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Abstract

We rigorously prove results on spiky patterns for the Gierer-Meinhardt sys-
tem [5] with a large number of jump discontinuities in the diffusion coefficient
of the inhibitor. Using numerical computations in combination with a Turing-
type instability analysis, this system has been investigated by Benson, Maini and
Sherratt [1], [3], [9].

We first review results on the case of two segments given in [25], concerning
one-spike steady states: the existence of interior spikes located away from the
jump discontinuity was established, along with a necessary condition for the
position of the spike, namely, the spike can be located in one-and-only-one of the
two subintervals separated by the jump discontinuity of the inhibitor diffusivity.
This localization principle for a spike does not hold for constant inhibitor

diffusivities.

Secondly, there also exist spikes whose distance from the jump discontinuity
is of the same order as its spatial extent. It turns out that, generically, there
either exist two different one-spike steady states near the jump discontinuity or

there is none.

In this paper, we prove a conjecture raised in [25]: We show that one of the
spikes is stable while the other is unstable, using an eigenfunction constructed

by outer and inner expansions. Moreover, since our argument involves only the
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two immediate segments around the jump discontinuity, the result holds for any
number of segments.

Next, we extend the interior spike results on the case of two segments (one
jump) to an arbitrary number of segments. By analyzing the derivatives of the
regular part of a Green’s function, we give a simple classification of interior
segments according to the signs at both ends of the segment: There exists a
stable spike, an unstable spike or there does not exist any spike in the segment

which is away from the jump discontinuities.

We also give explicit formulas of the solutions and conditions for existence
for the case of three segments, which has one interior segment.

Finally, we confirm our results by illustrating the long-term dynamical be-
havior of the system using numerical computations. We observe a moving spike
which converges to a stationary interior spike, a spike near a jump discontinuity

or a boundary spike.

1. Introduction

For systems with piecewise constant diffusion coefficients, Turing in-
stabilities have been computed numerically and investigated analytically by
Benson, Maini and Sherratt [1], [3], [9], and results on dispersion relations
and typical solution profiles have been obtained. In particular, the authors
showed that the spatial variation of diffusion coefficients may produce iso-
lated patterns and asymmetric spatially oscillating patterns which are not
seen in standard homogeneous Turing systems.

Biological applications of these effects include the anterior-posterior
asymmetry of skeletal elements in the limb and experimental results on dou-
ble anterior limbs [27], [9]. The fact that for asymmetric solutions different
peaks may have different amplitudes is a possible explanation for the com-
mon observation that digits vary in length.

We give a rigorous mathematical proof of the influence of discontinuous
diffusion coefficients on the qualitative and quantitative properties of spiky
patterns in a reaction-diffusion system.

In particular, we study the Gierer-Meinhardt system [5], which is given
by
ay = Ezax:c —a+ %7

thy = (D(2)hy)s — h + a2. (1)
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Note that h acts as an inhibitor to a, whereas a acts as an activator to both
a and h. This motivates the name activator-inhibitor system. In this paper,
we assume x € (—1,1), 0 < e << 1 is a small diffusion constant, 7 > 0 is a
time relaxation constant, and

Dy, —-1<ux<ux,
D(.T) = D;, zi1<zxz<uwxy (12)
DN, IN—1 < x < 1,

where 0 < D; and D; # D;;1. Note that the inhibitor diffusivity D(z) has a
jump discontinuity at ;. We study the equation (1.1) on the interval (—1,1)
with Neumann boundary conditions:

am(_l) = am(l) =0, hm(_l) = hm(l) =0. (1'3)

The matching conditions at x; are that O(x) h, is a continuous function at

xr = Z;.

We begin by reviewing results in [25], which corresponds to the case N =
2. It was established that there exists two types of spiky solutions to this
system: interior spikes, which has O(1) distance from the jump discontinuity
of the inhibitor diffusivity (there is only one jump), and spike near the jump,
which has O(e) distance from the jump discontinuity.

For the interior-spike type solution, a precise condition for its existence
was found (Theorem 3.1). The condition also implies that the interior spike
can be located in one-and-only-one of the two subintervals. This establishes
a localization principle for the 1-D Gierer-Meinhardt system with a jump
in the inhibitor diffusivity. In contrast, with constant diffusivity, the interior
spike is always located in the center of the interval. So the presence of the
jump, in effect, “moves” the (unique) position away from the center into one
of the subintervals. Precise information about the (limit) location (as e — 0)
is also given in Theorem 3.1.

For the second type of one-spike solutions, the spike having same order
in spatial extent as its distance from the jump discontinuity, it turns out that
either there exist two different one-spike solutions or there is none (Theorem
7). One question left open in [25] is the stability of these spikes. We are now
going to prove the stability behavior of these spikes. The result is that one of
the spikes is stable, the other unstable. The proof uses a construction of the
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eigenfunction involving inner and outer expansions. One will see that both
the existence and stability results depend on a parameter involving only the
two diffusivities and lengths of the immediate segments around the jump in
consideration. Therefore, our results for two segments extend easily to the
general case with an arbitrary number of segments.

After completing the arguments for the spike at the jump, we will re-
turn to interior spikes and show that the localization principle for interior
spikes also extends elegantly for general N (i.e 1-D bounded domain with N
segments, N — 1 jumps in the inhibitor diffusivity). We will derive a classifi-
cation of the interior segments which depends on the sign of the derivatives
of the diagonal of the regular part of Green’s function at both ends of the
segments. By the signs, we shall conclude that there exists a stable spike,
an unstable spike or there exists no spike in the segment.

We also study the case of three segments, the smallest N such that
there is an interior segment, in more detail. We derive explicit formulas for
these derivatives of the regular part of Green’s function and the closed form
conditions necessary for classification.

Finally, we mention some previous works on spiky steady states for the
Gierer-Meinhardt system with constant coefficients. Existence and stability
of spiky steady-states, for example, have been studied for 1-D in [8] and
their instabilities have been investigated in [19]. For 2-D the existence and
stability of multiple spikes has been investigated in [21], [22], [23].

The structure of the paper is as follows: In Section 2, we provide some
preliminaries. In Section 3, we review previous results in the two-segment
case from [25] of the paper. In Section 4, we briefly recall how construct and
analyze a spiky steady-state. In Section 5, we recall the main stability results
for interior spikes. In Section 6, we recall an outer and inner expansion which
is needed to analyze a spike near a jump and will be used in Section 7. In
Section 7, we present a new result: We study the small eigenvalues of a spike
near a jump. In Section 8, we prove results on the existence of interior spikes
for N segments. We give a classification of interior intervals into three cases:
Existence of stable interior spike, existence of an unstable interior spike, non-
existence of an interior spike. In Section 9, we investigate spikes near a jump
in the N segments case. We give a condition on existence which only uses
O(1) quantities and does not use quantities of the inner expansion which
are of O(e). In Section 10, we confirm our analytical results by numerical
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computations. We also consider situations which are not analyzed in this

paper, such as multi-spike solutions.

