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Abstract

Abstract. We prove that if n > 2 for each close-to-convex
functions in S whose n-th logarithmic coefficients ~, satisfies

|| < Alogn/n, where A is an absolute constant.

1. Introduction and Statement of Result

Let S be the class of functions f analytic and univalent in the unit disk
D={z€C:|z| <1} with f(0) =0, f/(0) = 1. Let S* denote the subset of
S consisting of those functions f €S for which f(D) is starlike with respect
to 0. It is well known that if f € S* then Re{zf'(z)/f(2)} > 0, for all
z € D. Finally, we let S. denote the set of those functions fe S for which
there exists a function g € S* such that Re{zf'(z)/g(z)} > 0, for all z € D.

The elements of S, are called close-to-convex functions. Clearly, S* C S..

Associated with each f € S is well defined logarithmic function
f(z) -
log "2 — 9N "y o 1
0g = n§:1’y z (1)

z€ D. The numbers 7, are called the logarithmic coefficients of f. Thus
the Koebe function k(z) = z(1 — 2)~2 has logarithmic coefficients ~y,, = 1/n.
It is clear that |y;| < 1 for each f € S. The estimate of the logarithmic
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coeflicients is a important problem in the theory of univalent functions. The
inequality |y,| < 1/n holds for functions f € S*, but is false for the full
class S, even in order of magnitude. Indeed, there exists a bounded function
f € S with logarithmic coefficients ~,, # O(n=%83) (see [1] p.242). In a
resent paper [2], it is presented that inequality |y,| < 1/n holds also for
close-to-convex functions. However, it is pointed out in [3] that there are
some errors in the proof and , hence, the result is not substantiated. It is
proved in [4] that there exists a function f € S, such that |y,| > 1/n. In

this paper, we will prove the following theorem.

Theorem 1. Suppose fe S. and that f has logarithmic coefficients
{W}52,. Then forn=2,3,...

logn

| < A

where A is an absolute constant.

2. Preliminary Lemmas

First, we prove some lemmas for the proof of Theorem.
Lemma 1. Let f € S, z =re?, % <r<1. Then

1 [72f'(2) 1 1

2
J = — do<1+4 lo
() 1—r %

2 Jo -7 1—7’
1 roop2m zf’(z) ) 1
I = — ‘ dodr <1+ 21
2%/%/0 flz) | = TRey
Proof. 1t is clear that

f! f(z) S
Zf(g) =1+ z(log %) =1+ kZ::l 2kyg 2"

Lebedev proved (see [5]) that if f € S then

o0
> klw*r?* < log

1—r
k=1
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Since kr* < 1/(1 —r), we obtain that

o
4 1

Jr=1+4) Ky <1 1
r=1+ kz_l Pl <1+ 7= log 7=

r 00 00 L
_ 21, 12,2k 2, 2k+1
IT_/; <1+4Zk‘|7k|7‘ )dr<1+4z2k+1k|%|r

2 k=1 k=1

1

§1+2log1 . ([l

Lemma 2. Let f € S. and g € S* such that Re{zf'(z)/g(z)} > 0. Let

z=re?, 0 <r<1. Write

2f'(2)

= u(re' iv(re').
oy = e+ in(re?) 2)

Then

Ly [ oy iargi®
L = 2—‘/ u(re?)e' ™8 9® dh| < 3.
T Jo

Proof. 1t is clear that

2f'(x) 10, [f(z)

f(z) — i00 log z L 3)
It follows that
; d f(z) 0 f(z)
10 E— 7
u(re )—Im{aelog . P+1 50 8 +1. (4)

We obtain from (4) that

1 2w . M 1 2w . M
I < _‘/ e M8 ) de‘ + _‘/ 2arg@emg 9@ df| = Iy + Iho.
2l Jo 2l Jo 00 z
(5)

It is clear that

1 2T
i1 < — do = 1. 6
11_27T/0 (6)



448 ZHONGQIU YE [September

By the part of integration, we obtain that

1| (70, . 5. . e
- . Zarg P —2arg7
1o ‘/ 89(6 )e dQ‘

_ / 432 (1 9

_;ﬂ (I%agg()lﬂ )ao. g

Since ge S5*, it follows that M > 0. The right-hand of (7) is

1 21 1 2m
:%/0 dgargg(z)—i-%/o rdd =1+r <2

Thus, we have proved Lemma. O

Lemma 3. Let f € S, and g € S* such that Re{zf'(z)/g(z)} > 0. Let
z=re", 2 <r < 1. The function v(re?) is defined in (2). Then

