

In this paper we obtain some equivalent conditions for
strongly equiprime I'— near rings N and the strongly equiprime
radical Pse (N) coincides with Pse (L)+Where Pse (L) is the

strongly equiprime radical of left operator near-ring L of N.

1. Introduction

The concept of I'— near ring, a generalization of both the concepts
near-ring and I'— ring was introduced by Satyanarayana [12]. Later, several
authors such as Satyanarayana [11], Booth and Booth Groenewald |2, 13, /4]
studied the ideal theory of I'— near rings. In this paper we obtain some equiv-
alent conditions for strongly equiprime I'— near rings N and the strongly
equiprime radical P, (N) to coincide with P (L) where Py, (L) is the
strongly equiprime radical of left operator near-ring L of N.

2. Preliminaries

In this section we recall certain definitions needed for our purpose.

Definition 2.1. A T - near ring is a triple (N, +,T") , where

(i) (IV,+) is a (not necessarily abelian) group;
(ii) I'is a non-empty set of binary operations on /N such that for each v € T,
(N, +,7) is a right near -ring and;
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(iii) (zyy) pz = xy (ypz) for all z,y,z € N and y,u € I'.

I'-near rings generalize near-rings in the sense that every near-ring N
is a [-near ring with I' = {-}, where - is the multiplication defined on N.
Another example is the following : Let X and G be a non empty set and an
additive group respectively. Let N = M (X,G) and let I' = M (G, X), where
M (A, B) denotes the set of all mappings from A into B. Then N is a I'- near
ring with the operations pointwise addition and composition of mappings.

Definition 2.2. Let N be a I'—near ring, then a normal subgroup [ of
(N, +) is said to be

(i) left ideal (right ideal) if aa(b+¢) —aab € I V a,b € N,i € I and
ael,
(ii) right ideal if ica € I Vie I,a € N and o € T,
(iii) ideal if it is both a left and a right ideal of N.

Definition 2.3. A subgroup I of (NV,+) is said to be left (right) I'—
subgroup of N if NT'I C I (ITN CI).

I is said to be I'— subgroup if it is both a left and a right I'—subgroup.

Definition 2.4. Let N be a I'— near ring. Let £ be the set of all
mappings of N into itself which act on the left. Then L is a right near-
ring with operations pointwise addition and composition of mappings. Let
x € Nand a € T'. We define the mapping [z,a] : N — N by [z,a]y = zay
Vy € N. The sub near-ring L of £ generated by the set {[z,a] /z € N,a € '}
is called the left operator near-ring of N. If I C L, then

It={ze€N/[z,a) eIV acT}.

If JCN,J" ={feL/txeJVxeN}.Itis shown in [3] that I is an
ideal in L implies It is an ideal in N and J is an ideal in N implies J*" is
an ideal in L.

A right operator near-ring R of N is defined analogously to the defi-
nition of L. Let R be the left near-ring of all mappings of N in to itself
which act on the right. If v € 'y € N, we define [y,y] : N — N by
x[v,y] = xzyy for all x € N. R is the sub near-ring of R generated by the

set {[v,y] /v €,y € N},
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Definition 2.5. An element x of a I'-near ring N is called distributive
if za (a +b) = zaa + zab for all a,b € N and « € I". If all the elements of
a I'-near ring N are distributive, then NV is said to be a distributive I'-near

ring.

Definition 2.6. A I'— near ring N is said to be zero symmetric if
ay0=0 Vae N,yeT.

Definition 2.7. An element m in a '— near ring N is said to be a left
non-zero divisor if max = 0 implies that £ = 0 for any a € I'. An element
n is said to be a right non-zero divisor yan = 0 implies that y = 0 for any
a € I'. An element in a I'— near ring is said to be a non-zero divisor if it is
both left and right non-zero divisor of N.

Definition 2.8. Let N be a I'-near ring with left operator near-ring L.
If > [d;, d;] € L has the property that > d;0;x =« ¥ o € N, then ) [d;, §;]

is called a left unity for N. A strong left unity for N is an element [d, ] of
L such that déx =2z V2 € N.

Definition 2.9. An ideal I of a I'— near ring N is called a completely
prime ideal of N if a,b € N and a € I';aab € [ impliesa € [ or b € I.

