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Abstract

In the present paper, the author presents a generalization
of some known results on the | N, p, |, summability factors for the
IN, pn, 0n|x summability factors. Some new results have also been

obtained.

1. Introduction

Let Y ap be a given infinite series with partial sums (sy,). We denote

by t, the n-th (C,1) mean of the sequence (na,). A series ) a, is said to

be summable |C, 1|;, k > 1, if (see [, 6])
o0
1
> S ftal* < o
n
n=1
Let (py) be a sequence of positive numbers such that

n

Pn:ZpU—M)o as n—oo, (Poj=p_;=0,i>1).

v=0

The sequence-to-sequence transformation

1 &
Onp = Fn vz:;)pvsv
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defines the sequence (o,,) of the Riesz mean or simply the (N, p,) mean of
the sequence (s,), generated by the sequence of coefficients (p,) (see [5]).
The series Y a,, is said to be summable | N, p,|x, k > 1, if (see [1])

o0
Z(Pn/pn)k_1|AUn—1|k < 00, (4)
n=1
where
p n
n
Aan—l = _PnPn_l ;Pv_lav, n > 1. (5)

In the special case p, = 1 for all values of n | N, p, |, summability is the same

as |C, 1| summability.

Let (60,) be any sequence of positive real constants. The series Y a,, is
said to be summable | N, py,, Onlx, k > 1, if (see |§])

o0

> 0 Ac, 4 [F < oo (6)

n=1
In the special case if we take 6,, = 5—2, then | N, py, 0| summability reduces
to |N, pp|r summability. Also if we take 6,, = n and p, = 1 for all values
of n, then we get |C, 1| summability. Furthermore if we take 6,, = n, then

|N, pp, 0| summability reduces to |R, p,|r (see [3]) summability.

Let f(t) be a periodic function with period 27 and integrable (L) over
(—m,m). Without any loss of generality we may assume that the constant

term in the Fourier series of f(t) is zero, so that
K
f(t) dt =0 (7)

—T

and

F(t) ~ ) (an cosnt +bysinnt) =Y An(t). (8)
n=1

n=1

We write

o) =5 a0+ f@=0} a0 =3 [ o) d
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2. Known Results

In 7] Mishra has proved two theorems for |N, p,| summability factors.
Later on, Bor [2] has generalized these theorems for |N,p,|, summability

factors in the following forms.
Theorem A. Let (p,) be a sequence such that

P, = O(np,) 9)
PnApn = O(pn pn-i—l)’ (10)

If p1(t) is of bounded variation in (0,7) and (\,) is a sequence such that

[e.e]

1
> —lf <o (11)
n
n=1
and
D AN < oo, (12)
n=1

then the series ZAn(t)P”—i” is summable |N,py|,, k> 1.

np ‘k’

Theorem B. If the sequences (py,) and (A\y,) satisfy the conditions (9)—(12)
of Theorem A and

B, = Zlvav =0(n), (13)

then the series Zan% is summable |N,pp|e, k > 1.

3. Main results.

The aim of this paper is to generalize Theorem A and Theorem B for

|N, pn, Op | summability methods.

Now we shall prove the following theorems.

Theorem 1. Let (9};%) be a non-increasing sequence. If all conditions
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of Theorem A are satisfied with the condition (11) replaced by;

S0 E [ < oo, (14)

n=1
then the series ZAn(t)% is summable |N,pp, Op|p, k& > 1.

Theorem 2. If the conditions (9)—(10) and (12)—(14) are satisfied and

(ZB*) is a mon-increasing sequence, then the series Zanﬁ s summable

|N7p7%9n‘ky k 2 1.

Remark. It should be noted that if we take 6,, = % in Theorem 1 and

Theorem 2, then we get Theorem A and Theorem B, respectively. In this

case the condition (Z**) which is a non-increasing sequence is automatically
n

satisfied and condition (14) reduces to condition (11).

We need the following lemmas for the proof of our Theorems.
Lemma 1([7]). If ¢1(t) is of bounded variation in (0,7), then
ZUAU(:L') =0(n) as n— 0.

