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Abstract

In this paper, we prove, among others, that in right chains,
the proper ideals are completely prime if and only if they are
completely semiprime and that the proper right ideals are prime
if and only if they are semiprime. Moreover, the proper non-zero

idempotent ideals are completely prime.

1. Preliminaries

The concept of po-I'-semigroup was introduced by Y. I. Kwon and S. K.
Lee in 1996, and it has been studied by several authors [1, 8].

Let M and I' be any two non-empty sets. M is called a I'-semigroup
if there exists a mapping M x I' x M — M, written as (a, v, b) — avb,
satisfying the following identities (ayb)uc = ay(buc) for all a,b,c € M and
v, pel.

A po-T-semigroup (: partially ordered I'-semigroup) is an ordered set
M which is a I'-semigroup such that

a < b= ayc < bycand cya < ¢yb for all a,b,c € M and v € T[1].

From [1], an element a € M is called a zero element of M if xya =
ayr = a and a < x for all x € M and v € I" and it is denoted by 0. An
element e € M is called an identity element of M if zye = eyx = x and
x <eforall z € M,v €Tl and it is denoted by e.
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Example 1.1. Tet M = {{a,b,c},, {a}, {b}, {c}, {a, b}, (.}, {a,c}}
and I' = {{a,b,c}, ¢, {a}}. f ABC =ANBNCand A<C & ACC for
all A,C € M and B €T, then M is a po-I'-semigroup with zero element.

In general, let P(X) be the power set of any non-empty set X and 7 a
topology on X. If we define ABC = ANBNCand A<C < A CC for all
A,C € P(X) and B € 7, then P(X) is a po-7- semigroup with zero element.

Example 1.2. Let I' = {{a,b,c}}, and M is as in the Example 1.1. If
ABC=ANBNCand A<C & ACCforall A,C e M and B €T, then

M is a po-I'-semigroup with zero and identity element.

In this paper, M stands for a nonzero po-I'-semigroup with identity and

zero element.

A po-I'-semigroup M is called a chain if for any a,b € M, either a < b
or b<a.

For a subset A of M, we denote (A] ={t € M : t < a for some a € A}.
We see that A C (4], ((A]] = (4], (A]I'(B] C (A'B] for all A,B C M and
A C (B] for AC B C M([6] and [1]).

A non-empty subset L of M is called a left (resp. right) ideal of M if
MTL C L (resp. L'M C L) and for alla € L, b€ M, b < a implies b € L.
A non-empty subset I of M is called an ideal if I is a both left and right
ideal of M (cf. [5] and [10]) .

We denote by I(a) (resp. R(a), L(a)) the ideal (resp. right ideal, left
ideal) of M generated by a. We can easily prove that I(a) = (MTaI'M|; R(a) =
(a'M]; L(a) = (MTal).

For any one sided ideal A of M, we have (A] = A. Also, if A and B are
ideals of M, then (AT'B] and A U B are also ideals of M. Clearly if A is any
one sided ideal of M, then B C A if and only if (B] C A for any subset B of
M.

A po-I'-semigroup M is called a right chain if
i) For any a,b € M, there exists ¢ € M and v € I' with a < bycor b < aye.

ii) If ayb < ayiec with ayb # 0 for any a,b,c € M and 7,7, € T, then
b < cyot for some v € I' and t € M.
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Observe that every chain is a right chain, and the condition (i) implies
that for any two right ideals Iy, Iy of M, either I; C Is or I C I.

Example 1.3. Let M = {{a,b,c}, $,{a}, {b},{c},{a,b},{b,c},{a,c}}
and ' = {¢}. f ABC=AUBUCand A<C& ACCforal A,C e M
and B € ', then M is a po-I'-semigroup with zero and identity element. It

is a right chain, but it is not chain.

An element u € M is called a unit of M if there exists an element v € M
with uyv = vyu = e for all v € I'. A right ideal (resp. ideal) A of M is said
to be an idempotent if (AT'A] = A[6]. A right ideal (resp. ideal) R of M
is called proper if R # M ([4] and [10]). A proper right ideal (resp. ideal)
P of M is said to be prime if for any right ideals (resp. ideals) A, B of M
such that AI'B C P, then A C P or B C P. Clearly a right ideal P is prime
if and only if al'MTb C P implies a € P or b € P. An ideal P is called
completely prime if aI'b C P implies a € P or b € P[5]. The union of all
proper right ideals of M is denoted by J. Clearly J is a proper right ideal of
M. An ideal @) is called exceptional prime if () is a prime ideal which is not
completely prime ideal. We set P as the intersection of all completely prime

ideals containing Q.
n—1 term I'S

—N—
For any subset S of M and for any v € I'; let S =S I'S..I'S and
n—1 term ~S

n
St =8 ~S5.~S foranyné€N.