Definition 2.10. An ideal I of a I'— near ring NV is said to be prime if
for any two ideals A, B of N , AI'B C I implies AC [ or BC 1.

3. Strongly Equiprime I'— Near Rings

In this section we shall prove that some equivalent conditions for strongly

equiprime I'— near rings.

Definition 3.1. Let N be a I'— near ring. N is said to be strongly
equiprime if for each a # 0 € N, there exists finite subsets F' of N and A of
I" respectively, such that ayfur = ayfuy V f € F,y,u € Aimply x =y
V z,y € N. Here F is called an insulator for a.

Definition 3.2. Let N be a I'— near ring, then

Nc:{nEN/n’yO:nV’yef}:{nEN/VnIEN:n’yn/:nV’yEF}
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is called the constant part of N.

The notations < a > and < a >t will denote respectively the ideal and
the I'— subgroup generated by a in N.

Definition 3.3. Let N be a I'— near ring and I =< a >p be a I'—
subgroup of N. For any z € I,y € I', there exists x1,x2,...,2, € I such
that x, = z and for each 1 < i < n one of the following holds:

r; = ma for some m € Z
x; = xj £ xy, for some j,k < i
x; = ryx; for some r e N,j <1
x; = xjyr for some r € N,j <.
This sequence x1, x2, ..., T, is called a generating sequence for x.

Theorem 3.4. Let N be a strongly equiprime I'—near ring. Then the

left operator near-ring L is strongly equiprime.

Proof. Suppose N is strongly equiprime. We shall prove that L is
strongly equiprime. Let 0 # [ € L. Then there exists x € N such that
lz # 0. Since N is strongly equiprime, there exist fi, fa,...fn € N and
V1,725 ---Yn € I' such that y,z € N and (lz)vy;fjvey = (lz)yifjyz for all
1 <i,j,k < n implies y = z. Let G = {[zvifj, W] :1<14,5,k <n}. Let
l1,ls € L and suppose that lgly = lgls for all ¢ € G. Then lgliy = lgloy
for all y € N. Hence l[z; f;, vi)liy = Uz f5, v)loy and so (Ix)vy; fjve(liy) =
(lz)vifiv(lay) for all 1 < 4,5,k < n. Hence l1y = lyy for all y € N and so
l1 = lo. Hence L is strongly equiprime. O

Definition 3.5. A I'— near ring N is said to be a left weakly semiprime
I'—near ring if [z, I #0V 2z #0 € N.

Note that if N is a distributive I'— near-ring, then the elements of L

are expressible in the form Y [z;, a;] and also N is strongly equiprime if and

i
only if it is strongly prime, that is, if 0 #% x € N, then there exist finite
subsets F' and A of N and I' respectively, such that xtAFAy = 0 implies
y =0, for all y € N.
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Theorem 3.6. Let N be a distributive, left weakly semiprime I'— near
ring having no zero divisor, then N is strongly equiprime if and only if L is

strongly equiprime.

Proof. Suppose L is strongly equiprime. We shall prove that N is
strongly equiprime. Let x # 0 € N. Since L is strongly equiprime, there

exist finite subsets
F:{Z[y]k7ﬁjk]/k:1727vm} (SaY)
j=1

of N and A of I' respectively, such that
[x,v] fh = [x,y] fla ¥V f € F,v € Aimplies {1 = l5 V {1,05 € L. (1)

Consider F' = {y;Bxx/j =1,2,...,n,k =1,2,...,m}. Our claim is that
F’ is an insulator for z. Let y,2z € N,~, u € A such that

We shall prove that y = z. Now

rYYjRBikTiy = xYYikBikpz ¥V j=1,2,...,nik =1,2,...,m
implies

[vyikBinepy — eyyiRbippnz, I = 0V j=1,2,... ,nsk=1,2,...,m.
Le., [yyBijkriy — 2yYkBikpz, ) = 0V €T
andVj=1,2,....,n; k=1,2,... m.
Hence
[2vyjrBikrry, 0 | — [zyykBikpz,6 ] = 0VSeT
andVj=12,...,nk=1,2,...,m.
Then
[2yyikBikziy, 6 | = [zyyuBjpzpz, 0] V6 €T
andVj=1,2,... mk=12,...,m,