Lemma 2([2]). If the sequence (p,) such that conditions (9) and (10)
of Theorem A are satisfied, then

At = o)

4. Proof of Theorem 2.

Let (T;,) denotes the (N,p,) mean of the series > a, Py, (np,) L.
Then, by definition, we have

1 n v -
Tn = szvzarpr)\r(rpr) !
™ =0 r=0

1 « _
= 5 Z(P” — Py_1)ay Py (vpy) L

" =0
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Then, for n > 1, we have

n
T — Tt = S PrtauPodo(op,) ™
v=1

n
PnPn—l

By Abel’s transformation, we have

n—1
Tn - Tn—l = Bn )\nn_2 - pn(PnPn—l)_l ZpUPva)\v(v2pv)_1
v=1
n—1
+pn(PnPn—1)_1 Z P’UPUA)\UBU(U2P’U)_1
v=1

n—1 P,
+palPaPact) 3 RB, N

= Tn,l + Tn,2 + Tn73 + Tn747 say.

To prove the theorem, by Minkowski’s inequality, it is sufficient to show that

o
292_1|Tn7r|k <oo, for r=12734.

n=1

Firstly, we have that

293_1|Tn71|k = ZGg_llAnlk\Bn\kn_%
n=1 n=1
= 0(1)> 05 A, |Fnf
n=1
= 0(1)> 05 ',
n=1

= 0(1) as m — oo,

by (13) and (14).

Now, applying Hélder’s inequality, we have that
m+1

m+1
YT = e 1(p") Zp”PB vAo

n=2 n=2 n v=1
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m+41 n—1

_1/Pn\F 1 P,|B,lI M|V
> (3) o)
n—>2 n n—1 v—1 V"Py

1 n—1 b
Ao

Pn—l UZ:; !

IN

1

m P, _ e npn -1 e
_ 0(1)va|Au\’“{p—} Fo 30 (F ) PPy
v=1 n=v+1 ” nn_
m m—+1
— cul)}:pAAJk{gz}k“_k<éﬁh)k_l 25 1)?3 1
1 v v n=v+ nen=

= oy () ()
= 01 )Ze{f LW nF=0(1) as m — oo,

v=1

by (13) and (14). On the other hand, since

n—1 n—1 n—1 n—1
1
Py|AN| < Py AN, —_— P,|AN,| < AN | = 0O(1
D PIANI < Pt T8N = 5 3 RIAMI < 318N = 00)

by (12), we have that

m+1 m+1 ko1 P P B A)\
Zek—1|T JF < 9k—1<p_n) ‘Z
n n, — n Lk
n=2 n=2 Pa P”—l v=1 v pv
m+1 n—1
_ 1 Py|By|\*
< S () R {PIBy
—nzz:zen Pn Pn lz:l /\{Uzpv
1 n—1
x Py AN, }
{5 PILILEY
m m+1
_ O(l)Z|BU|kv_2k{ } Plax,] Y ( ”p”)
v=1 n=v+1
Dn
XPnPn—l

= 0(1)2 ky,—2k km)\ |< upv>

v=1 v
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_ oa (9”’1) Zm\

= O(l)i\A)ﬂzO(l) as  m — oo,

v=1
in view of (9), (12) and (13).

Finally, using the fact that A{v};;v} = O(5) by Lemma 2, we get

m+1 k & m+1 i P ko1 n—1 P N
ot < 3 () (a5
nz:; n | n,4| nz:; n P, Prlf—l ; v| v| v+1 1)2pv
m+1 - ne1l P )
= om 3 e () S P Bl
n=2 n Pn—l = 2D,
m—1 ne1
ko1 Pk
-t 9k_1<p_n) <_“) Ao [Fp—2k
( )nz:; n Pn Pn—l — Do pv| 1)+1| v
1 n—1 b1
x|B k{ }
| By o ;pv
- m+1
By - 0 k—1
N 0(1)Z<_v) PolAoa[Fo 2ok Y (%pn)
v=1 Pv Nt 3
w_ Pn
P,P,_1
m
P, k-1 B,y b1
= 0(1 <_”) K|\ k(ﬁ)
( )Z Do v Ayt i

= 0 05w FAunF=0(1) as m— oo,

v=1

by (13) and (14). Therefore, we get that
m
292_1|Tn77«|k =0(1) as m—oo, for r=1,234.

This completes the proof of Theorem 2.

Proof of Theorem 1. Theorem 1 is a direct consequence of Theorem

2 and Lemma 1. If we take p, = 1 and 6,, = n in Theorem 1 and Theorem
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2, then we get the following corollaries. It should be noted that, in this case
condidtion (14) reduces to condition (11).

Corollary 1. If ¢1(t) is of bounded variation in (0,7) and (\,) is a
sequence such that conditions (11) and (12) are satisfied, then the series
Yo An(t)An, at t = x is summable |C, 1], k > 1.

Corollary 2. If the conditions (11)—(13) are satisfied, then the series
> apAy is summable |C, 1|, k > 1.
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