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POMPEIU PROBLEM FOR COMPLEX ELLIPSOIDS
ON THE HEISENBERG GROUP
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Abstract

We extend results of the Pompeiu problem on the Heisen-
berg group H" from spheres to complex ellipsoids. These results
also tell us what happens for spheres and complex ellipsoids on
the anisotropic Heisenberg group, HZ?. The results for L% LP,
and L* have the same character as previous results for spheres
on H". However, when moving to L* and including rotations, we
maintain the result from Euclidean space that only one complex

ellipsoid is needed.

1. Introduction

In its most basic form, the Pompeiu problem asks under what conditions
will the vanishing of integrals

/ f(x)do(x) =0 for all ~ € {rigid motions},
vS

allow us to conclude that f = 0. In general we are asking about properties
of the set S, as well as the function space for f. Sets for which the above
integral conditions imply f = 0 are said to possess the Pompeiu property. It
is known, for instance, that if S is a ball, it does not possess this property.
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However, the property is recovered by using two balls of appropriately chosen
radii, [20]. In extending the Pompeiu problem to the setting of H", this
is the result that has been studied. A similar theorem of two radii (with
conditions for appropriately chosen radii) has been established when working
with the space of functions L, [1, 3]. But for the space LP;1 < p < 0o, one
radius is enough for the property to hold, [6, 8]. However, in the setting of
Euclidean space, much more is known about what sets do or do not possess
the Pompeiu property. The paper of [10] established that sets with a corner
possess the Pompeiu property. The results and methods there also lead to
the conjecture [19] that the ball is the only set, among those whose boundary
is homeomorphic to a sphere, which does not possess the Pompeiu property.
One main aspect of the ball is the invariance under rotation, and thus we
do not pick up the extra information in the integrals. The paper of [10] also
proves that, although ellipses do not have any corners, they do possess the
Pompeiu property. This is the result we extend to the setting of H™.

To handle this question on H" it will be necessary to move beyond the
radial case. Up to this time, all the research for this problem on H” has dealt
either with the ball (radial) or the solid torus (polyradial) in C™. This is a
first effort in an attempt to look at the Pompeiu problem on H™ for other
regions. In this paper we consider only complex ellipsoids. Nevertheless, we
are able to bring forth an important aspect of the Pompeiu problem to this
setting, the issue of rotations of the set. Rotations are an essential aspect of
the Pompeiu problem, but not previously considered in H"”.

We mention the close connection between our problem on complex ellip-
soids in H™ and the Pompeiu problem for spheres in the anisotropic Heisen-
berg group. This connection is not surprising since a sphere, when dilated
separately in its variables, gives an ellipsoid. Anisotropic Heisenberg groups
arise naturally when we study geometry of strongly pseudoconvex domains.
Throughout the paper, our results will also be translated into this setting,
where possible.

The paper is organized as follows. In Section 2, we will recall some
basic properties of anisotropic Heisenberg group and Laguerre calculus on the
group from [4, 9, 15]. Inspired by a method developed in [2], we show that in
L? the Pompeiu property holds for one complex ellipsoid (without rotation)
in Section 3. By establishing a convolution relation between a bounded
spherical function and the distribution representing the Radon measure on
the complex ellipsoid, we are able to extend to the case of LP, 1 < p < oo
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in Section 4 by applying arguements used in [6]. Finally approaching the
L case we describe the Gelfand transform appropriate for the anisotropic
Heisenberg group. Applying it, we get a two radii theorem for complex
ellipsoids (without rotations) in H". We then address the issue of rotation

and prove a one radius theorem when rotations are included in Section 6.

2. Anisotropic Heisenberg Group

We introduce anisotropic Heisenberg groups HJ for a € R",a; > 0,
followed by some of the techniques used for analysis on this space. The
special case where a = (1,...,1) gives the isotropic Heisenberg group H",
used in previous work on the Pompieu problem, such as [1, 2, 3, 6, 7, 9, 11].
We begin by giving the group law for the Heisenberg coordinates: {[z,t] €

C™ x R} with the (non-commutative) group law

z,t] - [w,s] = [z+w,t+ s+ 2Im Z a;zjW;] . (1)
j

Let us define, for a as above, the anisotropic norm ||z = > i1 ajlz;|? on
C". We note that the space H? may be identified with the boundary of the
upper-half space Q,11 = {(z,2) € C"" : Im2z’ > ||z||2} by the mapping
[z,t] — (z,t +1i||z||2), and that () defines a group action on €,,1. We note
the space of left-invariant vector fields on H} are spanned by Z; = % +
iajij% and Zj = a%j —iajzj%, for j =1,...,n, together with the “missing”
direction T' = % generated by the commutators [Z;, Zy] = (aj + ay)id; ;1.
We define the sub-Laplacian for H as follows:

Oa = _Z(Zij+Zij)
= _Z a2-|z-|28—2—|—2a» z.i_z.i
N 0z (97 7T g2 ot J(‘)zj 382]- ’
In the case where ¢ € C3(H™), this reduces to

- _ - 0? 2 2
Oatp = Z(az] -6+ a5z atzqs)

j=1
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since zja%jgzb = Zja%jgb for such polyradial ¢.