Le, [z,7][yjk, Bik) [xpy, 0] = [2,9] [Yjk, Bjk] [zp2, 6]
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forall 0 € I' and for all j =1,2,...,n;k =1,2,..., m. Therefore,

n n

2] s Bi] [wpy, 6 = (2,91 Y [k Bw] w112, ] -

J=1 J=1

By @), [xpy, o] = [zpz,0], ie., [xuy — zpz, 6] = 0 for all 6 € I'. Since N is
left weakly semiprime, zuy — xuz = 0. Hence zp (y — z) = 0. Since N has
no zero divisor, y — z = 0 and hence y = z.

Converse part follows from Theorem 3.4. O

Proposition 3.7. Let N be a I'— near ring. Then the following state-
ments are equivalent:

(1) N is strongly equiprime;

(2) Ewvery non zero right I'— subgroup of N contains a finite subset F' such
that x,y € N, fyx = fyy V f € F,vy € I' implies x = y;

(3) Ewvery non zero I'— subgroup of N contains a finite subset F' such that
z,y €N, fyx = fyy V f € F,v el impliesx =y.

Proof. (1) = (2): Let I # 0 be right I'— subgroup of N and a # 0 € I.
Then there exist finite subsets F' and A of N and I' respectively, such that
aaffr = aafPy for all f € F and o, 8 € A implies x = y for all z,y € N.
Let G = {aaf/a € A, f € F}. Then G is a finite subset of I and it satisfies
our required result.

(2) = (3): Obvious.

(3) = (1): First we show that N is zero symmetric. For if N is not
zero symmetric, then N, # 0, and so nax = nay = n Vn € N,a €
I'. Hence N, contains no finite subset with the required property. This
contradiction shows that N is zero symmetric. Let a # 0 € N. Suppose
that a'N = 0, then < a > I'N = 0. Since N is zero symmetric, < a >
is a I'— subgroup of N and < a ># 0. Moreover bax = bay = 0 V b €<
a>,r,y € N,a € I'. Hence < a > can not contain a finite subset F' such
that x,y € N, fax = fay V f € F implies = y. This contradiction shows
that al’' N # 0. Let n € N be such that aan # 0. Consider a I'— subgroup
I =< a >r of N. Let A be a finite subset of I and let fi, fo,...,fn € 1
be such that fiax = fiay,Va € A,1 < i < nimpliesz =y V 2,y € N.
Let fi, fiz,-- -, fim@s) be a generating sequence for f;,1 < i < n. Each f;;
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contains factors of the form aan or (aan) fr¥ «, 5 € A and for some r € N.
Let G = {n}U{nar/ (afn) ar occurs in some f;;}.Supposex,y € N ,«, 8 €
A and that (aag) Bz = (aag) By V g € G. Tt follows from the definition of
generating sequence that f;;fz = fi;fy V1 <i<n,1 <j<m(i) and in
particular that f;6x = f;fy V1 < ¢ < n. Hence x = y. Since G is finite, it
is an insulator for a. Hence N is strongly equiprime. O

Definition 3.8.(]5]) A I'— near ring N is said to be equiprime if a, z,y €
N and o, 8 € I',aanBx = aanfy for all n € N implies a = 0 or = = y.

Note that

(1) Every equiprime I'-near ring is zero symmetric.
(2) Every strongly equiprime I-near ring is equiprime .

Definition 3.9. Let N be a I'-near ring and A be a subset of N. Then
the right equalizer of A is the set

re (A) ={(z,y) € N x NJaocx =aay ¥V a € A,a € '}.

Proposition 3.10. Let N be an equiprime I'—near ring which satisfies
the d.c.c on right equalizers, then N is strongly equiprime.

