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L'-CONTINUOUS DEPENDENCE OF MILD SOLUTIONS
TO THE FOKKER-PLANCK-BOLTZMANN EQUATION

BY

SEUNG-YEAL HA, HO LEE AND SE EUN NOH

Abstract

We present a uniform L'-stability estimate for mild so-
lutions to the Fokker-Planck-Boltzmann equation. For stability
estimate, we derive a Gronwall type estimate using dispersion es-
timates for mild solutions due to the hypoelliptic structure of the

Vlasov-Fokker-Planck operator.

1. Introduction

This paper is devoted to the uniform L'-stability estimate of mild so-
lutions to the frictionless Fokker-Planck-Boltzmnn (in short FPB) equation
governing the dynamics of dilute gas particles interacting with its environ-
ment such as a thermal bath. Let f = f(x,&,t) be the phase space density of
a dilute gas whose local macroscopic quantities are given as the moments of
f in velocity space. In the high temperature limit, the dynamics of a phase
space density is governed by

Ohf+E-Vof =aAef+Q(f. f), ,E€R® >0,
f(x,£,0) = f™(z,8).

Here o is a diffusion coefficient (see |2] for explicit formula), and Q(f, f) is

(1.1)

the collision operator whose explicit form will be given below. Let (£, &) and
(&',€.) be pairs of pre-collisional and post-collisional velocities satisfying a
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collision transformation:

f=¢—[(€-&) ww and & =6+[E—-&) ww, weS2, (1.2)

where v - w is the standard inner product between v and w in R? and Si =
{weS?: (€ —¢,)-w >0} The Boltzmann collision operator Q(f, f) takes
the form of
1
AFNEEO =7 [ ale- G L~ frdods, (03
K R3><S§_
where & is the Knudsen number which is the ratio between the mean free path

and characteristic length of the flow, and we have used standard abbreviated
notations:

f:f(':l;?g?t)? f*:f(x7£*7t)7 f/:f(x7£/7t)7 fi:f(':v?gfk?t)'

We assume that the collision kernel ¢(§ — &, w) satisfies an angular cut-off
soft potential assumption:

q(§ = &w) = 1€ = &0y (0), —2<7v<0, ?0—(:2 <be<oo, (14)

where 6 is the angle between £ — &, and w. In the sequel, C' denotes a generic
positive constant which may depend on initial data, but is independent of
t. Let G = G(x,&,t;y,&«, s) be the Green’s function to the Fokker-Planck
equation which is the linear part of the FPB equation (LI]). Then the
equation (LI) can be rewritten as a mild form (see Section 2):

fa6t) = [ Gl & tin 60" (.6 ) dy

t
[ Gt 6 QU o)ty (1)
The definition of mild solution is given as follows.

Definition 1.1. Suppose that f™ € L'(R3 x R3) and 7" > 0. Let
f € C([0,T); LY(R® x R?)) be a mild solution to (LI corresponding to
initial datum f™ if and only if f satisfies the mild form (3] pointwise a.e.
(z,€) € R3 x R3.

The FPB equation has been used to model dissipative particle dynamics
in the area of aerosols [12,/13]. However compared to other kinetic equations,
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the FPB equation has not been much studied in previous literatures. The
global existence and vanishing viscosity limit of mild and renormalized solu-
tions were studied in [4, 8,19, [11], when initial datum is a perturbation of a
vacuum and a global Maxwellian. In particular, the existence theory of mild
solutions in [§] is restricted to the soft potential case v € (—2,0) and the
corresponding theory for the hard potential case is still open. This is a rather
strange situation, because when the diffusion coefficient o is turned off, the
resulting equation, ”Boltzmann equation” near vacuum is well understood
for the hard potential case in existence and stability aspects, hence we can
expect when the good regularizing term oA f is added to the Boltzmann
equation, the resulting equation, the FPB equation should behave better
than the Boltzmann equation itself. However the Illner-Shinbrot’s trick [10]
for the Boltzmann equation, which interchanges time-integral and velocity-
integral is difficult to implement due to the complicated pointwise nature of
mild solutions. We set an exponentially decaying function ¢:

)\3
QD(QZ’,&,O(,B,)\)EK(ZL’-B&,E)K(&,O&), Oé,ﬂ,>\>0,
where K(z,t) = ;6_%.
(4rt)3

Assumption (A): For positive constants «, 3, A,

FM(@,€) <0p(x,&a,8,0),  0<5<1.
The main result of this paper as follows.