2. Preliminaries

Before we state our main results in Section 3, we introduce some no-
tations that is used throughout the paper and perform some preliminary

analysis.

We will always assume that Q = (—1,1). With L?(Q) and H?(Q) we

denote the usual Sobolev spaces.

For classical solutions, D(x)h,(z) is continuous at = = z; and there-
fore hy(x) has a jump discontinuity at z = x;. To account for these jump

discontinuities of h, the function spaces have to be chosen very carefully.

We assume that
(a,h) € H3(~1,1) x Hy*(~1,1),
where

H%(-1,1) := {a € H*(-1,1) : az(—1) = a,(1) = 0},
H**(=1,1) := {h € H'(=1,1) : (D(2)hy), € L*(-1,1)},
HY (-1,1) == {h € H**(=1,1) : hy(—1) = hy(1) = 0},

endowed with the norm

(@, WII5,. = NlallZr 1,0 + 1215
where 11113 == Il 11y + 1(D@)he)allz2(-1,1)-

The variable w will always denote the so-called canonical spike solution,

i.e. the unique homo-clinic solution of the following problem:

w" —w+w?=0 in R,

2.1
w >0, w(0) = mea}%(w(y), w(y) =0 as |y| — oo. (2.1)
y
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Note that w is an even function and w'(y) < 0 if y > 0. An explicit repre-
sentation is

w(y) = gcosh_2 %
We set

/y w?(2)dz. (2.2)
0

Elementary calculations give

a:= /OOO w?(y)dy = /Ooow(y)dy =3, /OOO w?(y)dy

9 3
p(y) = —tanh% — —ta

3.6,

o 297
b2 ’ = 20 = 4.64062
5 5 tanh” 2, /0 w”(y)p(y)dy ol 640625,
/ (w')?dy =/ w3dy—/ w’dy = 0.6. (2.3)
0 0 0

To conclude this section, we study a nonlocal linear operator. We first
recall the following result.

Theorem 2.1.(|20]) Consider the following nonlocal eigenvalue problem

'_ Jpwody o

(i) If v < 1, then there is a positive eigenvalue to (2.4).

Ao, ¢ € H'(R). (2.4)

(ii) If v > 1, then for any nonzero eigenvalue \ of (2.4), we have

Re(A\) < —cop <0 for some ¢y > 0.

(iii) If v # 1 and A = 0, then

¢ =co—
for some constant cg.
The conjugate operator of L under the scalar product in L?(R) is

o Jrw*ibdy 2 2



2008] DISCONTINUOUS DIFFUSION COEFFICIENTS 531

Then we have the following result:

Lemma 2.2. (Lemma 3.2 of [24].) If v # 1, then

Xo:=Ker(L*) = span{cé—j}. (2.6)

As a consequence, we have
Lemma 2.3. The operator
L:H*R) — L*(R),
restricted to the spaces
L: X nH*(R) — Xy NL*R),

where the XOl denotes the orthogonal projection with respect to the scalar
product of L?(R), is invertible. Moreover, L~! : Xg-NL*(R) — X5 NH?(R)

1s bounded.

Proof. This follows from the Fredholm Alternative Theorem and Lemma
2.2. O

3. Review of Previous Results in the Two Segment Case: Interior
Spike and Spike near the Jump Discontinuity of
the Diffusion Coefficient

In [25], we derived the following two types of one-spike solutions:

1. An interior spike located far away from the jump discontinuity of the
inhibitor diffusivity (see Theorem 3.1). For this interior spike a new
localization principle was shown which states that the spike can exist
in one-and-only-one of the two sub-intervals divided by the jump discon-
tinuity. Further, we showed that this solution is stable.

2. A spike near the jump discontinuity whose center has a distance of
order € from the jump discontinuity; this means that its distance from
the jump discontinuity is of the same order as the spatial extent of the

spike.
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We re-scale Q. = Q/e and define u(z) € HZ(Q) if and only u(%) €
H?(,) with the norm of the former space defined by the norm of the latter,
ie.

[l = llu(-/O)ll a2 .-

In the same way we introduce this re-scaling to the other function spaces
introduced at the beginning of the previous section. We also denote the only
jump discontinuity as x; for the results of two segment case.

Now we review our first main theorem:

Theorem 3.1. (Existence of an interior-spike solution.) Suppose that
the condition

—tanh 6;(1 4+ z3) > 1 tanh 62(1 — ) (3.1)

1
01 0o

holds, where 0; = Dl-_l/z. Then there exists a steady state of (1.1)—(1.3)
with an interior spike for the activator which is located in the subinterval

(—=1,xp). More precisely, we have

T — t°

ae(x) ~ &w( ) +o(1) in HX (), (3.2)

where t¢ — tg € (—1,xp) and & /h(t°) — 1 as € — 0. The limit position ty is
given by

1 1

o tanh(01(2tg + 1 —xp)) = o tanh(02(1 — xp)). (3.3)
If (3.1) holds then there do not exist any steady states of (1.1)—(1.3) with
an interior spike for the activator in the subinterval (xp,1).

Remark 3.2. (Implications of the condition (3.1))

(i) If 2, = 0, ie. if the jump discontinuity is located in the center of
the interval, (3.1) implies that there exists a spike on the subinterval
with the larger diffusion constant D; (and the smaller 6;) but not on the
other subinterval. This follows from the fact that the function tanh /v
is strictly monotone decreasing for o > 0.

(ii) Condition (3.1) combines the effects of sub-domain size and diffusion
constant. Hence the localization effect is due jointly, and favorably, to
relatively large subinterval and large diffusion constant.
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(iii) The reverse sign of (3.1) does not have to be studied separately. It
follows by reflection about the center x = 0 of the interval. By this
transformation 61 and 65 are exchanged and the sign of z; is reversed.
An easy calculation shows that the inequality resulting from this trans-

formation is equivalent to (3.1) with reversed sign.

We now review a stability result for the linear stability of the interior

spike.

Theorem 3.3. (Stability of an interior-spike solution.) The interior

spike established in Theorem 3.1 s linearly stable.

Our second main theorem from [25] establishes the existence of spikes
near the jump discontinuity of the inhibitor diffusivity, more precisely at a
distance of order 8 from this discontinuity. (Note that the definition of 3 is
different from that in [25])

Theorem 3.4. (Existence of spikes near the jump discontinuity z; of
the inhibitor diffusivity.)

Set
_ Otanh 61 (1 + x5) — 01 tanh (1 — x3) (3.4)
~ Oytanh 6y (1 + x3) + 01 tanh (1 — ) ’
(i) If
01 <0y and
0 — 0t 1(Lo) (35)
0<F <=3 108

then there exist exactly two spikes near the jump discontinuity xy,. They
are given by (3.2) with t = xy, — €L for two possible values of L.