Proof. If N = 0, then the result is trivial. So assume that N # 0. Let
I # 0 be a I'= subgroup of N and M = {r (F) /F is a finite subset of I}.
Since N satisfies the d.c.c. on the right equalizers, M contains a minimal
element E = r.(Fy) say. We claim that F = {(x,z) /z € N}. For if not,
there exists (z,y) € E with « # y. Let a # 0 € I. Since N is equiprime,
there exists n € N such that aanfBx # aanfBy, where o, 8 € T'. Let I} =
FyU{aan}. Then Fy C I and since Fy C F,

re (F1) Cre (Fp) . (2)

Moreover, since aanfx # aanfy,(z,y) ¢ re(F1). But (z,y) € re(Fo).
Hence the inclusion in (2) is strict. This contradicts the minimality of E.
Hence E = {(x,x)/x € N}. Thus if z,y € N,z # y implies (z,y) ¢ E.
Therefore there exists f € Fp such that fax # fay. It follows from Propo-
sition 3.7 that N is strongly equiprime. ]
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Definition 3.11. If X is a subset of NV x N, then the left equalizer of
X is the set £ (X) ={a € N/aax = aay ¥V (z,y) € X,a € T'}.

Lemma 3.12. Let N be a '—near ring and D a left equalizer in N.
Then D =l (re (D)) .

Proof. Let X C N x N be such that D = ¢, (X). Let d € D, (z,y) €
re (D). Then dyx = dvyy, for all v € I" and hence d € /. (r. (D)) . This im-
plies that D C 4. (r¢ (D)) . A similar argument shows that X C 7, (£, (X)).
Hence lere (be (X)) C le (X), ie., Le(ro (D)) € D and consequently D =
le (re (D)) O

Lemma 3.13. Let N be a '—near ring. Then N satisfies the d.c.c on
right equalizers if and only if N satisfies the a.c.c. on left equalizers.

Proof. Suppose N satisfies the d.c.c. on right equalizers. Let D; C Dy C
.-+ be an ascending chain of left equalizers. Then 7 (D;1) D 1. (Dg) 2 ---
is a descending chain of the right equalizers. Then there exists n € N such
that 7e(Dy) =7re(Dpy1) =--- . Hence le(re(Dy)) =Le(re(Dpy1)) =+, ie.,
D,=D,,1=--- by Lemma 3.12. The proof of the converse is similar. O

Corollary 3.14. FEwvery equiprime I'—near ring N with a.c.c. on left
equalizers is strongly equiprime.

Proof. Suppose N is an equiprime I'— near ring with a.c.c. on left
equalizers. By Lemma 3.13, N satisfies the d.c.c. on right equalizers. It
follows from Proposition 3.10 that N is strongly equiprime. U

4. Strongly Equiprime Radicals of I'— Near Rings

In this section we shall prove that the strongly equiprime radical Py, (N)
coincides with Ps (L)" where P, (L) is the strongly equiprime radical of
left operator near-ring L of N.

Notation 4.1. For a I'— near ring N, the prime radical and the set of
all nilpotent elements are denoted by Py (N) and N (N) respectively.

Definition 4.2. An ideal I of a I'-near ring N is said to be 2-primal if
Po(T) =N (T)-
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A T-near ring N is called strongly 2-primal if every ideal I of N is 2-
primal . If the zero ideal of N is 2-primal, then N is called 2-primal. This
is equivalent to Py (N) = N (N).

The following theorem characterizes 2-primalness for ideals in I'-near
rings. The proof is a minor modification the of proof of the corresponding

theorem in near-ring theory [1].

Theorem 4.3. Let I be an ideal of a I'-near ring N. Then

(i) I is a completely semiprime ideal if and only if I is both a semiprime
and a 2-primal ideal.
(ii) If NT'I C I, then the following are equivalent:
(a) I is a completely prime ideal;
(b) I is both a prime and a completely semiprime ideal;
(c) I is both a prime and a 2-primal ideal.

Lemma 4.4. If a I'-near ring N is strongly 2-primal, then every prime

ideal of N is completely prime.
Proof. Tt follows from Theorem 4.3. g

Definition 4.5. Let N be a I'— near ring. An ideal P is said to be
strongly equiprime if for each a ¢ P, there exists finite subsets F' and A of
N and T respectively, such that ayfur —ayfuy € PV f € F,and v, € A
impliesz —ye€ PV x,y€ N.

Proposition 4.6. Let N be a I'— near ring. If P is a strongly equiprime
ideal of N, then Pt = {{ € L/tx € P Y x € N} is a strongly equiprime ideal
of L.

