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Abstract

In this paper, we present a rigorous proof of the quasi—
steady—state approximation (QSSA) used in chemistry, in two
different settings: the first one corresponds to reaction—diffusion
equations, while the second one is devoted to ODEs, with a par-

ticular attention to the effect of temperature.

1. Introduction

1.1. Quasi—steady—state approximation

The quasi-steady-state approximation (denoted from now on by QSSA)
is a standard procedure in the study of chemical reactions kinetics in situa-
tions where certain species have a very short time of existence (free radicals,
very unstable molecules, etc.) with respect to other species. It consists in
assuming that the variation of the unstable species is zero, so that the size
of the set of equations modeling the reactions is reduced (by the number of
unstable species). We refer to [17] for a detailed description of the QSSA
and the assumptions underlying its validity.

When the modeling of the chemistry is done through ODEs, and the
unknown is the concentration of species, the rigorous proof of the validity
of the QSSA is a consequence of standard theorems of singular perturbation
theory. In this frame, QSSA has been studied in a lot of papers in order
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to build up reduction algorithms for systems appearing in chemistry (see
for instance [1, |6, 116, [17] and the references therein). We also refer to [14],
[2] and the references therein for a description of a related procedure in the
context of ODEs, namely the fast reaction limit.

Our paper is dedicated to the proof of the validity of the QSSA when
the unknowns which model the chemistry are more complicated than the
time-dependent concentrations of the species. We focus on two such situa-
tions: the first one concerns a case in which the unknown is the time-space
dependent concentration of the species (and ODEs are replaced by reaction-
diffusion PDEs), while the second one deals with the coupling of ODEs for
the concentration of the species and the temperature of the mixture. Though
those two situations are quite different, we present a mathematical analysis
which is based on the same concept: namely, the use of a priori estimates
based on the entropy and entropy dissipation. This restricts our result to
the cases when the chemistry is reversible.

We intend, in the first part of this paper, to show that the QSSA can
also be rigorously established in the case when the spatial structure of the
mixture is taken into account. We restrict ourselves here to the simplest
possible modeling of this spatial structure: namely, when the evolution of
the species is made through reaction—diffusion PDEs. We keep however the
possibility of having different diffusion rates for different species, and we look
for global solutions with general data in any dimension.

This problem has been investigated in [18] in cases when there is a
bounded invariant region for the unknowns and, when it is not the case,
for times smaller than a critical time (depending on the initial data). The
methods used in [18] rely on energy bounds for parabolic PDEs, whereas our
approach is rather based on Lyapounov functionals, and do not use bounded
invariant regions. It is however restricted to reversible chemistry.

A related problem consists in looking to the fast reaction limit in reaction-
diffusion PDEs. This has been performed both for irreversible reactions |12]
and more recently also for reversible ones [3,|4]. This last paper is closest to
our approach, since it uses heavily Lyapounov functionals techniques. We
wish therefore to emphasize the differences with our work : First, we work
in a situation in which no bounded invariant domain is available (because
we consider a system of 5 equations), whereas the system of two equations
appearing in [4] admits such a domain. As a consequence, we have to rely on
L? estimates obtained by an entropy method or a duality method (cf. [9]).
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Second, the limiting processes in the QSSA and the fast reaction limit are
quite different. This is best seen on the limiting systems, in which nonlinear
terms appear in the right-hand side (that is, outside of the derivatives) of
the system obtained by the QSSA, and in the left-hand side (that is, inside
the diffusion term) in the system obtained by the fast reaction scaling.

Note that there is no hope of proving the QSSA rigorously in the more
realistic context of PDEs of compressible Euler or Navier—Stokes type for
global solutions with general data, since existence of such solutions is not
known (even in 1D without chemical reactions). There is some hope however
to prove the QSSA in this context when perturbative settings (local solutions,
solutions close to equilibrium (cf. [11]), etc.) are considered. We do not
investigate in this direction in this work.

Then, in a second part of the paper, we consider a situation where the
evolution of the mixture is described by ODEs (the unknowns being the
concentrations of the different species and the temperature of the mixture),
but where the scaling that is proposed in order to describe the QSSA (and
which is based on the chemical link energy of the species) does not enter
in the standard formulation of the singular perturbation theory of ODEs.
Namely, singularities appear in the coefficients of the ODEs (in the Arrhenius

law for example), and, moreover, the scaling involves terms of the form e!,

e72 as well as terms of the form exp(—1/¢), where ¢ is a small parameter.

Since our approach in this part is mainly based on the entropy estimate
(and is therefore restricted to a reversible chemistry mechanism), we refer
to [16] for a discussion of the behavior of the entropy when the QSSA is
used. In order to prove that the temperature is bounded below, we use an
argument based on the entropy structure which is directly inspired from [14].

1.2. Presentation of the main result concerning reaction—diffusion
equations
Our analysis will concern the mechanism
A+B= M, M=C+D,

where M is a species which is much more unstable than A, B,C, D.

This mechanism has the following features, which are mandatory for our
analysis:
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- each reaction is reversible,

- no more than two species are involved in each side of the reaction.

It will become convenient to denote the chemical concentrations, de-
pending on time ¢t € R* and point = € Q C RY, of the species 4, B, C, D,
M both as a = a1, b = ag, ¢ = ag, d = a4, m. We assume that a; = a;(t, z)
is the concentration of A; at time ¢t and point x, and satisfies the following
set of reaction—diffusion equations:

1=1,2 Owa; — di Aga; = kym — koaq as,
1=23,4 Ora; — d; Aga; = ksm —kqasay, (1)
om —ds Aym = kyayas + kyazag — (k1 + ks)m,
where d; > 0 (i = 1,...,5) are the diffusion rates (they can be different for
each species) and k; > 0 (i = 1,...,4) are the reaction rates corresponding

respectively to M - A+ B, A+ B—-M, M —>C+ D, C+D — M. We
complete the system with homogeneous Neumann conditions for 2 € 92

n(x)-Vypa;(t,z) =0, i=1,...,4, n(x)-Vym(t,z) =0, (2)

where Q is a regular bounded open set of RY (and n(x) is the outward
normal vector at point x € Jf2), and the nonnegative initial conditions

a;(0,z) = ajp(x) >0, i=1,...,4, m(0,z) =0 . (3)

Note that this corresponds to an isolated chemical reactor in which no un-
stable species is put initially.