Here we have used
10)= [ w*w)ew)/a - sy (3.6)

where p(y) and a(= 3) are defined in (2.2) and (2.3) respectively, while
Ly is uniquely determined by p(Lo)/a = 5.
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(ii) If
01 <0y and
02 — 02 I(Ly) (3.7)

0<F="32 T0s

then there exists exactly one spike near the jump discontinuity xp. It is
given by (3.2) with t© = x, — €Lg.
(iii) If condition (3.1) holds and 61 > 02 or if

01 <0y and
02 — 02 I(L (3.8)
207 10.8

there is no spike mear the jump discontinuity x,. More precisely, there

is no spike given by (3.2) with |t¢ — xp| = O(e).

Finally, in [25] we proved the following simple nonexistence result for

spikes near the jump discontinuity.

Corollary 3.5. Suppose that 01 < 02 and

62 — 02

0.4296875

then there is no spike near the jump discontinuity, i.e. a spike which satisfies

It€ — zp| = O(e).

4. The Construction and Analysis of Spiky Steady-state Solutions

We briefly review the method of how to construct a spiky steady-state
solution to (1.1)—(1.3). We first take a rescaled and translated spike

wo(x) :w(x_t>, (4.1)

€

and let rg be such that

1
o = E(min(to +1,1— to)). (42)
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Using this smooth cut-off function x : R — [0, 1] such that
x(z)=1 for || <1 and x(z)=0 for |z|]>2, (4.3)

we get

- T —1
(@) = wo(w)x (). (4.4)
where w(z) satisfies
Aty — W + g + est. =0 in (=1,1), @h(—1) =dhH(1) =0  (4.5)

and “e.s.t.” means exponentially small terms.

We proceed to carefully choose the amplitude: for ¢t € (—1,1) let

(4.6)

where G(z,y) is the Green’s function, defined in (8.3), which can be used to
represent the solution of the second equation of (1.1). It plays a major role
throughout the paper. We will mostly drop the argument of éo(t) and write
éo instead. Set

&0 = &o&e, (4.7)

€ = <6/Rw2(z)dz> Tl é (4.8)

Then, finally, we choose the first component of our approximate steady state
for (1.1) to be

where

we () = oo (7). (4.9)

For a function A € L%*(—1,1), we define T[A] to be the solution in
HY(—=1,1) of

(D(x)(T[A])2)e — T[A] + A2 =0, -1 <z <1. (4.10)

By standard elliptic theory, the solution T'[A] is positive and unique.
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For A = wc, where t € B_s(to), we choose the function T'[A](z) to be

the second component of our approximate steady state for (1.1).

Using Liapunov-Schmidt reduction, it has been shown in [25] that there
exists an exact steady-state which is close to this approximate solution. The
same argument works for the N-segment case with minor modifications. The
main changes are replacing the Green’s function specific to N = 2 by the
one for general N for the interior spike, and making a similar replacement
suitable for multi-segments for the spikes near the jump discontinuity. We
omit the details and refer the reader to |25].

The result can be summarized as follows:
Proposition 4.1. Suppose that
VtOH(to,to) =0 and V%OH(to) 75 0, (4.11)

where H is the reqular part of Green’s function. Then, for e sufficiently
small, there exists a point t© € Ba(to) with t. — to such that there are
spiky steady-states given, up to leading order, by (4.9), (4.10).

To prove existence of an interior spike in one of the segments we have to
check condition (4.1) explicitly by computing the Green’s function and its

derivatives. For the details in the two-segment case we refer to [25].

We will check in Section 8 (Theorem 8.1) when in the case of N segments
with N = 3,4,... condition (4.11) can be satisfied. We will derive explicit

criteria for existence or non-existence of interior spikes.

5. Stability Analysis

The large (O(1)) eigenvalues as ¢ — 0 are studied by reduction to a
nonlocal eigenvalue problem (NLEP) and using the results given in Theorem
2.1 (2) with v = 2. This approach works for all spikes considered in this
paper (both interior spikes and spikes near the jump, with an arbitrary
number of jumps in the domain interval) and they are all stable with respect

to large eigenvalues.
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The small (o(1)) eigenvalues are considered by using a projection similar
to Liapunov-Schmidt reduction, but now at an exact instead of an approxi-
mate solution. For an interior spike the following result, by asymptotics, is
derived in [25]:

—26Eag(ALH (1,19)) + o(¢®) = Ac&afag (1 + o(1)), (5.1)

using (2.3). Equation (5.1) shows that the small eigenvalue A, of (7.1) sat-

isfies
Ae = =262 (Vi H(t, 1)) + o(€%)

by (2.3). It can then be checked explicitly that for interior spikes in the two-
segment case we always have Vi H (t¢,t°) is positive. This implies the small
eigenvalue )\, satisfies Re(\.) < —ce? for some ¢ > 0 which is independent of
e and therefore is stable. We will show in Section 8 (Theorem 8.1) that for N
segments with N = 3,4, ... it is possible to have either sign for V2 H (¢, t)
and so an interior spike can be stable or unstable. We will also derive easily

verifiable criteria for stability or instability.

6. Spikes Near the jump Discontinuity xp of the Inhibitor
Diffusivity

The existence of spikes near the jump discontinuity is furnished by The-
orem 7, derived in [25]. Stability of these solutions were not treated and
we complete the picture for two segments now. As a preparation for the
stability proof, we review the proof of existence. It is based on outer and
inner expansion of the inhibitor A. We will see later that an outer and in-
ner expansion for the inhibitor part of the eigenfunction is necessary for the

stability proofs.
We first compute an approximation to the inhibitor function h.(z).

Let

ae(x) = £ew<m _te)x<m _te) +O(e) in H2(Qe),

€ €

where t. is the center of the spike, z, — t¢ = eL and 2—; —lase—0.
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We decompose the second component, h. into two parts:

T — t€

) + ha(a)) +Ole) in H(9), (6.1)

€

he(z) = & <6h1<

where the inner expansion hq(y) for y = (x — t¢) /e satisfies

{ (Dt + ey)h1y(y))y + w?(y) =0, 6
h1(0) =0, hi14(0) =0
and the outer expansion ho(x) is given by
{ (D(@)h2z(2))e — ha(z) — ehai(z) =0, 63
ho.e(£1) = —hy 4 (£00). '
Integrating (6.2), we get
—0ip(y), —oo <y <L,
hl,y( ) — { 9 (64)
—03p(y), L <y<oo,

where 6, = Di_l/2 and p(y) has been defined in (2.2).
Recalling from (2.3) that
o= / w?(2)dz = 3
0
we have

hyy(—00) = aQ%, hyy(00) = —a9§.