Proof. Suppose P is a strongly equiprime ideal of N. We shall prove that
Pt'is a strongly equiprime ideal of L. Let 0 # [ ¢ Pt'. Then there exists
x € N such that lz ¢ P. Since P is strongly equiprime ideal, there exist
fi, fo,... fn € N and v1,72,...vn € I' such that y,z € N and (lz)v; fivey —
(lx)yvifjyez € P for all 1 < 4,5,k < n implies y — 2z € P. Let G =
{levifj ] : 1 <i,4,k <n}.Letl,ls € L and suppose that lgl; —lgls € pt
for all g € G. Then (lgly — lgla)y € P for all y € N. Hence l[zv; fj, villiy —
Uzvifj,velloy € P and so (lx)vifjv(hy) — (lx)vifiw(ly) € P for all
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1 <i,jk<n Hence iy —loy € Pforall y € N and so [y — I € P,
Hence Pt is strongly equiprime ideal of L. O

Proposition 4.7. Let N be a distributive strongly 2-primal I'— near
ring with a strong left unity, and Q a strongly equiprime ideal of L. Then

QT ={zeN/[r,a] €QVacT}
is strongly equiprime ideal of N.

Proof. Suppose 0 # @ is a strongly equiprime ideal of L. We shall
prove that QTis a strongly equiprime ideal in N. Let x ¢ Q*. Then there
exists a € I" such that [z, o] ¢ Q. Since N is distributive and @ is a strongly

n

equiprime ideal in L, there exists a finite subsets F' = { > Yk Bkl /k =

7=1
1,2,... ,m} of N and A of I" respectively, such that

n n

[z, Z [Wjks Bik) &1 — [z, o Z [Wiks Bik) b2 € Q

J=1 J=1

forall k=1,2,...m and o, 8 € A implies
by —lye@ V¥l € L. (3)
Consider the collection
F'={ypBikx/i=1,2,...n:k=1,2,...m}.

Our claim is that F’ is an insulator for z. Let a,b € N ,a, 3 € A such that

ray;pBikrBa — voykBirr b € Qtvi=12..nmk=12,...m.
We shall prove that a —b € Q". Now

rayrBikrBa — xayrBirrBb € Qtvji=12..nk=12...m

implies

[wayrBirrfa — vayrBireBb,v] € Q
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forall vy € I'and for all j =1,2,...n;k =1,2,...m. Hence

[zaykBikrBa, ] — [xaypBirkrfb, Y] € Q,

i'e’a [IL’,O(] [y]]ﬂﬁ]k] [m,@a,’y] - [.T, a] [y]kaﬂ]k] [.T,Bb, ’Y] € Q
forally el and for all j =1,2,...n;k=1,2,...m.

Therefore

n n

ie,  [z,0] Y [y Bl [wBa, 7] = [2,0] Y lysw, Bi] [286,7] € Q
=1 =1
for all v € T and for all k = 1,2,...,m. By @), [z8a,v] — [28b,7] € Q,
i.e., [zBa — xBb,v] € Q for all v € T'. Hence zfa — zb € Q. This implies
that z3 (a —b) € QT. Since Q is strongly equiprime in L, Q is prime in L.
By [3, Proposition 3.3], Q% is prime in N. Since N is strongly 2-primal,
Q™ is completely prime in N. Hence z3(a —b) € QT and z ¢ Q* implies
a—be Q. Thus Q7 is strongly equiprime ideal in . O

Theorem 4.8. Let N be a distributive strongly 2-primal I'— ring with
a strong left unity. Then Ps. (L) = Py (N) where L is the left operator
near-ring of N, Ps. (N) is the strongly equiprime radical of N and P (L)

1s the strongly equiprime radical of L.

Proof. Let P be a strongly equiprime ideal of L. Then by Proposi-
tion 4.7, Pt is a strongly equiprime ideal of N. Moreover (PT)" = P by
[2, Proposition 5]. Suppose @ is a strongly equiprime ideal in N, then by
Proposition 4.6, Q%' is a strongly equiprime ideal in L and <Q+')+ =Q
by [2, Proposition 5]. Thus the mapping P — P* defines a 1-1 corre-
spondence between the set of strongly equiprime ideals of L and N. Hence
Pse (L))" = (NP)" = NP+ =Py (N). O
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