We now introduce the scaling corresponding to the QSSA. Since M is
unstable, we suppose that ki, k3 > ks, k4. In order to simplify notations,
we consider the particular case

1
k1:k3:g, ko=ks=1,

and let € go to 0. Note that our analysis would hold for any choice of
k1, ka, k3, k4 such that k;, ks are of order 1/¢, and ko, k4 are of order 1.
Our system becomes

1
Owa® —dy Apa® = B m° — a®b°® (4)
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1

Ob® — do ALb® = R m® — a®b° , (5)
1
Opc® —d3 Ayt = B m® — cd° (6)
Oid® — dy Apd® = éme —cd°, (7)
2
om® —ds Aym® = a®b° + °d° — B me . (8)

The initial and boundary conditions write

ai(0,x) = ajp(z) >0, i=1,...,4, m(0,z) =0, x€Q, (9)
n(z) - Vgai(t,z) =0, i=1,...,4, n(x) -Vym(t,x) =0, x € IN.(10)

The formal computation corresponding to the QSSA theory is the fol-
lowing: when € goes to 0, we replace the left-hand side of eq. () by 0, and
we use the corresponding relation a b+ cd = % m in eqs. @)-(0). This leads

formally to the following system:

6ta—d1Axa:%(cd—ab), (11)
O —dy b = ¢ (cd —ab) (12)
atc—dgAzc:—%(cd—ab), (13)
8td—d4Axd:—%(cd—ab), (14)

with Neumann boundary conditions and initial data:

a;(0,2) = ajp(z) >0, i=1,...,4, x€Q, (15)
n(x) - Vgai(t,x) =0, i=1,...,4, z€0Q. (16)

We give a rigorous result corresponding to the formal computation

above. It constitutes our first main theorem :

Theorem 1.1. Let N > 1, Q be a bounded reqular open set of RY,
and a;p, i = 1,...,4, be nonnegative functions from Q to R satisfying
/\ai0|2(1 + |Inap?)de < 4oo. Let d;, i = 1,...,5 be strictly positive

Q

diffusion rates. Then,
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1. For any € > 0, there exists a weak solution a%, b®, %, d°, m® in
(L?OC([O, +oo ; LQ(Q)))5 to system (4)-(I0).

2. When e — 0, there exists a subsequence of a®,b%, ¢, d®, m® (still denoted
by a®,b%, c®, d°, m®) which converges to a,b,c,d,0 in

5
(L}OC([O, 4oo[ ; L* (Q))> . Moreover, this limit is a weak solution of

system (II)-(TQ) belonging to (LIQOC([O, +ool ; L2(Q)))4

3. When N =1, the solution of ([4)-(I0) and (II))-(I8]) is strong and unique
as soon as the initial data a;0, i = 1,...,4 are smooth (C*(Q)) and com-
patible with the Neumann boundary conditions. Then, the whole sequence
a®,b%, ¢, d*, m* converges to a,b,c,d,0.

The proof of this theorem is based on a priori estimates mainly coming
out of the entropy and entropy dissipation related to system ({)-(10]). In this
respect, it is reminiscent of the papers [4, [7, 18]. When N > 1, it also uses
the method of duality proposed by M. Pierre (cf. |9, [15]) in order to prove
an “L? (In L)*” bound.

1.3. Presentation of the main result concerning ODEs

We introduce again the simple chemical mechanism treated in the first
part of our work. Precisely, we consider a mixture of four gases A, B, C, D
undergoing a reversible bimolecular chemical reaction through an unstable
state, that is

A+B=M, M=C+D, (17)

where M is an unstable species.

We recall that the fact that this mechanism is reversible plays a decisive
role in our analysis.

The number densities of species A, B, C', D and M are denoted, respec-
tively, by na, ng, nc, np and nys. Moreover, the total number density is
defined as n = naq +np+nc +np + nay.

Finally, E4, Ep, Ec, Ep and E); denote the (constant) chemical bond
energies of species A, B, C, D and M (they can all be supposed to be
nonnegative), and we introduce the notations

Eo=FEs+FEp—Ey, Eg=FEc+ Ep — Ey, (18)
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for the strength of reactions (IT), respectively, and
AE:E/B—EQZEc—I—ED—EA—EB. (19)

Here we assume AFE > 0 (the other case being similar, since the species A,
B, C, D can be ordered).

The chemical energy of the mixture is defined as
ech = Eana + Epnp + Ecnc + Epnp + Eynay - (20)

We assume that the state equations for pressure and energy are those of
monoatomic perfect gases (though other laws could be treated in the same
way). The total energy of the system, which takes into account the thermal
and chemical contributions, is therefore

3
€tot = 5”9 + €ech (21)

where O is the temperature of the mixture.

The evolution of the mixture is governed by the following set of ODEs |10]:

ng =np = —1(0) Sa, (23)
nhyr = ©(©) 81+ 1(0) S, (24)
e;ot = 0’ (25)
where
S = nAnB—nJ\/[e_E“/QJF%lne_g , (26)
Sy = ngnp —ny e~ Fs/0+3 mO—3 , (27)

and ¢, 1 are given by a heuristic formula such as the one proposed in [10]:

o©) = aet e (<G ) . ue) = aeen(-F) . (9

where Ay, As,&1,E > 0 and By, By € R.