Integrating (6.4) once more, we have (up to order O(e) which is included

into the error term in (6.1))

x — t€ Pa(r —xp), —1<xz<ay,
ehl( ) - (6.5)
€ —03a(x —xp), xp <z <1,

Hence by (6.4) hg satisfies (up to order O(e) which is included into the error
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term in (6.1))

(D(x)haz(2))e — ha(x) = ehi(x) = 0,
h27x(—1) = —9%@, h27x(1) = 9%&

Solving (6.6), using (6.5), we get

h 1
ho(z) = cosh 0y (zp + 1)
2= B2a(x — 1) + BO coshfy(x — 1)

20T T b cosh Oy (zy, — 1)

-1 <z <ay,

xp < x < 1.

Continuity of the function ho(z) at © = x3, gives A = B and continuity of

D(x)haz(x) at © = x implies
0 = D1hoy(z; ) — Daho () = A(tanh@l(xb—kl)—i-%tanh 92(1—xb)) — 2«
2

and so we have

A= 2a92
~ Oytanh 6y (xp + 1) + 01 tanh O(1 — )

Hence

Dihyy(z,) = D2h27m(1‘2_) = Atanh 6y (zp +1) — «
a@g tanh 01 (zp + 1) — 6 tanh O2(1 — )
02 tanh 01 (zp + 1) + 61 tanh O2(1 — )

which implies
hoo(x, ) = 9%04,8, hg’x(x;_) = 9%04,8,
where

.= 0 tanh 61 (zp + 1) — 01 tanh O5(1 — )
T 09 tanh 91(:L'b + 1) + 64 tanh 92(1 — :L'b) '

(It is noteworthy that the parameter 5 satisfy 0 < § < 1 and is a constant
combining the most important information around a jump. One will see
later that the equilibrium behaviors of the system is essentially determined

by this value.)

Finally, we consider the solvability condition for Liapunov-Schmidt re-
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duction which is given by

-t [ S B s (8 + ey)dy + O
~ w

/_ () (P (y) + hoo(t + ey))dy +0(e)

(
w0

= | W)~ i) + haalw, ))dy
+ L_OO w?’(y)< — 3p(y) + h2,m(:cb+))dy +0(e)
_ 92 YRV of [T 30\
(| W) ras)dy) +03( | wdw)(plw)+addy) +0()
=0t [ o)+ iy~ [ wt)(-pt0) + as)ay)
([ 0)plo) +apiy) +0(0
—ast? [ wl)dy+ 63~ 8) [ wd0)ow) +aBy +0(0

since p(y) is an odd function.

Hence, for given 61, 62, 8, we need to find L such that

802 [ wtyyay+ (03— o} / S P )t By =0, (6.7)

—00

Remark 6.1. We remark here that, in general, the form of the condition
(6.7), used for the existence argument of a spike near a jump, is independent
of the number of segments. That is, although here we show the analysis
specifically for N = 2, the existence argument for an arbitrary number of
segments requires exactly the same condition (6.7). The only difference
among different cases is implicitly distinguished through the parameter .
For general domains with multiple segments, one only needs to replace the
constants 61 and 69 by 6 and 6,1 in the immediate segments around the
jump in consideration.

We now discuss when condition (6.7) can be satisfied. Firstly, note that
B = 0 (6.7) is not possible since we assumed 67 # 3. Secondly, the case
B < 0 can be reduced to the case 8§ > 0 by reflection at the center x = 0
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of the domain: observe that by this reflection #; and 6 are exchanged, xy,
t¢, B all change signs, then note that the order of the locations of the jump
discontinuity and the spike are reversed so that the equation x;, = t¢ + ey
with y = L changes to —xp = —t° 4 ey with y = —L. As a result, (6.7) is
transformed to

088 [~ iy + @ - 8) [P w)(-pw)a+ s)dy =0

-L
which is equivalent to (6.7). Therefore, we shall always assume 8 > 0 which
is equivalent to (3.1). A necessary condition for (6.7) is

07 < 63,

as otherwise (6.7) implies by separating 0% and 0% on different sides of the
equality

pY; /0 “wd(y)dy+ 02 /L "w(y) (—ply) /atB)dy =02 /L T ) (—p(y) fotB)dy

for which lLh.s. is obviously bigger than r.h.s. if 8; > 6o which gives a
contradiction. We now study (6.7) in detail. An important observation is
that the integrand of

A%w%wbw@Va+ﬁmy

changes sign where p(y) = af.
The function p has the following properties:

2(y) >0, p(=y) = —p(y),

p(0) =0, p(y)=w
ply) — / w?dy = a(=3) asy — oo (6.8)
0

and [ satisfies the inequality

0<pB<1.

Thus for all 0 < 8 < 1 there is exactly one positive y =: Ly > 0 such
that p(Lg)—af = 0. Further, p(y)—af < 0if 0 < y < Lo and p(y)—af >0
if y > L.
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To give an explicit formula for Ly, using (2.3) we compute

9 L 3 L
p(Lo) = itanh 70 - itanh3 70 = af.

From this equation Ly can be uniquely calculated.

Recall from (3.6) that for any real number L we have defined

o= | " W) o) a — B)dy.

Then
I(L) - 0as L —» —21.68 <0 as L — —o0.
I(L) achieves its unique maximum among all real L at L = Ly > 0,
where I(Lg) > 0.
I(L) is monotone increasing on (—oo, Lg).
I(L) is monotone decreasing on (L, 00).

I(L) =0 for a unique L = L; < 0.

We give an elementary interpretation of I(L) using the following two

graphs.

0.6} 3

0af f \ 2

0.2 / \ 1 N
_

0 = L= 0
—4 -3 —2 -1 0 1 2 3 4 —4 -3 -2 -1 0 1 2 3 4

Figure A. The left and right figures corresponds to the following two inte-
grals depending on L respectively:

[e.e]

Oow3 an w3 .
/L (y)p(y)dy and / (y)dy

L

I(L) is simply the linear combination of the two graphs with the weight-
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ing /8 on the latter (note that 0 < 3, p(y)/a < 1).

Figure B. The left and right figures corresponds to I(L) for § = 0.2 and
6 = 0.6, with maximum values about 0.92 and 0.17, located at about 0.26
and 0.90 respectively. As will be shown in the next section, the dotted lines

and solid lines corresponds to unstable and stable steady states respectively.

Therefore, the equation I(L) = ¢ has

two solutions  if 0 < ¢ < I(Ly),
one solution if ¢e=1(Ly) or —21.668 <c¢<0, (6.9)
no solution if ¢>1I(Ly) or ¢ < —21.65.

Because of 6 < 03 for (6.7) only the case ¢ > 0 is relevant. Combining

(6.9) with (6.7), we have

(i) two solutions for (6.7) if

03 — 6% I(Lo)

0<pB< .
g 2602 10.8

(ii) one solution for (6.7) if

B0 1(L)

P="3¢ 108"
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(iii) no solution for (6.7) if

03 — 0% I(Lo)

P> =52 08

This shows Theorem 7.