We now express two versions of the Pompeiu problem which are nearly
equivalent. In Sections 3 to 5, these are considered in the context of using
only translations. However, in the final section, we consider what happens
to these issues when rotations are also included. For now we restrict our
attention to translations only, for which the integral conditions are given
below. In the first case, we consider a solid complex ellipsoid Ey,,

Ep = {(2,0) € C" x {0} : |21 /01> + - + |2/bn|* < 1},

translated by the isotropic Heisenberg group H". This corresponds to inte-
gral conditions of

/ Lgf(2,0)dun(z) =0 for allg € H” (2)
Ey

in the Pompeiu problem. Here Lg is left translation by the element g and
b is volume measure on the solid complex ellipsoid. The second case we
consider is integration over a ball B,

B, ={(z,0) € C" x {0} : |z| <7},

translated by the anisotropic Heisenberg group HJ for some a € R",a; > 0.
The integral conditions for the Pompeiu problem are then expressed

/ Lgf(2,0)du,(z) =0 for all g € Hy. (3)
We note that, for b?> = a, i.e. a; = b?, the F) can be expressed as {(z,0) :
[Z]l1/a < 1}, and this establishes a connection between the integrals in (2)
and (3). Throughout the paper, we will use the convention that b? = a. It is
also possible to consider integration over a solid complex ellipsoid translated
by the anisotropic group. In this case we write Eq, with no general relation
between d and a. We then have integral conditions

/ Lgf(2,0)dpa(z) =0 for all g € HY (4)
Eq

for the Pompeiu problem. We will focus on integral conditions (2), but will
also look at consequences of such computations for cases (3) and (4).
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The techniques of our analysis come from harmonic analysis for the
group H", and more generally H],. We now address some of the tools which
will be used within the paper. Define the partial Fourier transform in the ¢

variable as follows:
Pa)= [ i@,
R

We also define a A-twisted convolution, which displays an important relation
between convolution and the partial Fourier transform. Given f, g € L?(HZ),

define the twisted convolution as follows:

(£ 9) @) = [ e =M o) — wyg(ww)m(w),

where (z,w) = Y7
show that

=1 02 W;- It is then a straightforward computation to

(f * 9 Mz) = (F** §)(2).

We introduce an orthonormal basis that behaves well under this twisted con-

volution. We have the following dilations of exponential Laguerre functions.

n
Wik(z) = cge > TT 0, 1 (47 |\ ;24 [?),
j=1

where ¢y = (1/4A\])". For each A € R* = R\ {0}, the set {W)(z) :
k > 0} forms an orthonormal basis for L3(C") = {f € L? : f(ez) =
f(z) for all ¢ € [0,27)",z € C"}. Furthermore they relate under A-twisted

convolution as follows:

P

W} W) (2) = (; Tl
0

n max(j;,k; —1/2 . .
where C;\,k =1, ((47r|,\\)\ﬂfk T ((mn)l(((]]z Z)))) ) . The function Wj’}k(z) is
defined by

2 k :
WA (2)— e 2rIAIal: Hax] ()L (M) for 420 |

J7
Wkd( z) for A<0
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for xm(z) = 2™ for m > 0 or z™l for m < 0. Note when j = k, the only
case of non-vanishing of the convolution, W)‘k = W>‘ Wk, which is in the
original orthonormal basis. We will make use of thls orthonormal basis in
conjunction with the partial Fourier transform for the case of functions in
L2

In analysis of LP(HY), 1 < p < oo, we begin with the joint LP spectrum
of the operators £ and iT". This spectrum is the complement of the set of
(A, 1) € C? such that there exist LP bounded operators A, B with A(A —
L)+ B(pI —iT) = 1. This may be described as (A, i) such that (AI — £)
and (uI —4T") are not invertible. Using Laguerre calculus, we find the joint
eigenfunctions

G (2, 1) = ()" N NI TT LD (2(wd)ay ),

where A > 0 and where w = T2 1 as in [9, 12]. It is shown that
J

spectral projection along rays

Py +(f) = /OOO f* ¢ﬁ,i(zat)d)‘

is bounded in HP, for 0 < p < oo for every k € (Z;)". Using these spectral
projections, we may form the Abel means

—hmz |k/ f(z,t) * ¢k++¢k )

k>0

as in [9, 12], which are bounded in L? for 1 < p < oo.

For the function space L*°(H"), our tool will be the Gelfand transform
on L{(H™), as used in [3]. This transformation is defined by the characters on
the commutative Banach algebra L§(H™), which are determined by m(f) =
Jegn £ g)dm(g), where the v are the bounded T"-spherical functions on
H". These are

Y (z,1) = 2 M2 TT L0 (4m|A||5[2)  for (A, k) € R* x (Z4)",
j=1

and
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Thus for f € Ly(H"), the Gelfand transform f is defined by
fk) = | J(@)vi(e)dm(g) and [(0:p) = | f(g)T,(g)dm(g).
This transform f is a function on the Heisenberg brush,
Ho = |J {OLIA(4k1 +2),.. |A[(4k, +2)) : A € R*}

ke(Zy)m
U{(Ov p%v s ,P%) pE (R+)n}7

where the point (A, [A|(4k1 +2), ..., |A|(4k, + 2)) coresponds to i and the
point (O,p%,...,pi) corresponds to J,. Finally, we require the following
Tauberian theorem in our application of this transform, [17].

Theorem 2.1. Let T be a closed ideal of L§(H™) such that

(1) For all (\, k) € R* x (Z_)", there exists f € T such that f(\ k) # 0.
(2) For all p € (Ry)™, there exists f € T such that f(0;p) # 0.

Then T = L§(H™).
This completes the description of tools we will use in analysis on H™. In

Section 5.2, we will also describe a similar Gelfand transform for the space
Lo(HY).

3. Caseof LP, 1 < p <2

We begin with the case of L? and follow the methods of [2], which
are based on the partial Fourier transform and its relation to the twisted
convolution, along with use of Laguerre series, as described in Section 2. We
have the following theorem.