Eq. ([25) can be written under the explicit form

3 /
<EAnA + Epnp + Ecnc + Epnp + Eynag + §n@> =0, (29)
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as well as under the form of time evolution of pressure:

2
10y =3 (Eup(©)8: + B0(©)32) (30)
or, finally, under the form of time evolution of temperature:
2 2
o = (e + —Ea> 2O (e n _Eﬁ> LO8 g
3 n 3 n

Nonnegative initial conditions are imposed on system (22])-(25]):

nA(O):nA0>0, nB(O):nBO>0, @(0):@0>0,

32
no(0) =nco >0, np(0) =npe>0,  ny(0) =0 (32

In particular, as in the previous subsection, the number density of the un-
stable species, njs, is supposed to be initially zero, while the assumption of
strict positivity of n 49 and npg is needed in order to ensure the existence of
non trivial (that is, non constant) solutions (we could have chosen instead
nco > 0 and npg > 0, without changing much in our analysis).

Since we are supposing that M is an unstable species, its chemical bond

energy is much larger than those of the other species. Therefore, we propose

a scaling consisting in choosing E, = —1/¢, and hence Eg = AE —1/e. The
system (22)-(25]), after this rescaling, writes as
(n2)" = (n)" = —p(©7)S, (33)
(n&)" = (np) = —¥(6°)53, (34)
(niy)" = (6°)S] + ¥ (67)S5, (35)
1
Esn% + Egng + Ecng + Epnp + <EA + Ep + E> niy
3 /
+5n°6°| =0, (36)
where
1
ST =n5np — nfyexp §l @8—§ ,
(‘I)E A 3 (37)
SS = nECnED — nﬁ/jexp -O° - @ + 5 In©° — 5) .

The initial conditions imposed on the rescaled system (B3))-(36]) are sup-
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posed to be independent of ¢:

(O)ZnA0>07 7’L(0)27’L30>0, nﬁ/[(O)ZO,

2 B (38)
na(0) =nco >0, n5(0) =npo >0, ©%(0)=0y>0.

We now present the formal computation associated to the QSSA. Note

first that system (B3])-(36]) can also be written in the following form:

€

() = (03 = F* = e (i) (39)
e ,—AFE/©°
(n%) = () = —F* — ¥ (n5.) (40)

©F + ste—AE/GE

(niy) = ¢ ninG + Yngn — Cnjy, (41)
3 (Ea + EB) ¢* + (Ec + Ep) ¢Fe 2F/¢
S w0y — AP e+ e (n5r)
1
where ¢° = ¢(0°) and ¢* = ¢(6°%),
_ eyF _ .
F* = F (0, nfp, 1,1, 07) = —— == rpa (nfn — e >7%7).
and
c 1 3 )
€ _ e\ — € e, —AE/O© 2 e ©
¢ C(e,@)f<gp + % )exp<€®€+2ln@ 2> .

In the limit ¢ — 0, nj; is expected to tend to 0 more rapidly than e (more

precisely, it is expected to be of order e‘#). Therefore, the quantities n%,
ng, ng, np and ©F are expected to tend to na, ng, nc, np, O, defined as

the solution of the formal limit of system (B9])-(42]):

ny=npg="F, (43)
W = nlp = —F, (44)
3

5( Y =AFE F, (45)
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where n =n4 +ng+ nc + np and

¢(©)¥(O) _ —AE/©
7 (@) 55 (neno ~manse %)

F = F(nAanBan07nD7®)

together with the initial conditions

n4(0) =na0 >0, np(0) =npo >0,

nc(0) =neco >0, np(0) =npo >0, ©(0)=6¢>0. (46)

We now present our second main theorem, which makes rigorous this
formal asymptotics:

Theorem 1.2. We assume that € €]0,1[, that p,7 are C* functions
of the temperature such that © > 0 = ¢(©),1(0) > 0 (this assumption
includes formulas such as (28)). We consider energies E4, Ep, Ec, Ep > 0
and initial data nag,npo > 0, nco,npo = 0, Og > 0. Then,

1. There exists a unique solution n%, n%, n%, n5,, n;, ©° in C'([0,+oo])

to the Cauchy problem (33)-(B8]).
2. For allt >0,

n(t), ng(t), ne(t), np (t), ni(t), ©°(t) > 0. (47)

3. There exist constants ci,ca,... > 0 (depending only on the data and
independent of €) such that for all t > 0,

t),ng(t), np(t), nyy (1) < e, (48)

4. There exists a unique solution na, ng, nc, np, © in C([0, +oo[) to the

Cauchy problem ([43)-(40).
5. For allt > 0,

nA(t),TLB(t),TLc(t),’I’LD(t),@(t) > 0. (51)

6. For the same constants c1,co,... > 0 as in point 3, and for all t > 0,
na(t),np(t),nc(t),np(t) < ci, (52)
e < ’I’L(t) < C3, (53)

cs < O(t) < cs. (54)
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7. There exist constants cg,c7,cs,c9 > 0 (depending on the data and inde-
pendent of €) such that for any € € ]0,1[ and T > 0,

!
sup  nf(t) <cg e Fer < cge , (55)
te[0,+o0[
_1
sup [n%y p,c,p(t) = na,po,p(t)| < cre®TeteT @ (56)
t€[0,T
1
sup |©°(t) —O(t)] < coesT e e s, (57)
te[0,7

The proof of this theorem is based on the entropy and entropy dissi-
pation estimates, which allow to bound from below the temperature of the
mixture, and on an estimate showing that the concentration nj,(t) of the un-
stable species is bounded by a constant times exp(—1/(e©°(¢))). Note that
standard theorems of singular perturbation for ODEs cannot be applied a
priori because of the singularities in the data (this problem disappears once
it is shown that the temperature is bounded below) and because of the in-
terplay of different scales (this is apparent for example in formulas (B5])-(37),
where ¢! and e~ zo¢ appear).