7. Small Eigenvalues of the Spike near the Jump

In this section, we investigate the eigenvalue problem which after re-

scaling becomes

We w?
E2A¢e - qbe + 2B_E¢e - ]—1_271)6 = >\E¢E7 (71)
(D(l‘)?/)ew)x - 7[15 + 2£€w6¢6 = AETTZ)E?

where

We = ggl[ws,te + ¢E,t€]7 BE - T[wE,te + ¢e7t€]7 (72)
t¢ = xp —eL is the center of the spike which has been determined in Theorem
3.4, and &, is given by (4.8).

In particular, we investigate the small eigenvalue, i.e. we assume that
A —0ase— 0.

Let us define
x —t°

7o

(@) = (o )i (@), (73)
where rg and x(z) are given in (4.2) and (4.3), respectively. We define
Kege = span{wgo} c H%(Q.),
re = span{w, o} C L*(Q).

Then it is easy to see that

We () = We,0() + €.8.t. (7.4)



2008] DISCONTINUOUS DIFFUSION COEFFICIENTS 545

Further

he(t€ + €y) = h1y(y) + hoz(x, ) + O(e)
= 02(—p(y) +3B8) +0(e) for —co<y<L (7.5)

and

hea(t” + ey) = hiy(y) + haa(zy)) + O(e)
= 03(—p(y) +36) + O(e) for L <y < oo. (7.6)

Note that . o(z) = oo () + O(e) in H2(—1,1) and . ¢ satisfies

(113570)2

€

Ao — e o + + est. =0.

. i :
Thus @/ o := =0 satisfies

20, w2, -
ENdL — il + 2, — 2R 4 est. =0, (7.7)
3 5 hE (he)

Let us now decompose
b = €agl o + o (7.8)

with complex numbers afj, (the scaling factor e is introduced to ensure ¢, =
O(1) in H? (Q)), where (;%J_ICZ%Z”.
Suppose that |’¢€HH12V(Q€) = 1. Then |aj| < C.

The decomposition of ¢, implies the following decomposition of ):

e = eafpeo + P = eagii(y) + 2(2)] + 97,
where the inner expansion v, (y) is given by

{ (D(t + ey)v1,y(y))y + 2w(y)wy(y) = 0,
¥1(0) = 0, ¥1,(0) = —67w?(0)
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and the outer expansion 1y(z) satisfies

{ (D(2)h2,5(2))z — Pa(x) —P1(z) = 0, (7.10)
Va,0(E£1) = —t1,y(£00).
Let us compute
_6%w2(y)7 —0o<y< L,
)= { —03uw(y), L <y < oo
_ —%9%(cosh_4(y/2) —-1), —co<y<L, (7.11)
—%95(cosh_4(y/2) —-1), L<y<oo. '
This implies
Y1y(—00) = O(e), ¥1y(00) = O(e).
Integrating ¥ once more, we have
—03p(y), —o0o <y <L,
Y1(y) = { ; y (7.12)
—05p(y) + (05 — 07)p(L), L <y < .

in the case L > 0 and a similar result holds for L < 0. The important
observation now is that v (y) is continuous at y = L. (Note that ¢ ,(y) has
ajump at y = L.)

Hence v, satisfies (up to order O(e) which is included into the error
term in (7.10))

{ (D(2)¢2,(x))0 — W2(z) — Y1 (z) =0, (7.13)

1/}2750(_1) - 07 1/}2750(1) - 07
which implies 12 = O(1) in H]2\}*(Q)
Substituting the decompositions of ¢. and 1, into (7.1), we have, using

(7.7),

De0);, (@) we 1 W
eas(( ﬁ‘;) - B; Veo) +EAG! - oF + 250~ ate ~Ade

+ e.s.t. = Aceagu (7.14)




2008] DISCONTINUOUS DIFFUSION COEFFICIENTS 547

We first compute

Let us also put

2

Legr = *Age — g0 + =

—2
we
oo — T3V (7.15)

Multiplying both sides of (7.14) by 12);0 and integrating over (—1,1), we

obtain
1
rhs. = e)\EaS/ We 0W, odx
—1
= i [ (o) ay(1+0(0) (7.16)
and
12 _ L2,
€ €,0 ~ €,0
th = —eao . B—g['lpf’o — hé]wgodl’ +/_1 ]_12 (hé(ﬁg‘)dl’
1 w2
€0/ 1 ~/
- = 7/)e € dx
| Gty

= Ji 4 Jo+ J3 + O(e?),

where J;, 1 = 1,2, 3, are defined by the last equality.

The following is the key lemma.

Lemma 7.1. We have

T = i€ (03 — (L) (p(L) /o~ B) +o(e)  (7.17)
= —caf}(63 — 6)I'(L) + ofe), (7.18)

Jo+ J3 = O(E), (7.19)
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Using Lemma 7.1 and comparing l.h.s. with r.h.s., we obtain
—e3(02 — 01T’ (L)a§ + o(e) = 1.2a§é2 (1 + o(1)), (7.20)

using (2.3). Equation (7.20) shows that the small eigenvalue A, of (7.1)
satisfies

A = g sebol6 — B)I(L) + o).

This shows that if I’(L) is positive, the small eigenvalue ). satisfies Re(\¢) <
—ce for some ¢ > 0 which is independent of e. On the other hand, if I'(L)
is negative, then for e sufficiently the system is unstable due to a Reduction
Theorem (Theorem 8.1 of [25]). This, together with the results in Section
5, concludes the proof of the stability theorem for a spike near a jump. The
result is given in Theorem 7.2. (]

Theorem 7.2. The spikes near the jump have a small eigenvalue which
satisfies the asymptotic exrpansion

A= —5650(95 —0)I'(L) + ole). (7.21)

All the other eigenvalues are stable. This implies that the spike with the
smaller L (the right one) is stable, the one with the larger L (the left one)
is unstable.

Lemma 7.1 follows, We derive the following estimate for ¢.

Lemma 7.3. For e sufficiently small, we have

162 | 220y = O(e). (7.22)

Proof. As the first step in the proof of Lemma 7.3, we obtain a relation
between 1)1 and ¢L. Note that L. is invertible from (KP¢%)L to (Crew)+
with uniformly bounded inverse for e small enough. By the fact that L. is
uniformly invertible, we deduce that

162 | 20y = O(e). (7.23)

Finally we prove the key lemma — Lemma 7.1.
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Proof of Lemma 7.1. The computation of J; follows from the outer and

inner expansions of h and 1), o, respectively. In fact,

w _
Ji = —eag B—§(¢e70 — he)w, gdx + o(e)
1

= —eaqy /1 —wiweo — hL)w! gda 4 o(e)
1 hE(xp) <o

L
— il [ Wyl ) + valan) by (w) — haa(s; Ndy

—00

—eabéy /L Oow2(y)wy(y)[¢1(y) + Ya(xp) — huy(y) — hoa () )]dy + ofe)

L
- ea5£8/_ %wg(y){C%W’l@)_hl,y(y)]+[67112,90(335_)_€h2,mm($b_)]}dy

reaidd [0 {00~ )+ b))~ chaa)]
—eaiéf st (1) (61 (L) + a(s) — by (L) — Ry )]
e 0t ()1 (L) + alws) = by (1) = o)) + o0
= a3 (D) [(hry (1) = iy (L) + (o) = ol )] + (e
= a5 (68 — Bt (Lp(L) 3] + o(o)
= —cat€3(03 — 1'(L) + ofc).
Here we have used
) =y ()] = ~6RP() — w) =0 for oo <y <L,
) =y )] = ~63(?(y) — w() =0 for L<y<oc,

Further, we have applied the estimates

haaa(y ) = O(1), hoga(z)) = O(1),
Yoa(1y) = O(1), ¢oqu(zy) =0(1)

and the facts that 11 is continuous at y = L and 5 is continuous at z = xy,.