1
I = —
2 2T

2
/ v(re?)e' g )de‘ < 7+810g
0

Proof. By the Cauchy-Riemann condition, we obtain for 0 < rg <r <1

that

; ; " Qu(ret?) 1 u(re')
v(re?) — v(rge?) = / dr = —/ ——=dr. (8)
o O ro 00

r

By (8), it follows that

2 ) 2 27 pr AN 2
L < L / U(roeie)ezarg%de‘ EMezarg%drde
27'(' 0
= Iy + 1. (9)
Taking ro = %, it follows that
! 0
; 1+7rg
I < 0y < rof (roe”), = 3. 10
2 S e el < e ey | < T (10)
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Now, we estimate Is9. By the part of integration, it follows that

1 2 1 )18 f(z) (‘?argM (‘?argM
= Z 9(z) £ z
By (4), it follows that
f(z) 9(2) / / /
‘8arg . Qarg T ‘Rezf (2) _ p.29 (2)‘ < |2 (2)‘ +‘ g'( )"
00 00 f(z) 9(2) f(2) 9(2)

By Schwartz inequality and Lemma 2.1, we obtain that

2 [T [T Zf’(Z)2 2f'(2),,29'(2)
I < %/0/ e P e e |}d9dr

<= [/ /% Zf/ (d@d
([ oo [ [ o)
< (1—i—2log1 74) (11)
Thus, we have proved Lemma by (9), (10) and (11). O

Lemma 4. Let f € S. and g € S* such that Re{zf'(z)/g(z)} > 0. Let

z=re?, 0<r<1. Then forn=23,...
I zf 2 arg 1)
I = ‘ / eI el g

1 1
4(— 4
n2 +n 957

IN

1 1
2 4 1 2
1 1 )"
- r) ( * 1-r 81- NG
Proof. From (1) we have

—Zﬂg) et — eme(l + Z 2k:’ykzk) = 4 Z 2y, rFet (k)0

k=1 k=1
19 ein@ o 2k,ykrkei(n+k’)9 B
= —— — | = =F(2). 12
i89< D D ) a6 %) (12)

k=1
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By the part of integration, we obtain that

2 e 2 Darg L& 9arg 92
Ja = = F i2 arg ) z P ‘
3=z ), F@e (=% 26 )de‘

(13)

By (4) and Schwartz inequality, it follows from (13) that

s e G [ () ) -2
(14)

By the definition of F(z) in (12), we obtain from Lebedev inequality that

o0

1 k2| |22
= — 44y I
1 w2 kZ::l (n+ k)2

14 1 4 1
n2+n; el _n2+n0g(1—7‘)

IN

By Lemma 2.1, it follows that

4 1
J2§4(1+1_Tlog1_ﬁ>. (16)

Combining (15), (16) and (14), we have proved Lemma 2.4. O

3. Proof of Theorem

Proof. 1f f € S, then there exists g € S* such that Re{zf'(2)/g(z)} > 0.
Write zf/(2)/g(z) = h(z), then Reh(z) > 0. It is clear that

h(z) = 2Reh(z) — h(z).

From (1), we obtain for z = re? (0 <r < 1) and n = 2,3, ... that

L[ ()

2Ny, = — ARy P
" 2im |z|=r f(Z)

Hence, we obtain that

o < ][ Fh e | [
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iﬁ( /0 " 2Reh(z)%e‘i”9d9‘ ‘ / e ?—i e dg
= P+ P (17)

IA

By Lemma 2.2 and Lemma 2.3, we obtain that
1 2 21 Z
P < — [ Reh(z ‘ (d@ —‘/ ‘ ‘d@‘
' 0 f(z f(z)
21
_ _‘/ Zf zargfggde

2w 2w
o £(2) 1 o F(2)
< —‘/ u(re'?)e' ™8 9<Z>d9‘+—‘/ v(re)e'™® 9<Z>d0‘
T™tJo

< 20 + 161log 1 (18)
By Lemma 2.4, we obtain that
2w 2w
g(Z zn9 Zf 22 arg £(z) ind
P = ( 9Rz) d@‘ ( / ) i g9
2 / G o e
1\ 4 3

< 4(— —1 ) (1 log ) . 1
- \n? R + 1—r 871_ \/F (19)

Set r=1—1/n (n=2,3,...). We obtain from (17), (18) and (19) that for
n=23,...

1 1\~ 1 1 41 3 3
| < 2—(1——) [(20—1—1610g—)—|—4< _ Ogn)2<1+8nlogn)2}
n n 1 n n

logn

< A
n

Thus, we have proved Theorem. O
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