2. Proof of Theorem 1.1

For the basic functional analysis results involved in the sequel, the reader
is referred to [5].

We begin by recalling that for a given € > 0, the existence of a weak
solution af, %, c®,d?, m® in (LZQOC([O,—I—OO[ ; L2(Q)))5 to system (@)-(I0) is
a direct consequence of the results of [9], based on the duality method de-
scribed in [15].

2.1. A priori estimates

We begin with the obvious partial conservation of concentrations:

Lemma 2.1. The solutions of [@)-([I0) conserve the quantities
Mi; 2/ (a°(t, 2) + & (t, x) + m(t, x)) dx =/ (ao(z) + co(x)) dx, (58)
Q Q

My, = /Q (a°(t,2) + & (t, ) + m=(t, 7)) da = /Q (a0(@) + do(x)) dz, (59)
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Mys = / (B (t,2) + (b, @) +m(t, ) do = / (bo(x) + co(x)) dz. (60)
Q Q

Proof. The proof follows immediately by integrating over {2 suitable
linear combinations of eqs. (@)-(8). O

Next we turn to the consequence of the entropy structure of the chemical
reactions (this structure is directly related to the reversible character of the
problem under consideration). We denote by C any constant, by Cp any

constant depending on T, etc.

Lemma 2.2. Let af, i = 1,...,4, and m® be solutions of the system
@)-(IQ), with initial data a;y such that a;oIn(a;n) € L1(). Then, for all T>0

1= 17"'747 ||VIE\/EH%2([O7T}><Q) < CT7 (61)
IVaVme|[22(0,11x0) < O (62)
i1=1,...,4, sup |la; Inag ||z ) < Or, (63)
te[0,7
sup ||m®In(m®/e)|1 () < Cr, (64)
te[0,T
T
/ /(a‘gb‘€ —m®/e) (In(a®b®) — In(m® /e)) dzedt < Cr, (65)
0 Q
T
/ /(cada —m/e) (In(c*d®) — In(m®/e)) dxdt < Cr. (66)
0 Q

Proof. Calculating the time-derivative of the entropy-functional, F,

4
E(t) = /QZ(af Inaj — a3) dx + /Q(m€ In(m®/e) —m®)dx  (67)
i=1

yields

4

/Q S (af e — af)(T) dx + / (m€ In(me /) — m*)(T) dx

i=1 Q
4 T T
+Z4di/ /|Vx\/a§|2dxdt+4d5/ /|Vx\/m5\2dxdt
i=1 0 Q 0 Q

T
+/0 /Q(a6 b° —m®/e) (In(a® b°) — In(m*/e)) dzdt
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T
—i—/ / (¢ d® —m®/e) (In(c® d°) — In(m®/e)) dadt
0 Q
4 4
= / Z (aiO In ;0 — aio) dx < / Z <(IZ’0 In CLZ‘()) dx.
Q= =1

Then, (61I)-(68]) follow from the facts that —(yIny —y) 1y my—y<oy < 1 and
(x—y)(Inz —Iny) > 0. O

2.2. Interpolation

We use here the a priori estimates of the previous subsection in order to
prove that a®, b¥, ¢, d® are bounded in L? In L([0,T] x §2), so that a®b° and
ccd® are well defined (and weakly compact in L', thanks to Dunford-Pettis
theorem). More precisely, we have the

Lemma 2.3. Fori=1,...,4, and oll T > 0,
T
/ / |a5|* Inaf dedt < Cp . (68)
0 JO

Proof. In the case N = 1, the proof follows from direct computations,
bearing in mind that, since 2 is a bounded interval of R, there exists C' such
that (for all functions g = g(x)) the following Sobolev estimate holds:

swlg@l<c|( [ |axg<:c>|2da:)1/2+ [ st as].
Then,

/ /|a€| | In af| dzdt = / / (ai | Inaf|) dedt
/ (sup|a |> (/ f|lnaf|d:p> dt
0 e Q
T
</ sup|a§|dt> sup </ aﬂlnaﬂd:ﬂ)
0 zeQ te[0,7 Q
T 2
/ <sup|\/a7§|> dt sup </ a§|lnaf|d:ﬂ>
0 e te[0,7 Q
T 2
C’/ (/ | 9p\/a5|Pdx + [/ \/Edac} )dt sup </ af|lnaf|d:ﬂ>.
0 Q Q tefo,1] \JQ

IN

IN

IA
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We conclude thanks to (6I) and (63]). Note that in this case, it is enough
to know that a;o € L1n L. The hypothesis that a;o € L?(In L)? is used only
when N > 1.

In the case N > 1, we have to resort to the duality method proposed by
M. Pierre (cf. [9,15]). Let us set

4
# = 3 (af Ina = af) + (m” Inm"/e) = m?).
7y (69)
25 = Y _di(af Ina — af) + ds (m* In(m /) — m°) .
i=1

By evaluating 0;z° using equations (4)-(8]), it can be easily checked that
02" — AZ(A°2°) <0 (70)

where A® = 25/2° (computations are very similar to those in previous sub-
section, relevant to time derivative of the entropy functional). At this point,

if w® denotes the positive solution of the dual problem:

— (0w + A Ayw®) = H € C§°([0,T] x Q,RT),

(71)
w*(T) =0, n(x)-Vyw® =0 on 09,
it can easily be proven [9] that (by integrating by parts),
T
| [ maed< ool Ol lena. 2

which, by duality, gives a bound for 2° in L2([0,T] x ). From the definition
of 2%, the statement (68 follows (in fact, af is bounded not only in L? In L,
but also in L? (In L)?). Note that the hypothesis that a;o € L?(In L)? is used
here. (]

Then, we show the strong compactness properties of the system:

Lemma 2.4. For i = 1,...,4, a5 converges (up to the extraction
of a subsequence) for a.e. (t,z) € [0,400[xQ to some a; (belonging to
L? In L([0,T] x Q) for all T > 0).