Theorem 1.2. Suppose that v € (—2,0). Let f and f be two mild solu-
tions to (L) corresponding to initial data f™ and f™ satisfying assumption
(A) respectively. Then we have a uniform L'-stability estimate:

sup ||f(t) = f(O)l[pr < MI[F™ — f" |

0<t<oo
Here M is a positive constant independent of time t and || - ||;1 = || -
|21 (R3 xR3) -
Remark 1.3.

1. The global existence of mild solutions for soft potential case v € (—2,0)
has been established in [g].
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2. In the absence of Fokker-Planck term ocA¢f in (LI), a uniform LP-
stability estimate has been studied in [5, I6].

The rest of the paper is organized as follows. In Section 2, we briefly
review the basic properties of the FPB equation and existence framework of
Hamdache in [§]. Finally, Section 3 is devoted to the uniform L!-stability

estimate of mild solutions.

2. Preliminaries

In this section, we briefly review the basics of the FPB equation (L)

and Hamdache’s existence framework on small mild solutions.

2.1. Formal balance laws and H-theorem

In this part, we study formal conservation laws and H-theorem to (L.TI).

Lemma 2.1.([3]) Let f be a solution of (LI)). Then we have

d €I _
d
@ % /R g fQ(f, f)de
- y It

Proof. Tt follows from the structure of Q(f, f) that we have

[ QUne©de = [ a6l im0+ 00/~ dudud.
R3 ROxS2

We take ¢ = 1, &, @, log f to get the desired result. O

We define local macroscopic densities (p,u, 6):

p= /R3 fdg (mass) ;5 u(z,t) = %/}Rs §fd§ (bulk velocity) ;

2
gollu?+30) = [ ELpe enensy)
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2
We now multiply 1,¢&, % to (L)) to get a system of balanced laws:

(%p + Vx : (pu) = 07
O(pu) +Vy - (pu®@u+ P) =0, (2.1)

o (p(Juf? + 39)) +V, - (g(|u|2 +30)u + Pu+ q) = 30p.

Here P = (p;;) is the stress tensor and ¢ is a heat flux: 1 <4,j <3,

1 1
pi= [ 56— wG - wirde, a= [ 56wl ulrde

Note that mass and momentum are conserved, whereas the energy is increas-
ing due to the energy input by its environment such as a heat bath. As in
the Boltzmann equation [3], we define an H-functional as the phase space
integral of flog f:

1) = [ log fade.

Proposition 2.2. Let f be a solution of (1)) and decay fast enough
in phase space. Then H-theorem holds.

GO = —3 [ ae— e - 1. p10g

I'f dwde . dE

dt 4 If

—5/ Ve/f|2dédz < 0.
1 Jgs

2.2. Hamdache’s framework

In this part, we briefly review Green’s function to the Vlasov-Fokker-
Planck (VFP) equation and Hamdache’s framework for mild solution. The
explicit Green’s function to the VFP equation was first constructed in [§],
and was further refined and used to the study of large time behavior of
solutions to the VPFP system in [1, [14, [15, [16]. The explicit presentation
on the Green’s function can be found in [1, 7). Consider the VFP equation:

atf—i_ngf:O-A{f) $7£€R37 t>07
fla,&,0) = f"(x,€).
We first recall the definition of Green’s function to (2.2)).

(2.2)
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Definition 2.3 Let (z,¢,t) € R3 x R® x R, be given. Then Green’s
function G = G(x,&,t;y, &, s) satisfies the following initial value problem
for the adjoint equation in (y, vy, s)-variables:

0sG+ & VG +0Ae,G=0, y,&eR? 0<s<t,

where 0(+) is the three dimensional Dirac Delta function.

(2.3)

Then the mild solution f for (2.2)) is given by the integral formula:

fa6.) = [ G607 (0,6 )d6udy. (2.4

Consider the frictionless VFP equation with a Dirac measure as initial da-

tum:

atg+£vwg = O-Afgv $7£€R37 t>07
9(x,£,0) = 6(x)d(¢).