Thus we obtain (7.17).
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By (7.23) and the equation for ¢ we have:

to = 2656/ G(t°, 2)Wepe,0dz

Jr wog dy

= 2eG(t5, 1) iy
R

+ 0(€%) = O(e). (7.24)
By (7.23), we have Jo = O(¢?) and (7.24) implies that J3 = O(e?). The
proof of Lemma 7.1 is finished. U

Remark 1. Large eigenvalues for a spike near the jump are treated in
the same way as that of interior spikes. Since we only need to compute 1)(xy),

and no derivatives of ¢ are required, the inner expansion is not needed.

Remark 2. In view of Remark 6.1, if we turn to the case with an
arbitrary number of segments, similar results as in Section 6 and Section 7
should also hold. Indeed, we will show the existence of a spike near a jump

for N segments in Section 9 with minimal effort.

8. Existence of Interior Spikes for IN Segments

We now turn to the study of interior spikes for N segments. To show
existence, we first compute the Green’s function for N segments in (—1,1),

where the Dirac delta distribution is located at one of the jumps:

Let G(z,z;) be the Green’s function which is defined as the unique

solution of the problem

(D(#)G (%, 2i)z)e — G2, @) + 0z, = 0, Ga(—1,2:) = Go(1,23) =0,
DiGy(z;,2:) = DipaGo(zf 2) = 1, Glay,2) — G(af,2:) = 0,

DjGy(xj,2i) = Dj1Go(a],2i) =0,  G(xj,2;) — G(zFa) =0, j #14,

(8.1)

where d,, is the Dirac delta distribution located at x; and —1 < 21 < z2 <

<y < iy < - <xzy—1 < 1. Let 5; be given by

B; = DZGQD(I‘Z_, :L‘Z) + DZ'+1G$(I‘;_, :L‘Z) (8.2)
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Further, for ¢ty # x; let G(x,tp) be the Green’s function defined by

(D(#)G(x,t0)a)z — G(w,t0) + 04y =0, Ga(—1,1) = Ga(1,t0) =0,
D(tO) (to ’tO) D( )Gac(to ’tO) G(t(;’tO) - G(té)_’to) = 0,
D( J_) ( j 7t0)_D($;_)GI($] ’ 0) :07 G(:L';,to)—G(l‘;r,to) :07

j=1,...,N—1,
(8.3)

where d, is the Dirac delta distribution located at ¢ty and —1 < 1 < z2 <

L <tp<mp <o <ayo1 <l

Our first goal is to prove results on the zeros of the derivative of the
diagonal of the regular part of Green’s function. This will imply existence

or nonexistence of a spike.

Our second goal is to determine the sign of the second derivative at such

a root. This will answer the question of stability or instability of the spike.

Therefore let us consider the regular part H of G. It is defined by
0; _o.
—H(z,to) = G(=,t0) — ée_el'm_to‘ for y € (wi—1, ).

If tg = x; the regular part of GG is defined by

%e—(%lr—wi\’ T < x;,
H(ry)=Glay)—{ 2
—H Ot fo—ai] T > x;.
Then H(x,y) satisfies the elliptic differential equation

In particular, if = € (x;_1, ;) then

Note that by symmetry H(z,y) = H(y,x). Denoting the derivative with

respect to the first variable with subscript z, and that of the second variable



552 WANG HUNG TSE, JUNCHENG WEI, AND MATTHIAS WINTER [December

with subscript y, we have

d
H,(to,to) = Hy(to, o), H'(to, to) := EH(to,to) = 2H,(to, o),

Hop(to, to) = Hyy(to, to), H"(to,to) = 2Hza(to,to) + 2Hzy(to, to),
Hxxx(t07 tO) = Hyyy(t07 tO)a Hxxy(t07 tO) = nyy(t07 tO)a etc.
We try to find a solution of

H/(to,to) =0 with ¢y € (a:,-_l,xi)

and then determine

d2
H"(tog,to) == —5H (g, to).
( 0, 0) dxg ( 0 0)
By (8.2) we have
i 1 i—1 — 1
DiGy(x; ,x;) = 574_7 D;Gy(z) 1 mic1) = BIT
By the definition of H we have
1 i
—DiH,(x; ,x;) = D;Gy(x; ,x5) — 3= %,
+ o + 1 o ﬁi—l
_Dz’Hx(«Tz’_pxi—l) = Dti(«Ti_pxi—l) + 5 =y

This implies
DiH'(zi—1,%i-1) = —Bi—1, DiH'(z;,2;) = —B;.

We consider three cases:

Theorem 8.1. (i) 5;—1 >0, 5; < 0.
Stable interior spike: There exists a unique interior spike which is stable.
(ii) Bi1 <0, B; > 0.

Unstable interior spike: There exists a unique interior spike which is
unstable.

(iii) ﬁi—l . ﬁz > 0.
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No interior spike: There is no interior spike.
This gives a complete classification of all interior intervals.

Remark. For boundary intervals, there are two cases according to the
signs of B and By_1, and the existence or nonexistence of a stable interior
spike follows from the classification for the two segment case.

Proof.

Case (i) Bi—1 > 0, 8; < 0, Stable interior spike:

By the intermediate value theorem there exists at least one root of
H'(to,to) with tg € (z_1,;) such that H'(tg,tp) changes sign at to from
negative to positive.

We show that for this root H”(to,tp) = 0 is impossible. We argue by
contradiction. Using (8.4) we get

Hxxx(t07t0) Hx(t07t0) = 07
Hmmy(t07t0) = Hy(t07t0) =0

and so H" (to,t9) = 0.

Taking the derivatives with zz then with xy in (8.4) and adding up we
get

Hizze + Hyzoy — (Hao + Hay) = 0.
Taking the derivatives with yy then with zy in (8.4) and adding up we get
Hyzyy + Hygoy — (Hyy + Hyy) = 0.
Taking the sum of the two previous equations gives
Haypow + 2Hony + Hogyy =0
which can be rewritten as
(Hew + Hyy)ow + (Huw + Hay)ay = 0.