We say that an element a € M is Q—nilpotent (resp. nilpotent) if
a™ € Q (resp. a" = 0) for some n € N.

2. Main Results

Lemma 2.1. Let M be a right chain. Then
(1) J is an ideal of M

(2) All one-sided units in M are units.

Proof. (1) Let me M, veT, je J Ilf myj ¢ J, then m # 0 and m <
mryjyimy for some v1 € I' and m; € M which implies e < jyimiysme € J
for some mgo € M and some 3 € I', a contradiction.
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(2) Suppose v € M is a right unit. Then there exists v € M such that
uyv =e for all y € I'.

If (WTM] = M, then e = vyju; for some u3 € M and v; € T'. Now
uyse = uyavyiug for all v9 € I'. Thus u = u;. Hence vyu = e. Otherwise
(vI'M] C J. Then v € J, is a contradiction. (]

Theorem 2.2. Let Mbe a right chain. Then

(1) An ideal I # M of M is completely prime if and only if I is completely
semiprime.
(2) A right ideal I # M of M is prime if and only if I is semiprime

Proof. (1) Suppose zI'y C I for some x,y € M. If x < yvyc for some
v € ' and ¢ € M, then zyix < zyyye € I for all 41 € T' which implies
zy1x € I. Thus 'z C I and hence x € [.

Otherwise y < xyc for some v € I and ¢ € M. Now (yyix)y2(ynz) =
yy1(xyoy)y1ix € I for all v1,v9 € I'. Then yyx € I for all 43 € T' which
implies yysy < yyszyc = (yy3z)yc € I for all 3 € I', and so y € I.

(2) Suppose al'MTb C I. If a < byc for some v € T" and ¢ € M, then
ayymy2a < ayymysbyc € al' MT'bT'c C [ for all vq,v2 € I' and m € M which
implies al’' MT'a C I. So a € 1.

Otherwise b < avyc for some v € ' and ¢ € M. Then byymyb <
aycyymyeb € all MTMTb C aI'MT'b C I for any v1,72 € I''and m € M
which implies 5I'MT'b C I, and so b € I. O

Lemma 2.3. Let M be a right chain. Then J is a completely prime
ideal of M.

Proof. From Lemma 2.1, J is an ideal of M. Let « ¢ J for some z € M.
Then (zI'M] = M and e = zymy for some v € I' and my € M. Suppose
'z C J. Then zvyie = xyixymy € J for all 43 € I'. Thus x € J, is a
contradiction. Therefore J is a completely prime ideal by Theorem 2.2. [

Theorem 2.4. Let M be a right chain and I # M be an ideal of M.

(1) If I # {0} for alln € N, then () (I"] = P is a completely prime ideal

neN
of M.
(2) Idempotent ideals # M,{0} are completely prime.
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(3) Lett e J. Ift"I'M # {0} for alln € N, then () (t"T'M] = P is a prime
neN
right ideal.

If P is, in addition, an ideal and M is a chain, then (| (t"I'M]| = P is
neN
completely prime.

Proof. (1) Assume that I™ # {0} for any n € N.

Case(a) If I = (I?], then P = I. Indeed: Since I = (ITI] = ((ITI|TI] C
(ITITI] C I, we have (IT'ITI] = I. In a similar way we get (I"] = I for
any n € N. Let « ¢ I for some # € M. Then I C (zI'M]. Now [ = (IT'I] C
((2T’M|TI] C (2T'MTI] C (2T'I). Thus ' C aI'(«T'I]. Also, I = (ITI] C
((2T’M|TI] C (2T’'MTI] C (2T'I] C (aT'(2T'I]] C (T2}, thus there exists
~v1 € I' such that zvyiz # 0.

Suppose zI'z C I, then I = (2I'I]. Since zyz € I = (2I'I], we have
xy1x < xy9t for some ¢ € I and o € I which implies x < iy3c € I for some
v3 € I'and ¢ € M. Thus z € I, a contradiction.

Case (b) If P = (I"] for some n =2,3,..., then (I"] =P C (I"I'I"] C
((I™IT(I™)) € (I™]. Thus ((I™]T'(I™]] = (I™]. By using the previous argument,
we have that P is completely prime.

Case (c) Let P C (I"] for all n € N and = ¢ P for some x € M.
Then there exists n € N with (I"] C (zI'M]. Now P C (I*"] = (I"T'I"] C
((I"r1") € ((«TMTI™) C (2 MTI™] C (2'") C (2(I"]] C (2T (2T’ M]] C
(zT'zT'M]. Hence there exists 1 € I' such that zyi;x # 0.

