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Abstract

In this paper, we establish sufficient conditions which guar-
antee the existence at the most one w-periodic solution for certain
two class of fourth and fifth order differential equations. Our re-
sults extend some well-known results carried out in the relevant

literature.

1. Introduction and Statement of the Result

We consider fourth and fifth order nonlinear vector differential equations

XW 4 A X +F(X) + A3 X +G(X) = Py(t), (1.1)

and

XO 4 B XW 4 By X +0(X) + By X +H(X) = Py(t),  (1.2)
in the real Euclidean space R™ (with the usual norm denoted in what follows
by |.||) where Ay, As, By, By, By are constant n X n— matrices; F, G, ®,
H € C'[R",R"] and Py, P, € C°[R, R"]. The matrices Ay, A3, By, B and
By that appeared in (1.1) and (1.2) are symmetric and the functions Py, P,
are both w-periodic in ¢, that is P;(t + w) = F(t), (i = 1,2), for some
w>0and all t > 0,t € R. Let J(X), J,(X), J4(X), Ju(X) denote the
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Jacobian matrices corresponding to the functions F(X), G(X), ®(X), H(X)
respectively, that is J;(X) = (gg;), Jg(X) = (85”) Jy(X) = (8@) Jp(X) =

(5o2) where (a1, 22, .. ), (E1 B )y (fr fore o fu)s (1,020 G),
(61,¢2,...,¢0n) and (hi, hg,. .., hy,) are the components of X, X, F, G, ®
and H, respectively. It will be further assumed as basic throughout the
paper that J¢(X), Jo(X), Js(X), Ju(X) are symmetric (for arbitrary X €
R™), so that their eigenvalues, which we denote respectively by A;(J4(X)),

Xi(Jn(X)), (1 =1,2,...,n), are all real.

In 1983, Ezeilo [5] discussed the existence of periodic solutions of the

non-linear vector differential equations
X 4 A) X 445 X +43 X +G(X) = Py (t)

and
X® 4+ B XW 4+ By X +B3 X +B4 X +H(X) = P3(t).

According to the our observations in the relevant literature, we did not
find another research with respect to the continuation of results established
by Ezeilo [5]. It should be noticed that our results extend that obtained
in [5]. However, till now, in a sequence of the works periodic properties
for various third-, fourth-, fifth-, sixth-, seventh and eighth order certain
nonlinear differential equations have been the subject of many investigations.
(See, for example, Ezeilo ([4], [5]), Tejumola [9], Tung ([13], [14], [15], [16]),

and the references cited therein.)
We establish the following results.

Theorem 1. In addition to the fundamental assumptions imposed F

and G in (1.1), suppose that following condition are satisfied:

Let 6p = max‘ ofi ‘ where J;(X) = ( f ), and suppose that there exists
J

a constant aq > 4n252 such that

Xi(Jg(X)) > aq fori=1,2,...,n and for arbitrary X € R". (1.3)

Then there exists at most one w-periodic solution of (1.1).
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Theorem 2. Assume that By is definite (positive or negative) and let

ﬁl = in,f)\i(Bl) or — SupAi(Bl),

according as By is positive or negative definite, where \;(By) (i = 1,...,n)
are the eigenvalues of B1. Let

2

Lj

D

, where Jg(X) = (8 7,

).

Yo = max
i,J

Suppose that there exists a constant By > %n%gﬁl— Y such that
kiXi(Jp (X)) = B2 (1.4)

where

by — +1, if By is positive definite
T —1, if By is negative definite.

Then there exists at most one w-periodic solution of (1.2).
We need the following algebraic result
Lemma. Let A be a real symmetric n X n matrixz and
a >XN(A)>a>0(i=1,2,...,n), where d’, a are constants.
Then

a (X,X) > (AX, X) > a(X, X)
and
d? (X, X) > (AX,AX) > d* (X, X).

Proof. See [17]. O

2. Proof of the Theorem 1

Let X (t), X2(t) be any two solutions of (1.1) and set

Y(t) = Xa(t) — Xa(t).
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Then Y = Y () satisfies the differential equation
YW LA Y +S(1) Y +43 Y +R()Y =0 (2.1)

where the matrices R(t) and S(t) here are defined by
1
RO = [ 2,000 + o(Xalt) = X))o (2.2
S0 = [ 705 0+ 0% (0= %1 ()i (2.3)

respectively. If (.), here and in what follows, denotes the usual scalar prod-
uct in R™, that is (U, V) = > | wjv; where (ug,ug, ..., uy), (v1,02,...,05)
are the respective components of U,V € R™, it is clear, from the fact of
Jy(X), J;(X) being symmetric for all X, X, that R(t), S(t) are symmetric
and then from conditions of theorem that

(ROU,U) > a1||U|? (2.4)
and
(SHV, W)

v

—don|[V[[[W]] (2.5)

for all ¢ and for arbitrary U, V,W € R", respectively.
We shall now prove that, subject to (2.4) and (2.5), the equation (2.1)

has no nontrivial w-periodic solutions, which will thereby verify the theorem.