Theorem 3.1. Let f € C(H") N L*(H"). Let b € R™, each b; > 0,
and Ey, the complex ellipsoid, as defined above, with volume measure .
Assume the vanishing of the integrals in (2), that is,

/ Lgf(z,0)dun(z) =0 for all g € H".
Ep

It follows that f = 0.
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We now observe that to prove Theorem 3.1, it is sufficient to prove it in
the case where f is polyradial, i.e. f(ezy,...,e 2, 1) = f(z1,...,2n,1)
for each (61,...,0,) € [0,2m)". To achieve this reduction, we use the ap-
proach of [ . Apply the radialization operrator Rg defined by (Rof)(z,t) =
f027r . 0 T f(ez,t) d% )d(b” The result Rqf still satisfies the integral con-
ditions (2) and furthermore is now polyradial. Proposition 3.2 will then
imply (Rof)(z,t) = 0. And this implies in particular that (Rof)(0,0) =
f(0,0) = 0. Since Lgf, for each g € H", will also satisfy (2), we find that
(RoLgf)(0,0) = (Lgf)(0,0) = f(g) by applying the above to Lgf. Thus
by using radialization operators, we may assume f is 0-homogeneous. Thus,
the proof of Theorem 3.1 will be complete once we establish Proposition 3.2,

below.

To prove the following proposition, we follow the method of [2] to demon-

strate that the integral conditions will imply f = 0.

Proposition 3.2. Suppose fc C(H")NL?(H") and f is 0-homogeneous.

If f satisfies integral conditions
/ Lgf(2z,0)dun(z) =0 for all g € H",
Ey

then f = 0.

Proof. We write the integral conditions (2) as the convolution equation
f *Tp(g) = 0, where Ty, is the distribution defined by the measure u(z)
on the complex ellipsoid Ey, as follows: (¢,Tp) = |, B &(z,0)dup(z). Since
f € L? and T}, has compact support, it follows that f * Ty, € L?, and we

apply the partial Fourier transform in the ¢ variable.
(f * Tp) Mz, \) = / e~ ImiN f(z—w,t —2Im Z zjw;)dpp (w)dt
R Ep
_ / e—47ri)\IH1 (z,w) </ e—27ri)\tf(z —w, t)dt) d,ub(w)
Ey, R
= (P4 1) (@),

where «* represents the A-twisted convolution defined above. Using that f A

is also 0-homogeneous, we expand in the Laguerre series fA(z) = >iz0G(A)
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Wj)‘(z). The convolution equation may then be rewritten as

(f + To) Mz) = D (0 (W3 T (2).

j=0

Our goal is to show ¢j(A) = 0 for all j > 0 and a.e. A € R*. After expressing
(WJ?‘ ** Ty,)(z) as a series > k>0 w; k(AW (2), we find

(%) (2) = D60 ( X wxAR (@),
The coefficients wj () are detJermined as
w) = [ (W B) @WE)dn)
= L (L e e o i o)) Wi o)

= : Wj)‘ AW (W) d i (W)
b

)
Siac s [ )i
! (63)2 Ey te

These only contribute to the series when k = j, and the series reduces to
p 1
) =) a) I a kW (a),
k>0 ‘o
where the integral
9 n
Ivat) = [ eI TT 2 (Al P ()
By, i
remains to be evaluated. With some simplification the integral becomes

n

I0vad) = [ e IE TTLO i) (w)
By o1

T om AR 2
= /|‘|<1He 2 \)\|bj‘ 5 b?-L](;j)(ZlW‘)\‘b?’Zj’2)d,u,1(z)
z|<1 50
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n n

_ _T —a;23/24 10 (g o
= e W%l a; L) (ajx;)dey, . .. dry
(4| A[)™ /ij§4wA|j1;[1 IRy I

1 4 —a1x1/2 (0)
= )y ek o)
0

47| N —z1 )
v / e—a2x2/2a2Lk2 (agxy) X - -
0
Am|N|—z1——Tpn_1
_ 0
X / e C””In/zanLl(Cn)(anxn)ala;n ...drodr:. O
0

We now make the following claim

Lemma 3.3. The above integral I(\, a, k) is real analytic in the variable
A and thus has isolated zeros in this variable. The integral may also be

expressed as

n

(30 €72 Pag (471D + Cae).

j=1

1
(4"

I(\ak) =

where Py j(x) is the polynomial of degree kj +n — 1 defined in the proof

below.

Proof. We first show real-analytic by using power series. Then we
make more explicit computations to show the integral yields an exponen-
tial polynomial, as claimed. First, look at the integrand as a power series
in the variable |A|, which is convergent for A € R*. After successive inte-
grations, we observe the result remains a power series, convergent on the
same region. It follows that I(\, a, k) is real-analytic in the variable A, as
claimed. Since there are n integrations, we perform the first and establish
the pattern for the others. First observe that for n = 1, the result that
a fol e—27r|)\\ale(€0) (4| Aazx)dx is real-analytic, and in fact gives an exponen-
tial polynomial, was demonstrated in [11]. For arbitrary n, we can write the

integral
1 0 1—x1 0
/0 e 2mMarz L}(ﬂ) (47| Maiz) /0 6_2”‘)‘|a2m2L](€2) (4| Nagxs) - - -

l—z1——xp—1 0
« | 2 1O (4[N g, .
0
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as a power series in A. We use that

km

(4 . .
6‘2”‘A|“mrmL,ESZ(47r|>\|amxm) = Z Z Chiyn £ ﬂim ]HI)\PM
Jj= 0 =
b . .
= P+ Z el rhm A+
=0 7

for m = 1,...,n, where ¢, s = W% is the ¢t coefficient of L,(gr)l(x),
and

b 47Ta Yitkm i": Clirm 7!

m,j — = km—ﬁ ] —I—f)