Suppose zI'z C P, then P = (2I'I"]. Since zy;x € P, we have zy;x <
xy2t for some ¢ € I™ and vy € I'. Then z < iy3c € I™ for some v3 € ' and ¢ €
M, thus z € (I"], a contradiction.

(2) It follows directly from (1).

(8) Let t € J and t"I'M # 0 for all n € N. Then ty1t...v,-1t # 0 for
some 1,72, - - - Yn_1 €L. Suppose (t" 1T M]= (t"T'M]. Then tvy1t ...y, 1tve
< t’}//lt...’)/;Lt’}/ng for all v € I" and for some 7;,75, e ,%/1_1,72 el, mo €
M which imply e < t’ylml € J for some ’yl € I' and m; € M, a contradiction.
Hence (t""1I'M] C (t"T'M] and P C (t"I'M] for all n € N.

Let = ¢ P for some x € M and suppose 2I'MT'z C P. Then (t"I'M| C
(xT'M] for some n € N. Now (t*"I'M] = ("Tt"TM] = (t"Tel't"T'M] C
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(t"TMTt"TM] C ((zT M|T'(2T'M]] C (2T MT2I'M] C P. Thus (t*"T'M] C P,
a contradiction. Hence xI'MT'z g P.

Suppose M is a chain and P is an ideal. Let = ¢ P for some x € M and
suppose 'z C P. Then z ¢ (t"I'M] for some n € N. Since M is a chain,
we have t" = x. Then t"I't" C xI'x C P. Since P is a right ideal, we have
t?" € P. Thus t*"T'M C P and hence (t*"I'M] C P, a contradiction. So P is
a completely prime ideal. O

Theomrem 2.5. Let M be a right chain and I a proper non-zero ideal
of M.

(1) Let v € T. If I # {0} for all n € N, then QN(L?] = P is a completely
prime ideal of M.

(2) If (I,%] =1 for all vy € I, then I is a completely prime ideal.

(3) Lett € J andy € I'. If thyM # {0} for any n € N, then ﬂN(t?ﬁM] =P
ne
1s a prime right ideal.

If P is, in addition, an ideal and M is a chain, then () (tyyM] = P is

neN
a completely prime ideal.

Proof. The proof is similar to the proof of Theorem 2.4. O

Theorem 2.6. Let M be a right chain and @QQ be an exceptional prime
ideal. Then @ = {0} or QI'Q C Q holds. Furthermore, there exists a
completely prime ideal P minimal over Q. Also, P is an idempotent and
there is no ideal between P and Q).

Proof. Suppose Q # {0}. If QT'Q = @, then (QT'Q] = Q. By Theorem
2.4(2), @ is a completely prime ideal, a contradiction. Hence QT'Q C Q.
From Lemma 2.3, there exists a completely prime ideal minimal over Q.

We show that P is an idempotent ideal. Clearly P™ # 0 for all n € N
and () C P™ for all n € N.

Consider P" # 0 and @Q C P" for all n € N. By Theorem 2.4(1), () (P"]

neN
is a completely prime ideal containing ). Thus Q C () (P"] C P. Since P is
neN
a minimal completely prime ideal containing @), we have P = [ (P"]. Thus
neN

P C (P?] = (PT'P]. Hence P is idempotent.
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Suppose [ is an ideal of M such that Q € I C P. Suppose I" = 0 or
I"C Qor PCI" then I = Q or I = P. So let us assume that I" # {0},
Q CI"and I" C P for all n € N.

By Theorem 2.4(1), () (I"] is a completely prime ideal containing Q.

neN
Since P is a minimal completely prime ideal containing ), we have P =

() (I"]. Thus P = 1. O
neN

Lemma 2.7. Let M be a right chain. If P is an ideal and Q is an ideal
with @ C P and al'a C Q for all a € P, then (PTPTP] C Q.

Proof. Let x € (PTPTP]. Then x < ay;bysc for some a,b,c € P and
1,72 € I'. If b < avysx for some v3 € I' and x € M, then ay1byc <
ayiaysr = (ay1a)ysr € @, and so © € Q. Otherwise a < bysx. Then
ay1byac < byszyrbyac.

If byae < brygayyt for some y4 €1 and t € M, then ay1byae < bysxyy (byac)
< (bysx)y1(bysz)yat € Q. Hence z € Q. Otherwise bysz < byscyst. Then
ayibyzc < byacyatyibyac.