Proof. Since the proof is rather intricate, we divide it in five steps.
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First step: According to (65]) (or, equivalently, to (66])) and the elementary
inequality

(21 —22) (Inz; —Inzy) > C (/21 — \/5)2 ,

we get that
T 2
/ / ‘\/aaba—\/ma/s‘ dxdt < Cr
0 Q
r 2
/ / ‘\/cfdf—\/ma/s‘ dxdt < Cr.
0o Jo

Since a$ are bounded in L2, then vafb¢ (and v/c°d® ) is bounded in L2
This ensures that 1/m¢ /e is also bounded in L2, and hence m® /¢ is bounded
in L'. In particular, m® converges to 0 in L} (R*; L1()).

Second step: We denote by w, the set {z € Q : d(z,00Q) > v}. Let 2 € w,
(with v positive and such that w, is not an empty set), and k& € RY, with
| k| < v. Using now (61]), we have for all i =1,...,4,

T
/o / |VaE(t,x + k) — Ja (t,2)|* dedt < Cp | k2.

Using Cauchy-Schwarz inequality and the fact that af is bounded in L, we

obtain

T
| [ et b~ (o) dod
0

VT
= [ ] V@0 - ]| VR + 0 + )] de

< Crlk| .

Third step: We use equations () and (8]) in order to get

ds

Oy (aa + %m5> —dy Aga® — 5 Aym® == (°d® — a®b®) .

1
2
Then, introducing any smooth function ¢ = (), with compact support

in ©, we have

1
8t/ <a5+—m€> pdr = dy /aeAxgoda:—l—ﬁ /meAwgodx
Q 2 Q 2 Jo
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1
+- / (°d® — a®b°) pdx .
2 Jo

T 1
/ 8t/ <a5 + —m8> pdr
0 Q 2

ds
< di [[a®l[pn 1Azl poo t5 Mm%l | Azl poo

Therefore

dt

1
5 (162 1l 2 + a2 1052 ) Dol .o
< Or [l glyaoe

Fourth step: We introduce v > 0 and a mollifying sequence ps(z) = 6V (%)

of smooth functions with compact support B(0,¢), so that B(0,9) +w, C Q
when § < v. Then, for any t € [u,T —pu] C [0,T] (0 < pu < T/2), and for
any h € R, | h| < p, we get

T—p
/ |a®(t + h,z) — a®(t,x)| dxdt
M Wy
T—p
< / (0 5 03)(E+ hy 3) — (a° %0 05) (L, 7)| davdt
2 Wy

T
+2/ | (a® %5 p5)(t,x) — a®(t,z)| dxdt
0 wy

T=n 1 1
< / / [(aa—l-—ma) %y 305} (t+ h,x)— [(a8+—m5) %y go(;] (t,z)|dxdt
u W, 2 2
1 T_“ £ €
+§ | (m® %5 05)(t + h,x) — (M® %4 ) (¢, )| dedt + Cp o
14 Wy

according to the second step.

Then, thanks to the first step (i.e. to the fact that m* is of order ¢ in
L') and to the third step, we have

T—p
/ |a®(t + h,x) — a(t,z)| dzdt
2 v

< - | [ 0+ 1) (o — w0+ uh)du
/t:u /waV /u:o /yEQ 2

+Cre+Crd

dxdt
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1 T 1
< |nl / / / o / (aa + —mf) (t.y) @5z — y) dy| dtduda
r€w, Ju=0 Jt=0 yeN 2
+Cre+Cprd
< Cr |h‘ Hcpg(a;—-)sz,oodx—i-C’TE—i—CTd
TEWY

Finally, optimizing in §, we get
T—p
/ |af(t + h,z) — a®(t,z)| dedt < Cp |h| 6N 24+ Cre+Crd
14 Wy

Cr (\h|1/(N+3) +€) .

IN

Fifth step: We use (only in this step) the notation ™ instead of a® in order
to insist on the fact that we consider a sequence (n = 1/¢). Using the second
step and the fourth step, we get (for |h| < p, |k| < v):

T—p 1
/ |a™(t+ h,x + k) — a"(t,z)| dedt < Crp <\h|1/(N+3) + k| + ﬁ) '
14 Wy

(73)
We introduce a mollifying sequence 1s(t, z) = 6~ NtV o(t/5,2/6).

Let g € ]0,min {7/2,1} [ and n > 0 be fixed. We first introduce § > 0
such that Cp (6%(V+3) 4 §) < /3, and such that § < u. Then, we take
m € N such that Cp/m < n/3.

Since a™ is a bounded sequence of L', the sequence a™ *¢.2 s is compact

in L*(Ju, T — p[xw,). Then, it is possible (compact = uniformly bounded)
P

to find fi,.., fp € L', such that a" %, , s € U B(fi,n/3), where B denotes
i=1

the ball BI|~|IL1( . Thanks to (73]), we see that when n > m,

I, T—plxwy)

1 2
n n 1/(N+3) - -
| a" *¢ 05 — a HLl(WvT—u[qu) <Cr <5 + 0+ > < 3 n.