Let then Y = Y'(¢) be an w-periodic solution of (2.1) and consider the
scalar function § = 0(t) defined by

6 — <Y,Y> - <Y,Y> _ <Y,A1 Y> - % (Y, A3Y) + % <Y,A1 Y>.
We have, by an elementary differentiation, that
b=V IP + (SOY.¥) + (RO, )
thus

6 = Y I+ ar[Y I = donl Y[ ¥ |
; 1 2 1 2,2 2
i — — > .
(17 1= Z0nlY 1) + (a1 = 70802 IVI2 =0, (26)
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since

1
o > anég.

Thus 6(t) is nondecreasing in ¢, and, being bounded (in view of the continuity
and the assumed w-periodicity of Y (¢)), it therefore tends to a unique limit

as t — oo. In particular, since
0(t) =0(t + Nw) (2.7)

for arbitrary ¢ and for any integer N, it follows then on letting N — oo in
(2.7) that 6(t) = constant, and therefore that

0(t)=0 (2.8)
for all t. It is clear from (2.6) and (2.8) that
Y(t) =0 for all ¢

and the theorem now follows. O

3. Proof of the Theorem 2

The procedure here is similar to that used above in section 2. If X (¢),
Xo(t) are any two solutions of (1.2), then Y = Y (t) = Xa(t) — X (t) satisfies

the equation

YO £ BYW £ BV +M®#) Y +B4y Y +N(#)Y =0 (3.1)

where N(t) and M (t) are the symmetric matrices defined by

N(t) = /0 I (X2(6) + o (Xat) — X1 (1)) )dor (3.2)

and
1 .e .o ..
M) = [ 3% 0 + 02 (0= %1 (1)) o (33)

respectively.
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If (1.4) holds, then
ky (N()U,U) > B2||U||? for all ¢ and for arbitrary U € R™; (3.4)

and the objective once again will be to show that, subject to (3.4), there are

no nontrivial w—periodic solutions whatever of (3.1).

Let then Y = Y'(t) be any w—periodic solution of (3.1) and consider the
scalar function 1) = 1 (t) defined by

Y = <Y,Y> + <Y,31 Y> - <Y, Y +B1Y +B; Y>
2 (ByY) - L (V.¥) - LBy,
It is a straightforward matter to verify that
b= (B1Y, ¥ )+ (NOY,Y) + (M@ V.Y,
so that, by (3.3) and the definition of ~,

Y 2 Bl Y P+ BellY P = ~onll YY)

v

Lo 2 1
o (17 1= s V1) + (82— ggsrt ) IVIP 9

if By is positive definite, and

v < =Bl Y|P = BellYIP +onll YY)

2
o1 (19 1= s IV1) = (5= g2adat ) VP (30)

if By is negative definite. Thus, since 8y > %n%gﬁf L. 4(t) is monotone
(increasing or decreasing according as By is positive or negative definite) in
t, and, being bounded, thus tends to a limit as t — co. As before this implies
that 1(t) = constant for all ¢, and in turn, therefore, that

¥ (t) = 0 for all ¢. (3.7)

It is evident from (3.5)-(3.7) that Y (¢) =0 for all ¢, and the theorem
follows. O
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Remark. In the special case when the matrix J;(X) = (%) is diago-
J
nal, the estimate (2.6) can be readily refined to

. L1 2 1
2 (17 1= 50lY1) + (o= 708 ) 1Y IP

so that Theorem 1 holds here subject to the weaker condition aq > %5(2) on

G.

Similarly if the matrix J4(X) = (gi’z) is diagonal, the estimates (3.5)
J

and (3.6) can be relaxed respectively to

v

v

2
o (19 1= g0 1Y 1) + (82 - 3 ) IV

v

IN

L1 2 1
60 (19 1= 32080171 = (8- oo ) I IP

so that Theorem 2 in this case holds subject to the weaker condition 8y >

1 —1
178 By
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