Now, if cystyib < bysm for some 5 € I';mm € M, then ayibyse <
bya (cy4ty1b)voc <byabysmyac € Q. Hence x € Q. Otherwise b < cyaty1bysm.
Then b < (cy4t)y1(cyat)y1bysmysm € Q. Hence x € Q. O

Theorem 2.8. Let M be a right chain, Q) is an exceptional prime ideal

and P is a completely prime ideal minimal over ). Then

(1) For any a € P\Q, there exists v € I' such that aya ¢ Q.
(2) There ezists an element in P\Q which is not Q—nilpotent.
(3) If M is a chain, then there exists a € P\Q with Q C [ (a"T'M].
neN
Proof.(1) Suppose a € P\Q and avya € Q for all v € I'. Then al'a C Q.
By Lemma 2.7, we have (PTPT'P] C @ which implies P = @ since @ is

exceptional prime ideal, a contradiction. Hence aya ¢ @ for some v € T'.

(2) Suppose all elements in P/Q are Q—nilpotent. Let v € I', and a €
P/Q. By (1), there exists v3 € I with aysa ¢ Q. We show that M~yaysa C
al'M. Let m € M. If myarysa < avyss for some 9 € I'and s € M, we are done.
Otherwise a < myaysayes < (mya)ys(mya)---y3(mya)y,s € Q for some
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7/2 €T and s € M. Then a € Q, a contradiction. Thus M~yaysa C al' M
and hence (M~ayzal'M] C (aI'M]. Clearly Q C (M~yavysal'M] C P.

If P = (M~yaysaI'M], then P = (aI'M]. Since a € P\Q, we have a” € Q
with "1 ¢ Q for some n € N. Consider (M~a" 'TMTP] and Q. Clearly
(M~a™ T MTP] is an ideal of M.

If (Mya" 'TMTP] C Q, then (Mya" 'TM] € Q or P C Q. Thus
"=l ¢ Qor PCQ, a contradiction. So Q C (M~a® 'I'MI'P]. Then Q C
M~a" 'TMTP] C (M~ya" 'T'P] = (M~a" 'T'(aT' M]] C (M~(a™ 'T'a)l' M]
(M~a"T'M] C Q. Thus (M~a" 'TMTP] = Q. Since (M~ya™ ‘T M]TP C
(M~a™ 'TMTP] = @Q and Q is a exceptional prime ideal, we have (M~ya™~!
'M] € @Q or P C @, a contradiction. Thus inclusion does not exists
in between two ideals (M~a" 'I'MI'P] and @, a contradiction. Hence
(M~yarysal'M] is a proper ideal between P and @, which is also a contra-

Q

—~

diction to Theorem 2.6. Hence there exists an element in P\@ which is not
a @Q-nilpotent.

(3) It follows from (2). O

Acknowledgments

The authors express their sincere thanks to the referee for her valuable
comments and suggestions which improved the paper a lot.

References

1. Aiyared Ilampan and Manoj Siripitukdet, On minimal and maximal ordered left
ideals in po-I'-semigroups, Thai J. Math., 2(2004), 275-282.

2. H. H. Brungs and G. Torner, Chain rings and prime ideals, Arch. Math. (Basel),
27(1976), 253-260.

3. N. Kehayopulu, On weakly prime ideals of ordered semigroups, Math. Japon.
35(1990), No.6, 1051-1056.

4. N. Kehayopulu, Note on Green’s relations in ordered semigroups, Math. Japon.
36(1991), No.2, 211-214.

5. N. Kehayopulu, On prime, weakly prime ideals in ordered semigroups, Semigroup

Forum. 44, No. 3 (1992), 341-346.

6. N. Kehayopulu, On regular, intra-regular ordered semigroups, Pure Math. Appl.
4(1993), No.4, 447-461.



2008] RIGHT CHAIN PO-I'-SEMIGROUPS 415

7. Y. 1. Kwon and S. K. Lee, Some special elements in ordered I'-semigroups, Kyung-
pook Math. J., 35(1996), 679-685.

8. Y. I. Know and S. K. Lee, The weakly semi-prime ideals of po-I'-semigroups,
Kangweon-kyungki Math. J. 5(1997), No.2, 135-139.

9. J. R. Munkres, Topology, Prentice-Hall of India, New Delhi, 2005.

10. M. K. Sen and N. K. Saha, On-I'-semigroups - I, Bull. Calcutta Math. Soc.,
78(1986), 180-186.

Department of Mathematics, Annamalai University, Annamalainagar - 608002, India.
E-mail: dheenap@yahoo.com
Department of Mathematics, Annamalai University, Annamalainagar - 608002, India.

E-mail: belavarasan@gmail.com



	1. Preliminaries
	2. Main Results