P
Then, when n > m, we obtain a" € U B(fi,n). Finally, for all n, a" €

=1
P m

U B(fum Ul B, n).

i=1 i=1

Conclusion: We deduce that the sequence a” is uniformly bounded in
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LY(pu, T — p[xw,). Since L'(Ju, T — pu[xw,) is complete, we obtain the com-
pactness in L'(Ju, T — p[xw,) of this sequence. Since u, v can be taken
arbitrarily close to 0, we see that a™ is compact in L, (]0, T[x2). Therefore
it converges (up to a subsequence) a.e. to some function a. The same holds
for b™ since it satisfies the same equation as a™. For ¢ and d", the proof is

also exactly the same. O

2.3. Passing to the limit

We begin by writing down the equations satisfied by af + %me. This

gives

% pgmt = L — o), (1)

2 2

1
8t (af + §m€> — d, Axaf —

with k;, =0 for ¢ = 1,2 and k; = 1 for ¢ = 3,4.

We recall that the weak form associated to (74]) (together with initial
data and boundary conditions) is the following : for any smooth (C?) test
function ¢ = ¢(t,x) with compact support in [0, +oco[x€ and such that
n(x) - Vyp(t,z) =0 for z € 002,

“+00
/ / <af + 1ma> Orp dxdt + / aio(x) (0, ) dx
0o Ja 2 Q
oo € ds €
+ dia; + —m® | Aypdzdt
0o Jo 2

1 oo
— 5(—1)]%/0 /Q(ae b* — ¢ d°) ¢ dudt . (75)

At this point, let us recall that according to Lemma 2.4, a; converges
a.e. (up to a subsequence) to a;; moreover, the sequence a; is bounded in
L?In L([0,T] x ) (see Lemma 2.3), and consequently there exists a subse-
quence which converges in L2 (R*; L?()) strong (toward a;). Bearing also
in mind the fact that m® converges to 0 in L}, (R*; L!(£2)) strong (first step
of Lemma 2.4), we can pass to the limit ¢ — 0 in the left-hand side of (73]),

obtaining

+o0 +oo
/ /ai 8tg0dxdt+/aio ©(0,-) dm+/ /d,- a; Agppdxdt.  (76)
0 Q Q 0 Q
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As concerns the right-hand side of (73]), the following estimate holds
T
/ /aabex/|ln(a5b5)|dajdt
o Jao

T T
/ /aabax/|lna5|dajdt—|—/ /aabax/|lnb€|d:pdt
0 Q 0 Q
o= v/t @[] > [[6°]] 2 + [[o= VI b7 s [l < O

thanks to Lemma 2.3. We can bound in the same way the quantity fOT fQ cedf
V/|In(efd?)|. Thus, the sequence a®b® (or ¢°d®) is equiintegrable. Combining
this result with the fact that aj — a; a.e. implies aja — a;a; a.e., we see

that
+oo
/ / (a®b° — & d°) ¢ dxdt
0o Jo

+o0o
/ /(ab—cd)gp dxdt.
0 Q

Finally, we can pass to the limit in the weak form of system (74]), ending up

with
“+o00 “+o00
/ /ai Otgoda:dt—l-/ a;o go(O,-)d:E+di/ /ai Ay dxdt
0 Q Q 0 Q

—1— ki o ab—c x
—2( 1) /0 /Q( b d) ¢ dzdt, (77)

IN

IN

converges to

which is exactly the weak form of system (I1I)-(L6]).

In order to conclude the proof of Theorem 1.1, it remains to prove
point 3. For this, we recall that when N = 1, since (for a given ¢ > 0, and
with the convention a) = a;) ia — d; Oyzal € LY([0,T] x Q) for all T > 0,
standard estimates for the heat equation (cf. for example [§]) ensure that
aé € L379([0,T] x Q) for all § > 0. As a consequence, da — d; Oppa5 €
L3/279/2(]0,T] x Q), and by bootstrapping, it is possible to get that as are
smooth (in C?([0, +00[x)), provided that the initial data are in C?(Q) and
compatible with the Neumann boundary condition (cf. for example [13]).
Any weak solution is therefore a strong solution, and uniqueness (of a weak
solution) for systems ()-([I0) and (II)-(I6) is then easily obtained. As a
consequence, any subsequence of (af,....,m%).~o converges to the unique
solution of system (III)-(I6]), and therefore the whole sequence converges.
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Remark.

- We explain why we think that the assumption that the chemistry is
reversible and that at most two species appear on each side of the reaction
is mandatory for our analysis. Note first the crucial role played by the
entropy (67), which allows to prove the bounds stated in Lemma 2.2.
Since the entropy plays a key-role there, we think that our method of
proof cannot be easily adapted to non reversible mechanisms of reaction.
Note also that the duality argument gives a bound in L? (In L)? (and not
in L?), so that our method is also not adapted to reaction mechanisms
involving three (or more) species on one side of a reaction. In this last
situation, one can hope however that renormalized solutions (cf. [9])
could be the right concept in order to prove the validity of the QSSA.

- We now discuss the initial and boundary conditions. We think that our
analysis still holds if m®(0,x) = O(e). It fails however if ¢ is negligible
in front of m®: in such a situation, an initial layer appears and it has to
be taken into account in the analysis. We also point out the fact that
non bounded domains (or homogeneous Dirichlet conditions) could be
considered by our method without changing much the results. However,
if a non homogeneous Dirichlet condition is imposed at the boundary for
mF, then some boundary layer should appear.

- Finally, we discuss the type of diffusion operator that can be consid-
ered. Note first that if the constant diffusion coefficients are replaced by
smooth x-dependent matrices leading to a non degenerate diffusion for
each equation, our analysis is still valid. We think in fact that as long
as the sum of the diffusion matrices of the (non vanishing) species is
non-degenerate, the validity of our analysis is preserved (cf. [9] for such
a situation). Finally, adding an advection term involving a drift velocity
(the velocity of the background for example, if the species that we are
considering are traces) of the kind V, - (u a;) should lead to no difficulty,
provided that u is smooth enough.