Then g satisfies
9(x,&,t) = G(x,£,1;0,0,0),

where G is Green’s function to (2.3). By taking Fourier transform in x and

&-variables, we can find the explicit form of g:

5= (5 e { - At dle 6 Pley

2mot? 203

In this case, Green’s function G is given by

G(‘T7 67 t? y7 5*7 S)

= gz —y —&(t —5),§ — &yt — 5)
3 — =2 e g2

3|z
(Zwa(t - 3)2)3 xp { B Zir(t —s)3 4ot —s) }

:K(m—y— ({—i-f*),a(t_

N

t—s
2

5)3
g )K€ —gaolt=s).  (25)

We use the above explicit representation (23] to derive the following

estimates for G.
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Proposition 2.4.([1,14]) Green’s function G satisfies

(1) /RG G(x,6,t;2,61,7)G (2,81, T3y, &, 8)dzd6y = G(x, 6,85y, 6, 5).
(2) / G(xyf,t;y,f*,s)dfd;p = / G(xaé-at; y7§*,8)d§*dy =1.
RS -

: Bl —y — (t — 8)&/?
(3) /R3 G(z, & 1y, &, 8)dE < mexﬁ){— do(t — 5)3 }

€ — &2

(4) / G(2,8,t;y, &, 8)dr <
R3
Here z,€,y,& € R? and t > 7 > s > 0, moreover we have

(5)  |VeG(2,& 59,84, 8)], VyG(2, &, 85y, Ex, 5)|

< #G[z] (:L'vé.vta y7£*7 S)‘

" (o(t—s)3)3

(6) |VeG(2,8,t59,8x,8)|, Ve, G(2, €, 15,6, 8)|

C
< 71(;[2} («T;&at; y7§*7 S)'
(o(t — )

Here we used the simplified notation G for scaled Green’s function in phase

space by k, i.e.,

G[k](m,v,t;y,v*,s)EG( ,%,s), k> 0.

Remark 2.5. In L'-stability estimate in next section, we will use the

nonnegativity and the property (2) of Green’s function:

G(x,&,ty,8,8) >0 and / G(x, &, t;y, &, s)dEdx = 1.
R6
Theorem 2.6.(|8]) Let a, 5, \ be positive constants. Suppose that v €
(—2,0) and the initial datum f™ is majorized by @, i.e.,
f(@,6) <dp(x, &, 8,0, 0<d< 1L

Then there exists a unique mild solution f to (I.II) satisfying a pointwise

bound

co oz — (t+[3)§|2)

f(w’gjt)gE(t)% exp(— E(t)
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where E(t) is explicitly given by

E(t) = 16aat(% - ﬁ)2 + g(at + a)(ot® + 23).

3. Uniform L'-Stability Estimate

In this section, we present a uniform L'-stability estimate for the fric-

tionless FPB equation:

8tf+£vrf_O-A§f:Q(f7f)7 $7£€R37 t>07

| (3.1)
f(x,ﬁ,O) = fm(xaé)

Below we provide key estimates to be used in L'-stability estimate.

Lemma 3.1. Assume y € (—2,0) and let f and f be two mild solutions

given in Theorem 2.6. Then we have

W | [ e-eri@ends], <cwss o, exo
R3 Lee

z,€

2) QU N = QU Bl <

Gﬁ%ﬁww—ﬂmm

Here E(t) is the function in Theorem 2.6.

Proof. We first consider the following elementary estimate: For positive

constants p; € (0,3) and o, we have

Z(p1,p2,08) = sup |€ — & exp ( — pzlz — (t + ﬂ)i*\2)d€*
x7§ER3 R3

_3
< O+ BB+ 5 7). (3.2)
The proof of [B2). Let z,& € R3 be fixed. We use a change of variable
n=(t+pB):

In — (t + B)¢|

to get

/RS |€ — &M exp ( — palx — (t +5)§*\2)d§*
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= (48 [ In= ¢+ B exp (— paln — ol
<oy [ = (04 B exp (ol — )
= (t+B)¢[<1
+ = (¢4 D)6 exp ( — paaly — ]2
[n—(t+B)¢1>1
= (t+ ,8)’“‘3<.71 (2,t) + Jo(z, t)).
We now estimate J;(z,t) separately.