For our purposes it is good enough to observe this is bounded by |by, ;| <
c(2ma,,)?2F. Note that P is a polynomial of degree k,, — 1 and does not
affect issues of convergence. To simplify matters, we leave out these first

km — 1 terms of the series. Now we need to look at the integral

1 1
I(\ak) = / e~ 2@z [0 (47| Ny 2y) / e~ 2Naze2 10 (47| N agay) - -
0 0

l-x1——Tn_1 0
» / e—27r\>\|an:anl(€n) (47T|)\|an$n)d$n ... dzodr;
0

by rewriting as series and evaluating, beginning with the inner integral.

o0

l—z1——zpn_1 by, X .
/ Z ’-7'" x]n"l‘ n|)\|]n+
0 ]n-

Jn=0

(1_1'1_..._1'”_1

Z  Jn!(n + k +1)
By writing as a series and multiplying, the next integral

Sn—2 0)
/ —27r|)\‘1‘n IL( (47T|)\||33n 1| )
0

o0

S b | |
% ,In STL— — Ty ]7L+kn+1 )\ ]n"l‘kn> d n—
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then becomes

Sn—2 > b . . .
n—1,jn—1 jn—1+kn—-1 Jn—1+tkn—1
/ ( § : . | Thn—1 |/\| )
0 jna=0 L
X( § - . yJn S 9 — Tp_1 ]7L+kTL+1 )\ ]n"l‘kn>dx 1
jnzojn!(]n+kn+1)( " n1) A "

oo

in—1+Jjn+kn—1+kn
= Z bn_17jn_1bnyj7b‘)\‘] ' '
jnflvjn:(] ]n_lljn'(]n + kn + 1)

Sn—2
jn—1+kn—l in kn 1
X(/ Ty (Sn—2 - xn—l)] Tt dxn—l):
0

where S,,, = 1—x; —---—z,,. Iterating for all n integrals, we have (), a, k)
expressed in terms of a series. Except for certain lower order terms, which
do not affect convergence and are excluded, it is given by

o0

E by Ji bn] .
2. sJn . )\ |,]‘+|k‘
jl']n'(]n+kn+1) (/8J7k)| |

jlv"'vjn:O
o] . .
S S by, R et R S—
) sJn | - . !
Jseendn=0 Jr Jn! (3] + k[ +n)!
e’} . .
— |l T G DL O ) 1 §
r=0 (jlv"wjn)':T

where

1 h l—z1 | ik Sn—2 . Tk )
11TK1 2T R2 In—1 -1 ] 1
ﬁj,k:/ ] / z / wy T (S — @) gy
0 0 0

(1450) Gt +em 1) (G-l -+7)!
(31+[k[+1)! . After

collecting terms based on powers of A, this series becomes ZfioBrP\VHk',

is a (beta) integral, which equals to

where

U1+ k) Gn +Fn)! L
il Gl (1 K+ )l

B, = E : b17j17 s 7bn7jn
|(j17"'7jn)|:T

where each |b; ;| < (2ma;)™ . We now observe the series will be real-analytic

in A based on the decay of coefficients. To apply the ratio test, we reduce
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Bry 1A+

B This gives us

|>‘|E\j|=r+1 b1j1 - bnjn il T ga

(r + k| 4+ 2) X5y by by, Lol )

To simplify the comparison, we write the sum in the numerator in the form

it k)! Ut k)
S by by, PR
‘(]177]77,)':7‘-‘1-1 1 n-

= E b1,j1+1b2,j5 *+ + bn g,

|(g150dn) =7

Gtk + DG+ k)l (i + k)
(j1 +1)! J2! Jn!

jo + kao)! in + kn)!
+ Z b27]2 U bn?j7L (]2 2) e (j . )

N n
1 ) = 2' .
‘(07]27~~~7]n)| T J In

Thus, our ratio,

_ o (Jitk)! (ntkn)!
‘)“Zm:r—i-l brjy - b, T ga

itk NS
(r+ k[ +n+1)> 52 b1 b (]1;11) U ;';! )

becomes the sum of two fractions. The first is

. ) C (itkiD)! (o +ko)! (Ginthn)!
Zm:r b17]1+1b2,]2 ce bn,]n Gi+1)! Jol e g
p . GitkD)! Gntka)!
2fil=r L+ b =5 i

and for this one we may apply a term by term comparison

(J1+ki41)! (Gatk2)!  Gntkn)!

b1ji+1b2,s - bng, —GIADT o W _ btk
b1,j1b2,55 - - bnjn (jl-}-ilfl)! (j2-}-1'€2)! o (jnji-l'fn)! bi1.j, g1 +1
Ji: J2: In:
b1,; .
Here we also use that |%| = 2ma;. Thus for this first term, we have
271
> lil=r+1 %

< 27Ta1(k‘1 + 1),

2 Jjl=r %

where Oéj = bl,j1 e bn,jn
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The second term is

oy Gatk)! o (Gntn)!
Z\(o,jz,...,jnn:rblyz bwn 72 Jn!

> P N itk Gntkn)!
|(715325-dn) =T 11 Jn J1! Jn!

Here we observe that the sum Z\(jl aj contains each term in the

7j27"'7j’n)|:r
sum Z\(o, Joreojn)|=r Qo plus many additional terms. It easily follows that

2. w< )
‘(07j27“'7j7b)|:r ‘(j17j27"'7j’”)|:r
It therefore follows that

z‘(ovj%---y‘jn)l:?” aj

<1
Z‘(j17j27~~~7jn)|=7‘ Qj

Adding these two terms together, we have

2 ljl=r+1 %
2 Jjl=r

<2may(ky +1) + 1.

B, 27t A
S < A 2rar (k1) + 1],

Clearly, for any A € R*, this goes to 0 as r becomes infinite. This implies

Thus for the ratio test, we know

the convergence result.