This is equivalent to

H" (to,t0) = 0.
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In the same way it can be shown that
k

d
L H(to, t0) =0, k=1,2,...
d:n’(‘j (fo, to)

This implies H (tg,tp) = ¢ which contradicts the boundary conditions
H'(zi1,2i1) = =B, H (zi, 1) = —fi.

Therefore H” (tg,tp) = 0 is impossible. Since H' changes sign from negative
to positive at ¢y we necessarily have H”(t,t9) > 0 and the spike at tg is
stable.

We show that there is a unique root of H'(t, tp) in the interval (z;_1, ;).
Assume that this is not the case, then there exist (at least) two such roots
zq < xp. We assume w.l.o.g. that H'(tg,to) > 0 for all ty with z, <ty < .
Then obviously we have

H//(ZL'a,ZL'a) >0, H//(xbawb) <0

Using (8.4) we get

1 1
D—IH(ma,xa) < EH(azb,xb) = Hyx(p, xp). (8.5)

H:c:c («Taa xa) =
Here we have used the fact that H,(to,t9) > 0 for z, < ty < xp.
Using (8.4) again, we get
(Z‘b7$b)

Hmy(iﬂbalfb) - Hmy(l“a,l“a) = / [Hmy(a:,y)dac + Hwyy($ay)dy]

(Zasza)

(ZEb,(Eb)
- / (H, (2, y)de + Hyo(z,y)dy] >0 (86)
(

Za,Ta)

since the last integrand is positive if we choose the path from (x4, z,) to
(xp, xp) sufficiently close to the diagonal (z,x), x4 < x < xy.

Together (8.5) and (8.6) imply that
H"(24,7q) < H" (z, 1)

which gives a contradiction.
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To summarize, we have proved that in Case (i) there is a unique solution
of H'(tg,to) = 0 with tg € (z;_1,x;). Further, H"(to,t9) > 0. By Proposition
4.1 there exists a unique interior spike. By (5.1) this spike is stable.

This completes the proof in Case (i).
The proofs in Cases (ii) and (iii) are similar and are therefore omitted. [J
We now consider the special case of three segments. An explicit compu-

tation of the Green’s function for (8.1) which is done in Appendix A (Section
11) yields

T1T3 + (T1 — T3)g; coth Oy (s — 1) — glg
P = T1T3+ (T1 + T3)% coth Oo(z9 — x1) + %’
5 T1T3 + (T3 — Tl)% coth Oy(xe — x1) — %
T TTIT  (T1+ T3) g coth (s — 1) + g5

where

1 1
T1= —tanh6;(z; + 1), T3 = — tanh63(1 — z2).
91 93

In particular, we have the following two cases:

Case (i) 1 < 0 and By > 0 for

1 1
—tanh @y (x1 +1) < —.
0 1(z1 +1) %
There exists a stable interior spike in the central interval. There exists no

spike in either the left or right interval.
Case (ii) 1 > 0 and B2 < 0 for

1 1

—tanh @y (x1 +1) > —.

0 1(z1 +1) %
There exists an unstable interior spike in the central interval. There exists

a stable spike in both the left or right interval.

We illustrate this behavior in Figures 3 and 4 for x1 = —0.4, x5 = 0.4

and €2 = 0.0001. We consider the choices §; = 65 = 1, 0 = % which

belongs to Case (i) and 6, = 03 = %, 02 = 1 which belongs to Case (ii).
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In Case (i) we show a stable interior spike in the central interval and a
stable spike near a jump.

In Case (ii) we show a stable interior spike in one of the boundary
intervals and a stable boundary spike.

9. Existence of a Spike near a Jump for N Segments

We now consider a spike near a jump for N segments.
Let 3; be given by (8.2).
Using 3;, 0;, 6;+1 in (6.7) we get

502 [ utdy [ty = -6 [t (o)~ 5 [ wdz)an

. 62
Separating —5+ > 1 on the Lh.s. and j; on the r.h.s. we get

1 o9 0 0 1 y 0
927/ wzdy/ w?’dy:/ w?’(y)(ﬁf w2(z)dz—/ wz(z)dz>dy.
% — 170 —00 L 1 JO 0

This implies the necessary and condition condition for existence of a suitable

real number L to solve this equality (for given %—*Z_l and f3;) which is given in

the following theorem:

Theorem 9.1. Let 3; > 0 be given by (8.2) and let 0; = Di_l/2, 01 =
D;rll/ % be given by the neighboring diffusion constants. Then there exist spikes
near the jump if and only if

1 [e.e] [e.e]
oz / widy / widy
i+l JOo —0o0

2
921

< Le?—lgf,oo) /LOO w?’(y)(é /Oy w?(2)dz — /000 w2(z)dz)dy

— /Loowi%(y)(é /waQ(z)dz—/ooow2(z)dz)dy,

0

0 <

where Lg is given by

%/OLO w?(2)dz = /000 w?(2)dz.
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Remark. In the previous characterization the left-hand side is a func-

tion of efj_l only and the right-hand side is a function of §; only (note that

L has been eliminated). This gives a simple criterion for existence of a spike
near a jump involving only these two quantities which both come from the
order 1 length-scale. Note that for solvability no quantities of the order e
length-scale are required.

An example of a spike near a jump for three segments in presented in
Figure 3.

10. Numerical Computations

We now show some numerical computations for system (1.1). We dis-
play different types of stable one-spike solutions for the two- and the three-
segment case. We choose 2 = (—1,1) and varying diffusion value for the
coefficients €2 and D(x).

In each situation we always present the solution for ¢ = 10°. By this
time, in all cases, the computation has come to a standstill and this steady
state is numerically stable (long-time limit). The first component, a, is
shown on the left, the second component, h, on the right.

In the two-segment case we divide §2 at either x;, = 0 or z; = 0.5 and
choose different constants for D(x) on each of the resulting subintervals.

In the three-segment case we divide 2 at either x1 = —0.4 and x5 = 0.4
and choose different constants for D(x) on the resulting subintervals.
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We now show a computation with a spike near the jump discontinuity
of the inhibitor diffusion or an interior spike. Note that the spike near the
jump discontinuity is located slightly left of it.

Time=1e5 Line: Concentration, ¢ Time=1e5 Line: Concentration, c2
10
25,
35
30 20
25
15]
20
15 10
10
5|
5
o J. o - .
-1 08 —06 —04 -0.2 0 0.2 0.4 0.6 0.8 1 -1 08 —06 —04 -0.2 0 0.2 0.4 0.6 0.8 1
Time=1e5 Line: Concentration, ¢ Time=1e5 Line: Concentration, ¢2
40
25
35
30 20
25
15
20
15 10
10
5
5|
0 o -
-1 08 —-0.6 -04 -0.2 0 0.2 0.4 0.6 0.8 1 -1 08 —06 -04 -02 0 0.2 0.4 0.6 0.8 1

Figure 1. Long-time limit of the solution to (1.1)—(1.3) with €2 = 0.0001
and D(z) =1for —1 <z <0, D(x) =5 for 0 < x < 1. We observe a spike
near the jump discontinuity of the inhibitor diffusivity and a spike in the
right subinterval, respectively. The conditions (3.1) and (3.5), respectively,
are satisfied.
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Moving the jump discontinuity from x, = 0.5 to x; = 0 we obtain an
interior spike at a position near the center x = 0.