3. Proof of Theorem 1.2

We now turn to the rigorous proof of the QSSA for a system of ODEs
taking into account the temperature of the mixture.
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3.1. Proof of points 1. to 6. of Theorem 1.2

We begin with the proof that ([@8)-(G0) holds on [0,7:[, where T; is
the largest possible time of existence of a solution of the Cauchy problem
B3)-(38]) whose components are all strictly positive.

More precisely, we define first 7. as the largest possible time of existence
of a solution of the Cauchy problem (B3])-(B8]). This quantity is well-defined
and strictly positive thanks to Cauchy-Lipschitz’ theorem, which can be used
since all the functions in the system are assumed to be of class C'! at least
in a neighborhood of the initial datum.

Then, we define T, =sup{T €0, 7c[ : Vt€0,T],n% p ¢ p 2 (t) >0, ©0°(t) >
0}. It is obvious that T, > 0 if all initial data are strictly positive. Then, if
nco = 0, one can verify that (n)'(0) = 0 and (ng)”(0) > 0. The same is
true when C is replaced by D. As a consequence, T: > 0 also in this case.

At this point, it can be easily proven that no one of the field variables
can vanish at a time T < 7.. In fact, if we consider the first time when at
least one of the field variables vanishes, all possible cases lead to one of the
following two contradictions :

1. In some cases, we get that one of the vanishing quantities has strictly
positive prime derivative at time T, and this is in contradiction with
the fact that it is strictly positive before 1™,

2. In other cases, we get that the unique solution is the constant one, and
this leads to the contradiction that some of the variables vanishing at 7
are supposed to have strictly positive initial values.

Therefore, we must have T, = ..

Remember that the chemical bond energies Eg4,..., Ep are assumed to
be all positive. The independent conserved quantities on [0, 7] are:

n%y +ng+nji=n1 >0, (78)
ny +np+nfi=n2 >0, (79)
ng+ng+nji=n3 >0, (80)

1
Ean%y + Epng + Ecng + Epnp + <EA + Ep + g) niy

3 _
+5 107 =W >0. (81)
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Therefore, it is possible to obtain (up to time 7:) estimates (48], (49) and
the upper bound in (B0 :

@E(t) < Cy.

Finally, in order to get a lower bound for ©%, we introduce the entropy
3
e =n5InnS +nzlnng + nglnng +npInng + njInng, — 3 n°1n ©°,

which is easily seen to be a decreasing function of time. In fact, one can
check that

() = —p° 5§ {ln (n5n%) —In (nﬁweso%Jr% ln®€_g)}
—F S5 {m (n&m5,) — In (n%es@%—%%lnes—%)} <0,
thanks to the standard inequality (z —y) (Inz —Ilny) >0, Va,y > 0.

So, using the lower bound for n¢ and the inequality xInxz > —1,Vz > 0,
the lower bound for ©¢ in (B0) (on [0,7.[) follows from the estimate

e (t) <e(0) Vtelo,T¢.

According to standard theorems for ODEs, we deduce from the previous

properties of boundedness that T.(= 7.) = +oc0.

Notice also that the properties of existence and uniqueness of solutions
(together with boundedness and strict positivity of the components of the
solution) for the limiting system can be proven following the same lines as
above. The fact that the constants in (52)-(B4) are the same as those in
([48))-([B0) is a consequence of point 7. proven below.

3.2. Estimate for nj,

At this point, we are able to prove the statement (B3] of Theorem 1.2.
Note first that eq. ([@Il) can be rewritten under the form

< e ! e
(mieho 0" ) = o€ (s, + ymind)
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and then, integrating on [0, ¢], we get

t

mr(1)elo €97 — s, (0) = / el SO (Ening; + U ngnd) (s) ds
0
from which, recalling that n9,(0) = 0, we obtain that
t e d
nia(0) = [ IO (ning + ) () ds

Since ©°¢ is bounded (from above and below), then ¢ and )¢ are bounded

too (both being sufficiently smooth functions of ©¢). So, thanks to the upper

bounds for n%, ng, ngy and ng,, we get
t
ni(t) < C /0 e @ g, (s2)

where C' = ¢ sup,,<g<.. (¢°(0)+¢°(0)). Moreover, again from the bound-

edness of ©°%, the following inequality holds for all o € [0,] :

CE(U) 2 C’ecis ,
where C' = infe,<o<c, (¢°(0©) + zﬁf(@)e‘AE/C5)c§/2 e~%/2. Thus, estimate

([B2) yields

_ cg €
- 1 1 _ e Ctex

t _
n%(t)gC/O e—C(t—S)eC4€ dSZC—1§%e cae (83)

for all ¢t > 0 and € > 0.

Then, let us compute the quantity
1 1\ 1 2 n
e ot (fn‘}:w 65@5) — Q0€ |:1 _ <€®5 — 362 (@8)2) n—zaw:| nilnEB
1 2AFE 2 ng
€1 — . M € o€
Y [ <E o 3 (©2)2  3e? (@5)2> ne ] RoTD

<= 3/2 ,—5/2 1 2 'y
— njerer (6°)%2 e/ {soa [1—<E@€—3€2(@€)2>F

. _aE 1 2AE >\ 1
OcF 1_ — AL
tyee [ <6@5+36(@€)2 522092 ) e | J
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namely

__1 U
et (nigert) = oo il + 76 G

— (n3 €75 ) (0972772 [F 0 4y e 55| (34)

where

1 2 n5
c_q_ _ ny
“ <€ O 3e2? (@5)2> ne

1 2AFE 2 ns
€ =-1— — M
P <5@5 Ta@r 32 (@e)2> ne

As a consequence, by applying Duhamel’s formula to (84]) (remembering that
n9,(0) = 0), we get, for any ¢t > 0,