Using the Laplace transform, we can obtain a more explicit evaluation of
the integral. First rewrite the integral based on filling out the solid ellipsoid
by surfaces which are ellipsoids, with a varying radius. We can then use

convolution, as follows

Ivat) = [ e TT L0 s ) (2)
Ey

j=1
n

:71-”/ 2”‘)‘|“JTJa L (471\)\\(1] ])27’1d7’1 2rpdry,
Yri<iihy

n n

T 1
_ | | —a;z;/2 0/ . 2n—1
(47T|>\|)”/o </zxj_4m|r 0L (aﬂ])dwn_l'”dm)r a

1 ! e
:(4‘)\‘)71/0 (IT70()\,a,k))r2 Lar
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where

47| \|r2 0) 4Am|N|r—zq 0)
IT,O :/0 €_a1w1/2(l1Lk1 ((Ill’l) |:/0 e_“”?/zangQ (CLQJL’Q) .

47T‘)\|7" —T1— T Tn-—-2 /2 (0)
—Qp—1Tpn—
X/ e nottnot an—lLknil(an—lxn—l)
0

> €_a7L(47T|)\‘r2_x1_M_In_l)/2anL](€(i) (an(47T‘)\‘T2 = — xn—l))

d:L'n_l e d$2:| d:L'1
Thus I (), a, k) may be expressed as
1 ! 2\, 2n—1
I()\,a, k) = W/O [falykl kooee 3k fa/7L7kTL] (47T|>\|7‘ )7‘ n- d'f',

where the middle integral I, is evaluated as a convolution of the functions

Fay e, () = 79"/ Q%ng)(%t)-

To compute this integral, we apply the Laplace transform, [L(f)](s) =
JoT e s f(t)dt. Note that the formula E[L,(S)](S) % (see [13]) im-

k.
plies that L[fq; x,](s) = % We now apply the Laplace transform
S aj

to this convolution.

n S 1 k’

(& —3)"

‘C[falykl*“'*faqukn] (s) :E[fahkl] X+ fan7 n :H i )k
Then to find I(A,a,k) we need only apply the inverse Laplace transform.

This can be achieved using residue calculus. We let

(ﬁ _ %)lﬂ (% _ %)kn

S)=
(%_‘_%)kl‘i‘l . (afﬁ'%)kj_lﬂ(ﬁiﬁ'%)kmﬂ . (%_‘_%)er'i‘l’

and then we have the following.

n

Lo(\ak) = £~ [H

Jj=1

(s/a; —1/2)%
(s/a; + 1/2)kit! Li=dn|x
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- ( zn: Ress——a, /2 [eSt@k’a’j(S)] >t:47r|)\\

j=1

- ( zn: e~ 2 Nay Qa,k,j(4ﬂ'|)‘|)) )

J=1

kj  DNirey . i(—aj/2)

=0 (T t*.  After one
— )]

where each polynomial Qax ;(t) = >
more integration, we have

n 1
I()\,a, k) = (4|>\|)—n Z/ 6_27T|>\‘aﬂ2Qa,k7j(47r|>\|7‘2)7‘2n_1d’r
j=1""9

n

= (@A) [ D0 €2 Py (4mIA)] + Cae
j=1

where the polynomial P,y j(x) is determined by the integral
1 2
/ (6_2”|>““j’” Qa,k7j(47r|)\|r2)) rn =ty = 6_2”|>““jPa,k7j(47T\)\\) + Cak,j-
0

Clearly, all of these terms are exponential polynomials, which also are real-
analytic in A for A # 0. This completes the proof of Lemma 3.3. (]

The proof of Proposition 3.2 now follows quickly, once we recall that for
each \ € R*,

. cx (A
P =3 810 @)
k>0 €0
Since the set {W(z) : k € (Z4)"} forms an orthonormal basis for L3(C")
for each A € R*, we have that cx(\) - I(A,a,k) = 0 for each k € (Z;)™ and
for each A € R*. Since we know the zero set of I(\, a, k) is isolated, we
have that, for each k € (Z4)", ck(A) = 0 for a.e. A € R*. Recalling that
A 2) = S M)W (=), this implies that f* = 0 and thus f = 0. This
completes the proof of Proposition 3.2.
The following corollaries follow from applying the above procedure to

the cases (3) and (4) of working over anisotropic Heisenberg groups.

Corollary 3.4. Let a € R™ such that each a; > 0, and let f € L*(HZ).
Let B, be the ball B, = {(z,0) € C™ x {0} : |z| = r} with volume measure
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Wr. Assume f satisfies the integral conditions (3), that is

/ Lgf(z,0)dp,(z) =0 for all g € Hy.

T

Then it follows that f = 0.

Proof. Use the same steps as in the proof of Theorem 3.1, but when

evaluating the integral, we now have

I\ ak,r) = /

T

—2m|\|[|wl2 - 7(0) |2
e Ha]ij (4| Alaj|2;]7)dpr (W)
‘]:

It is a straightforward computation to see this reduces to the same integral
described prior to Lemma 3.3, with A replaced by rA. Applying Lemma 3.3,
we obtain the real-analyticity in A that was needed for this step. The rest
of the proof goes through as above. O

Corollary 3.5. Let a,d € R" such that each aj,d; > 0, and let
fe L2(HZ). Let Eq be the complex ellipsoid Eq with volume measure pq.

Assume f satisfies the integral conditions (4), that is
/ Lgf(2z,0)du,(z) =0 for all g € HY.
Eq

Then it follows that f = 0.

Proof. Again the same as above, but now the integral becomes

Ivad k) = [ e 2 NIVE T 0,20 (amNas 2 Pdpa(w)

Ed ]:1

n

=4\)™" / H e_ajdixj/zajdgL,iq) (ajd?a:j)da:n codr
> zy<dn|A| ;2 ’

which is of the same type. After reduction, we may again apply Lemma

3.3 with the ajd§ in the integral here becoming an a; in the integral of the

Lemma.