Time=1e5 Line: Concentration, ¢ Time=1e5 Line: Concentration, ¢2
10
25
35
30 20
25
15
20
15 10
10
5
Bl
0] of - .
-1 08 —0.6 —04 —02 0 02 04 06 08 1 -1 08 —06 -04 -—02 0 02 04 06 08 1

Figure 2. Long-time limit of the solution to (1.1)—(1.3) with €2 = 0.0001
and D(xz) =1 for —1 < x < 0.5, D(z) =5 for 0.5 < x < 1. We observe an
interior spike in the left subinterval. The condition (3.5) is satisfied.

Considering three segments with high values for D in the central segment
we get an interior spike in the central segment or at one of the jumps.
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Figure 3. Long-time limit of the solution to (1.1)—(1.3) with €2 = 0.0001
and D(z) =1for -1 <2< —-04,04 <z <1, D(x)=>5for —0.4 <z < 04.
We observe an interior spike in the central interval and a spike near a jump.
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Considering three segments with high values for D in the left and right
segments we get an interior spike in the left or right segment or a boundary
spike.

Time=1e5 Line: Concentration, ¢ Time=1e5 Line: Concentration, c2

30| 20,

15] 10

1 08 06 -04 —02 0 02 04 06 08 1 08 06 04 02 0 0.2 04 06 08

Time=1e5 Line: Concentration, c Time=1c5 _Line: Concentration, ¢2

60 10

Figure 4. Long-time limit of the solution to (1.1)—(1.3) with €2 = 0.0001

and D(z) =5for -1 <z < —04,04 <z <1, D(x)=1for 04 <z < 0.4.
We observe an interior spike in the right interval and a boundary spike.
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Now we show the computations for some effects not analyzed in this
paper. We compute the following situation: ¢ = 0.0001, D(z) = 0.1 for
—1 <z <my, D(x) =0.5 for 2, < x < 1 for varying xp. If we make D(x)
smaller we expect solutions with multiple spikes. Some examples for this are
shown in the following two figures.

Time=1e5 Line: Concentration, ¢ Time=1e5 Line: Concentration, c2
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Figure 5. Long-time limit of the solution to (1.1)—(1.3) with €2 = 0.0001
and D(z) = 0.1 for =1 < 2 < 0, D(z) = 0.5 for 0 < x < 1. We observe
an interior spike on the right subinterval or two interior spikes on different
subintervals, respectively.
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Time=1e5 Line: Concentration, ¢ Time=1e5 Line: Concentration, c2
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Figure 6. Long-time limit of the solution to (1.1)—(1.3) with € = 0.0001
and D(z) = 0.1 for —1 < =z < 0.5, D(z) = 0.5 for 0.5 < z < 1. We
observe an interior spike in the left subinterval and a spike near the jump
discontinuity or two interior spikes on different subintervals, respectively.

11. Appendix: The Green’s Function for Three Segments

In this appendix we compute the Green’s function G(z,ty) for N = 3,
i.e. in the case of two jumps or three segments.

First we consider a spike at a jump. We solve the system (8.1) for
to = r9 and N = 3.

Using the ansatz

( A cosh(x + 1)
coshfy(z1 + 1)’
sinh 6y (z — z2) sinh 6y (z — 1)
sinh 0y (x1 — x2) sinh 03 (x9 — x1)’
B coshOy(z — 1)
cosh Oy(xg — 1)’

—-1l<z<a,

G(z,tp) = 1 <2 < T9,

To < ax <1,
(11.1)
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then G(z,tp) is automatically continuous at z = z1, x2 and it satisfies the

Neumann boundary condition at z = —1 and = = 1.

The jump conditions of G at x1, xo give the following linear system for
(A, B):

1 1 B 1
<9—1 tanh 91(x1+1)+0—2 coth 92(t0—x1))A—9—2—Sinh92(t0_x1) =1, (11.2)
1 1 A 1

We have to compute G(tg,t9) = B. We get

B-1_ 0 tanh 61 (z1 + 1) cosh Oy(xo — 1) + 601 sinh Oy (x9 — x1)
N 62 tanh 0y (z1 + 1) sinh Og(xg — 1) + 6102 cosh Og(xy — 1)

+eitanh93(1 — ). (11.4)
3

Now we assume that —1 < z1 < tg < x2 < 1, i.e. we investigate a spike in

the central segment. We have to solve the system (8.3) for N = 3.

Using the ansatz

(. coshb(z+1)

A——> 7~ -1
cosh 0y (x1 + 1)’ s
s‘inh92(x —to) s‘inh92(ac — 1) Dy <a<to,

Glaty) = sinh 6y (z1 — to) sinh 0o (to — 1) (11.5)
, L0 sinh 92(x _ x2) sinh@g(x — to) o< x < '

sinh 05 (tg — o) sinh 6s(zg — to)’ 0 >
coshfa(x — 1)
i) S 1

Ccosh@;:,(xg - 1) rasrsh

then G(x,tg) is automatically continuous at x = 1, tg, x2 and it satisfies the

Neumann boundary condition at x = —1 and = = 1.

The jump conditions of G at z1, tg, x2 give the following linear system
for (A, B,C):

_B L
92 sinh 92 (to — l‘l)

<i tanh 01 (x; + 1) + 1 coth O5(tg — xl))A
91 92

=0,

A B
—9— sinh 92(1’1 — to) + H_(COth 92(t0 — :L'l) + coth 92(1’2 — to))
2 2
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¢ 1 _ 1
05 sinh 0o (g — to)
1 1 B !
— coth 0y (z2 — o) + — tanh 3(1 — N e

We have to compute G(tg,t9) = B. We get

1 1

Bl=—|-
02 [ z—f sinh? O2(to—x1) tanh 01 (z1+1) sinh O3 (to—x1 ) cosh O3 (to—x1)

+ coth 92(t0 — IL’1) + coth 92(%2 — to)

1
B z—i sinh? @y (9 —to) tanh 03(1—z2) +sinh Oy (x5 —tg) cosh Oy (xo —to)]

. i 09 tanh 91(1’1 + 1) cosh 92(t0 — l‘l) + 64 sinh 92(t0 — l‘l)
N 05 | 6 tanh 91(1’1 + 1) sinh 92(t0 — l‘l) + 64 cosh 92(t0 — l‘l)

05 tanh 93(1 — :L'g) cosh 92(1’2 — to) + 63 sinh 05 (:L'2 — to)
0 tanh 05(1 — x2) sinh O3 (xa — to) + O3 cosh Oz (xe — to)

]. (11.6)
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