.1 supsepo g {l¢* o ning + ¥4 ngnp|(s)}
[njy e=o° ()] < 5B,
infyepo{(0°)3/2 e75/2|p a® + = f= e” o7 |(s)}

Thanks to estimates ([@9), (50) and (83)), we have

2 n§ 2 C 1
fl 14— - M < 2 X T
F= T3z (©2)2 ne — 3cke? - ’

’ ]
5521_< 1 2AF >n_M>1_<1 2AE> c

c0° ' 3 (@) PR

Z +
ne cae  3cke

Hence, it can be checked that there exists L €]0, 1] (depending on constants
1,-..,C5 but not on £ and t) such that ¢ € [% ) %] (and, in the same way,
af € [%, %]) as soon as € €]0, L[. For the parameters ¢ in this interval, we
get

‘(n‘;;‘i e#)(t)‘ C% [Supse[g,g] (906 Of:) (S) + Supse[OJ} (1/}6 IBE) (S)]
ct? e=5/2 inf g (97 o) (s)
% C% [SUPC4§®SC5 ©(©) + SUP¢,<0<cs Y(0)]

< 1 .3/2 —5/2 ; o
bl Cy e / lnfC4S®SC5 (70(@)

IN

Therefore (up to increasing cg in order to treat ¢ €]L,1[), we obtain esti-

mate ([B3)).

As a consequence of (B3]), we see that

AE
|ST| Sc%+c6cg/2e_5/2, |S5] §C%+CGC§/2€_5/QGC4 ) (85)
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3.3. Conclusion of the proof of Theorem 1.2

In order to prove (56)), (B7), we subtract from each equation (39)), (40I),
@2) for the functions n%, ng, ng, n and ©° the corresponding ones (43))-

[@x) for na, np, nc, np and ©. We obtain, in matrix form, that

!
”il,B —NA,B
ng p — N, D
%na@a — %n@

£

R
1 SDE'H/}EE_AE/E@E
== —1 FE - F —M e \/
- (= F)+ T (n)
AE (EA+EB)¢°+(Ec+Ep)yce AE/6°
gos_;,_wse—AE/(—)f
0
- 0 (nfr)’
Ep+Ep+1

Integrating this identity on [0,¢], recalling that the initial values do not

depend on ¢, and that nj,(0) = ny(0) = 0, we get :

”il,B —NA,B
ng p—ne,p | (t)
%n5@€ — %n@

£

1 P tyre  AE/OT
t i, wse—AE/(—)s c
= —1 | (F*=F)(s)ds+ T ityte BE/OT (t)na(2)
" \AE (Ba+Ep)p*+(Eg+Ep)yce AP/

305+1ZJ58_AE/@E
e /
- ¢s+wse—AE/@5
t wsefAE/GE c
- T it AETET (s)niy(s)ds
O\ (BatEp)e*+(Ec+Ep)yce 2B/
§05+¢587AE/95

0
— 0 nis(t) .
EAr+ Ep+ %

The last term of the right-hand side of this equation is clearly bounded
1

by C e °4°

£
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Noticing that ¢ + ¢ e oF > inf.,<e<e ©(0O), the second term of the
1
right-hand side is bounded by C'e <=,
The third term can be written under the form fg((@a)’ R(©%)n3,)(s)ds,

where (thanks to the assumption of smoothness of ¢ and ¥) R(©) < C for
© € [c4,c5]. Then, we notice that ©° satisfies the equation
154

e/ __ 6_3 90_5 € 3 2 _1 ¥ oqe
(@)-(@ 3€>n551+<@ +3(AE s)> n552,

so that thanks to (85]) and (9), (0],

(©°)()] <

¢

.

Finally, we see that the third term of the right-hand side is bounded by
i

Cet.

€

Now, thanks to the hypothesis of smoothness of ¢ and ¢, and hence
of F, and thanks to estimates (49]), etc., we can write that

<|nf4—n,4|+---+\n%—np\+

sup(l,AE)/Ot </01

X <\nf4—n,4\+~~+ ‘gna@g— gn@D) (s)ds—i—%e_@ (141

gneef _ gn@D )

IN

du

VF <(1—u)nf4+un,4,...,(1—u)gns@e+ugn@>

IN

! £ 3 ()¢ 3 C -4
C In% —nal+---+ 5”9 —in@ (s)ds—i-ge cas(1+41).
0

Finally, using Gronwall’s lemma, we deduce that (for t € [0,T7])

1+7 _ v
+ e cac CT,
€

<|nf4—nA|+"'+|n‘€D—nD|+

3 ... 3
z -2 <
2n® 2n®'>(t)_0
Theorem 1.2 is then easily deduced by noticing that n® and n are bounded
below and above.

Remark.

- Note first that the restrictions on the sign of AE, or on the strict posi-
tivity of nao and npp, can easily be removed (up to very small changes
in the statement of the theorem). Then, any reasonable energy law (for
example the energy law of perfect polytropic gases) could be handled by
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our approach: the main modification is that one should write the correct
entropy associated with the energy law under consideration. Finally, as
in the case of reaction-diffusion, we think that our method (in which the
entropy plays a crucial role) is not adapted to treat irreversible problems.

- As in the previous section, our analysis still holds if m®(0,z) = O(e),
but it fails if € is negligible in front of m®: in such a situation, an initial
layer appears.

- Our estimates of convergence are uniform on any compact set (in time)
of R. If one wishes to obtain uniformity with respect to time on R, one
should study the large time behavior of the systems when ¢ > 0 and
€ = 0, and use the fact that the mass action law defining the equilibrium
when ¢ = 0 is a consequence of the mass action law for a given € > 0,
while the other constraints (conservation of the number of molecules
and energy) at £ = 0 are the limit of the corresponding expression when
e > 0.
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