Note the results in this section also extend to LP for 1 < p < 2 by usual

approximation argument (see [2] and [3]). O
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4. Case of LP, 1 < p < o©

Strichartz has demonstrated that, in regard to the joint spectrum of the
operators (0 and i7" on the isotropic Heisenberg group, the L? spectrum and
the LP spectrum for 1 < p < oo are the same [18]. This property carries over
to anisotropic Heisenberg groups as well, and thus we may expect that our
theorems for the function spaces LP for 1 < p < oo will be in essence the same
as that proved above for L?. In particular, we apply the method of [6], where
a one radius theorem for LP(H") is given. This allows us to prove that one
complex ellipsoid possesses the Pomepiu property for LP(H™), or equivalently
anisotropic Heisenberg groups LP(H[) have a one radius theorem. We will

use the LP methods described above in Section 2.

The important property from this material is the LP summability of
f € LP(HY) in terms of its spectral projections, as given in [12]. Although
each (A, k) € R* x (Z4)" is part of the spectrum, for a projection bounded
in LP, we must project along the ray A > 0 or A < 0. The projections are
then defined by

Bes(f) = /O T ) (),

and

P (f) = /Ooo(f * b _)(2,t)dA.

where qﬁﬁ’i(z,t) = c|A[retirte—Mlalla J L,g?,)(2|A|aj\zj\2), for A > 0. For
f € LP(H™), we may then write

flat) = lim S o (£)(2,) + B (£)(z:1)).

This summation interacts with a property we establish for the exponential
Laguerre functions wﬁ in regard convolution with the measure 7}. Using
these together with the real-analyticity of the integral in Lemma 3.3 we

extend Theorem 3.1 to a “one radius” result for LP.

Let us first establish the convolution relationship.

Lemma 4.1. Let b € (Z,)", each b; > 0 and Ty, the Radon mea-

sure associated to the complex ellipsoid Ey,, as above. For each exponential
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Laguerre (A k) € R* x (Z4)", we have
(ke * Tb) (z,1) = h()\ K, a) - vii(z, 1),

where h(\, a,k) = cI(\, a,k) is proportional to the integral calculated above

i Lemma 3.3.

Proof. We compute this by direct calculation using Laguerre series and
the twisted convolution of such exponential Laguerre functions. Note that
another way to do this would be to use properties of spherical functions, as

was done in [7]. We begin by computing

<¢ﬁ * Tb) (z,t) = : T,Z)ﬁ(z —w,t—2(z,w))dup(w)
(VA [ D W a — w)da (w)
Ep
e27ri)\t

- / e—47ri)\<z7w>wl){\(z _ W)dﬂb(w)
Ey

(VA"

e27ri)\t
— I\ Kk b)(2).

(VA"

Noting that this integral is 0-homogeneous in the variable z, we expand this
integral as a Laguerre series I(\, k,b)(z) = ijo yj,kAWj)‘(z), and compute

the coefficients v ik x, which are given by
Ber = [ T bY@} (@)dm(z),
We have, for A > 0,
ik = / T K D)W (2)dm ()

_ /E ( / AR AW (W — 2) W () dm(2) ) dpn (w)

:/Eb ((Wf{‘ 5 Wj)‘)(W)>d,Ub(W)

:ch’chj,k /E Wﬁ‘ (W)dpp(w).
b
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Thus
1

(VA4AD"

A

4 ([ b W) din () ) 2 NWRa)

:h()‘7 a, k)@ (27 t),

(wﬁ % Tb) (2,1) = I\ k, b)(2)eX MW ()

where

hnat) = [ LR LR i )i 2,

which is evaluated in the lines prior to and within Lemma 3.3. We mention
that the case of A < 0 is similar. Since we have shown (Yp * Ty,)(z,t) =
h(A, a, k)wﬁ(z, t), this completes the proof of Lemma 4.1. Recall that Lemma
3.3 implies that the zero set of h(\, a, k), as a function of A, is isolated. [

We now prove the main result of this section.

Theorem 4.2. Let b € R",b; > 0, and let f € LP(H"), 1 < p < oo.
Assume that f satisfies the integral conditions (1), that is

/ Lgf(z,0)dun(z) =0 for every g € H".
Ey

It follows that f = 0.

We require the relationship (¢ * Ty)(z,t) = h()\, a,k) - ¥p(z,t) estab-
lished in Lemma 4.1. This is applied to each term of the Abel mean

f(z,t) = lim > "l </ *¢ﬁ7+)(z,t)d/\+/ooo(f*¢ﬁ7_)(z,t)d/\>

1
" k>0

in the convolution equation f * T, = 0. We may obtain

= lim Z |k/ h(\ a,k)(f * ¢3)(z, t)dN

1-
" >0
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where
—27|\||z||2 - 0
h(A, a, k) =/2<16 2wl ”aH(IjL]({;j)(47T|)\|(Ij|2j|2)d,u1(z)
z|2< j=1

is known to be real-analytic in A from Lemma 4.1 and Lemma 3.3 above.
Since the Py are projection operators, we may apply them to the above
equation to obtain that

/_Zh(A,a,k) (f*qpﬁ) (2, ) A["dA = 0

for each k € (Z4)". We now choose a sequence {f;}, each f; € S(H"),
converging to f in LP? norm. Thus we have

[e.e]

lim [ (A a,k) (£ 0R) (2D =0
J—0 J oo
and therefore
lim h(\ a,k) (B f;) N (z)eMdA = 0
J—=0 J_ 5o

Since the above sequence converges to 0 in the LP-norm, the sequence of
partial Fourier transforms converges to 0 in the sense of distributions.

lim h(),a,k)(Rcf;)(z) = h(), a,k) (A f)*(z) = 0.