Tiwt) < / In— (¢ + B)El*1dn < C,

In—(+B8)¢|<1

wen < [ e (wh-af)ans (1)

We combine the above two estimates to get the desired result.
(1) We use the pointwise bound of f in Theorem 2.6 and ([B.2]) to find

and

Njw

/ € &7, 60 1)dE
R3

§0/ £-e— xp(—“'x_E(i;ﬁ)g*'Q)ds*
< / - 5* - ()| — (4 AP de.

- E<—>( g <>’ﬂ> Cl+9) 7,

Here we used

(L+E@®?) _
E(t):

(2) Note that
(P fe= 11D = (P le= FFN S U = PV Fet FUf = P+ 1 = FLE A+ A1 = Sl
By straightforward calculation, we have

1QUf, /() = QUF, N 11
= /Rb, (/Rgxs2+ q(§ —é*,w)(lf — I+ FIf - f|;)dwd5*dgd;c
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n /R (/RW €~ &) (I = I + 111 ~ J1. ) dwdé.deda
= Ki(t) + Kalt).

Note that the change of variable (&', &) — (&,&,) yields
K1(t) = Ka(t).

Hence it suffices to consider the term Ka(t). The first term in Ka(¢) can be

estimated as follows.

/Rﬁ ( /RP,XSQ+ a(€ = & w)|f = JIfudwde. ) déda
<o [ le-ensas|, 5w - Fol

< ﬁnm Tl

By symmetry, we can treat the second term in Ko (%) in the same way. Finally

we obtain the desired estimate.

Kilt) = Kalt) < gl ) = FO. O

We next study the uniform L'-stability estimate for mild solutions in
Hamdache’s framework in Section 2. Let f and f be two mild solutions

corresponding to initial data given by f and f™ respectively.

Then f and f satisfy
f@6t) = [ Gt 07" (0.6 dudy
t
+ / / Gl 6.y, 6e QU ), & 8)dEudyds, (3.3)
0 R6
Fla60) = [ Gt 00" (6. ey
t — —
+ / / G, 59.60, QU ) (0.6 5)dEdyds.  (3.4)
0 R6

We now subtract (3.4) from (B3] and take L'-norm to find

1F0) = D)l < | /R G, & 69,60, 0™ (&) = T (5,6.)|dyds

It
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+H / / G(,€ 859,60 9)|QU, £) = QU F)I(ys & )dydeeds||
0+ Lot (3.5)

Lemma 3.2. The terms L;(t),i = 1,2 satisfy the following estimates.

1) t<Hfm 7l
) Lo(t) /chff Q. F)(s)|1ds.

Proof. We use Remark 2.5 and Hausdorff-Young’s inequality to get

L1(0) < Gty s Ol 157 = Flr < 157 = 77,
La(t) < / GGt s )1 QUL F)(8) — QUF F) ()11 ds
< / QU £)(8) — QUF, F)(s)]| 2 ds. 0

The proof of Theorem 1.1. Let f and f be mild solutions to (ILI]) corre-
sponding to initial data fy and fy satisfying A respectively in Hamdache’s

framework. In (3.5)), we use Lemma 3.2 and Lemma 3.1 (2) to see

f(9)|lL1ds
(s +ﬁ)'7+3

1£(t) = FOllr < fF™ = F™ +C/ 1£(s)

Then it follows from Gronwall’s lemma that
¢
) mn £in C
I£6) = 7Ol < 1" = e [ Smmds). G0)

Since —2 < v < 0 and 8 > 0, Gronwall’s lemma yields

1F(E) = F@Olpr < MIF™ = F2| o (3.7)
Here M does not depend on time ¢. This completes the proof. O

Remark 3.3. In [7], the first author and Se Eun Noh show that the
Vlasov-Poisson-Fokker-Planck system is uniformly L'-stable, when initial
data is sufficiently small and decay fast enough in phase space. Hence
when the self-consistent electric field is added in (L), the resulting sys-

tem ” Vlasov-Poisson-Fokker-Planck-Boltzmann system” is also L'-stable.
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