J—00

Since h(\,a, k) has an isolated set of zeros, (/P;Tf )* is almost everywhere 0,
which can only happen when Py f = 0. Since these projections vanish for all
k € (Z;)", it follows that f = 0. This completes the proof.

The proof of Theorem 4.2 also yields the following two corollaries.

Corollary 4.3. Let a € R" with each a; > 0, and let f € LP(HY),
where 1 < p < co. Assume that f satisfies the integral conditions (3), that
18

/ Lgf(z,0)dp,(z) =0 for all g € HY.

T

It follows that f = 0.

Corollary 4.4. Leta,d € R" with each aj,d; > 0, and let f € LP(HY),
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where 1 < p < co. Assume that f satisfies the integral conditions (4), that
18

/ Lgf(z,0)dpa(z) =0 for all g € HY.
Eq
It follows that f = 0.

These are both immediate since the Abel means are also valid in HJ.

5. Case of L°°

In this section we are concerned with extending the Pompeiu theorems
of the previous sections for complex ellipsoids and for spheres in HJ, to the
case where the function space is L°°. This is the level where the most in-
teresting results arise. From [3] and [6] we recognize that the theorems of
two radii for balls, well known from the Euclidean case, reappear at the L™
level. In extension of our results to the level of L, the theorems take on a
similar character. However, use of complex ellipsoids allows us to consider
what happens when using rotations together with translations. This direc-
tion of investigation will be taken up in the next section. In this section
we focus on integral conditions (2), (3), and (4), which only involve trans-
lations, and in each case we realize a theorem of two radii. As in [3, 9] the
methods of proof require use of the Gelfand transform and application of an
appropriate Tauberian theorem. In Section 5.1 we apply the Galfand trans-
form for L{(H"), already used in [3, 9], to prove the Pompeiu theorem for
complex ellipsoids in H”. Then in Section 5.2 we discuss a Gelfand trans-
form for L{(H?) and describe the T"-spherical functions. This culminates
in application of this transform to the cases of balls and complex ellipsoids
in HY.

5.1. Complex ellipsoid in H" for L°°

Applying the method of Gelfand transforms on L{(H™), as described in
Section 2, it is straightforward for us to prove a Pompeiu result for com-
plex ellipsoids of two radii in H™. Most of the work will come down to
computation of

Th(Ak) = ; Ui(2,0)dun(z) for (\ k) € R* x (Z)",
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Ty(p) = | Tp(@)dym(z) for p € R

In the following theorem, we obtain the analogue of a theorem of two
radii, such as [3] Theorem 6.2, for complex ellipsoids. Define Ey, ,, and Ey,
by

By = {2€ €= (21/b1)% -+ + (z/b)> = 11},
and
We then state the following theorem. We now define the function
Daxlt) =3 e 9 Pascl@) + Cae
j=1

where the P, i ; are polynomials and Cj i is the corresponding constant, as
defined in Lemma 3.3.

Theorem 5.1. Let b € R", each b; > 0 and 0 < r; <1y € R. Let
f e L*MH")NCH"). Assume that for i = 1,2, f satisfies the integral
conditions (2), that is

/ Lgf(2,0)dppr;(z) =0 for all g € H".
b,

Assume further that r1,ro satisfy the conditions
L. (r1/r2)? € Q(Pak(t)), for all k € (Z4)™,
2. T1/7’2 Q Q(Jn(t))

We may then conclude f = 0. In case r1,r2 do not satisfy conditions 1 and
2, then there exists f # 0 satisfying the integral conditions.

Proof. We apply the Gelfand transform on Ly(H™) to the T .

Torik) = [ 00 0)dn (2

—27|\||z|? 0
= [ e T (rl s P (2
llzll1/p<r j=1
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= /< H6_27r‘)\|b§‘2j|2b?.[/,(2)(47‘)\‘b§‘zj‘2)dﬂr(z)
z|<r ;|

s

_ " ajIj/Qa-L(o)(a-x-)dxn...d:rl.
(47T|)\|)n /ZIJ<4WA|T H T T

Then using Lemma 3.3, above to evaluate the integral, we have

/el . _ # - —27|\|r2a
Tbm()\vk) - (4|/\|)n <]Z:;e JPak](47r|>‘|r )+Ca,k)

= 7T”<I>a7k(47r|>\|7‘2).

We also compute

T (0;0) = /E z)dyup (2)
b,T

)

H (pilzj])dpn (2)

=/ li[ o(psbslz;])dpr (2)

_ c/o /Z_THaon PGz dog (z ))RQ”‘ldR

Il
\

|1/b<7“

To evaluate the inner integral, we may either think of this integral as a
Fourier-Bessel transform and apply the known result from Euclidean space,
or we may use the Laplace transform. After this evaluation, we continue

. r T >
Tpr(0;p) = c/ I (B + o+ i) pon-1gpy
0 (Ryarpi+- -+ appd)" !

n(rvaipt +-- + anpi)
\/ aipi + -+ anpn)

We then observe that condition 1. means that fbm()\; k) and fbm()\,k)
are not both zero for any (A, k) € R* x (Z4)". Likewise condition 2. is the
condition that le1 (0, p) and Tp, (0, p) are not both zero for any p € (R4)".
These are the conditions needed in the Tauberian theorem of [3, 17] to imply
that the closed ideal generated by {n * Ty r,, 1 * Thr, : 7 € Li(H™)} inside
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of Ly(H™) makes up all of Ly(H™). The integral conditions then tell us that
[+ L§(H™) = 0, and it follows that f = 0.

If the radii do not satisfy condition 1, then there exists (A, k) such that
Tvb7rl(>\,k) = 0 and Tvb,,nz (A, k) = 0. This is equivalent to the statement
that 1 satisfies integral conditions (1) for radii 71 and ry. Likewise if the
radii do not satisfy condition 2, there exists p such that T b (0,p) =0 and
T b, (0, p) = 0. This is equivalent to the statement that 7, satisfies integral
conditions (1) for radii 71 and re. The proof of Theorem 5.1 is therefore
complete. O

5.2. Spherical functions and Gelfand transform for H}

To obtain the corresponding results for balls or complex ellipsoids in H
a Gelfand transform for the space L{(H?) will be required. We first observe
that L{(HZ) is also a commutative Banach algebra since the arguement used
for H™ [1, 3], Lemma 3.1 carries over to this case. And therefore we know
the Gelfand transform is defined on L{(HZ). The same result [16], Theorem
3.3 Chapter 4, shows the characters are here also determined by m(f) =
an f(g)v(g)dm(g), where ¢ are the bounded T"-spherical functions on
Hf Recall the T"-spherical functions on H7 are functions ¢ on HJ such
that ¢(0) = 1, and which satisfy the functional equation

b(x - oy)do = p(x)b(y) for all x,y € HE. (5)
TTL
In [1, 3, 9], the T™-spherical functions are determined by finding joint eigen-
functions of [J; = —Zij — Zij for j =1,...,n and T. When we change
from H" to HZ, the restrictions of these squares of the vector fields to L
92 92 92 92
changes from J; = — 52,05 2?5 to Oja = — 52,05 a?\zjﬁw. We
now claim that the bounded T"-spherical functions on H7 are given by

n
Uia = N 2T TT a1 (47N a2 ?)

J=1

Tpa = c[] a;jTolpjv/ajlz)).

j=1

The method used in [3, 9] can also be used here to demonstrate that these
functions verify the functional equation (5). We now define the Gelfand
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transform for f € L (HZ).
fxk) = - F(&)¥icalg)dm(g) for (\k) € R x (Z4)",
[©:p) = | 1(@)Tpa(g)dm(g) forpe (Ry)".

Whereas, for f € L{(H"), the Gelfand transform f is a function on the
Heisenberg brush

U {1714k +2),..|7|(4kn +2)) € R : 7 € R}
ke(Zy )"

U{(0. 03, p2) €R™ 1 p e (Ry)")

for f € L{(H2), the Gelfand transform f will be a function on the anisotropic
Heisenberg brush, which we now describe.

U {(rIrlai(@ky +2),... [7|an(dk, +2) e R™ 7 € R*})
ke(Zy)n

U{(07 (11[)1, s 7anpn) S Rn+1 ipe (R+)n}

Note that the proof of Theorem 5.1 depended upon use of a Tauberian
theorem for the Gelfand transform on L§(H"). For this theorem we were
able to refer to [14, 17]. We will require a similar Tauberian theorem when
applying the Gelfand transform on L§(H?). Although such a theorem has
not previously been given explicitly, we now describe briefly why such a
theorem is also valid. The proof of the Tauberian theorem for the Gelfand
transform on L§(H™) follows from the construction of what are called “local
identities”, on the Heisenberg brush. The anisotropic Heisenberg brush is
nearly identical to the Heisenberg brush, with only slight modification of
the slopes of the rays. But the topology is identical. The method of con-
struction of “local identities” in the case of L§(H™) carries over directly to
the anisotropic case Ly (HZ), as well. Thus we conclude we have a similar
Tauberian theorem for the Gelfand transform on L§(HZ).

Theorem 5.2. Let Z be a closed ideal of L§(HY) such that

1. For all (\ k) € R* x (Z,)", there exists f € T such that f(A\,k) # 0
2. For all p € (Ry)", there exists f € T such that f(0;p) # 0.
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Then T = L§(HR).
We are now able to prove the following results.

Theorem 5.3. Let a € R", each aj > 0 and 0 <1 <1y € R. Let
f e L*MH2) NnCHE). Assume that for i = 1,2, f satisfies the integral

conditions (3), that is

/ Lgf(2,0)dp,,(z) =0 for all g € Hy.

T

Assume further that r1, 19 satisfy the conditions
1. (r1/r9)? & Q(Pax(t)), for allk € (Z4)",
2. 11/r2 & Q(Jn(t)).

We may then conclude f = 0. In case r1,72 do not satisfy conditions 1 and

2, then there exists f # 0 satisfying the integral conditions.

Theorem 5.4. Let a,d € R", each aj,d; >0 and 0 < r; <ry € R.
Let f € L*(HZ) N C(HY). Assume that for i = 1,2, f satisfies the integral

conditions (4), that is
/ Lgf(2,0)dpa,r;(z) =0  for all g € Hy.
Ed,ri

Assume further that r, 79 satisfy the conditions
(1) (r1/r2)? & Q(Paaz k(t)), for all k € (Z)",
(2) r1/r2 & Q(Jn(2)).

We may then conclude f = 0. In case r1,72 do not satisfy conditions 1 and

2, then there exists f # 0 satisfying the integral conditions.

We now make a brief explanation of Theorems 5.3 and 5.4. The proof
is just like that of Theorem 5.1, but here we use the Gelfand transform for
L§(HZ). For Theorem 5.3, we find

T, (k) = /B B oz, 0)dpr (2), and T, (0:p) = /B T(@)dpin (2).
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We have seen that

T = b, (4 |\r2), and T (0: p) = IV @PTE FanpR)
L (4apm = ' (Ti\/am%—i----—kanp%)”
Condition 1 of the Tauberian theorem is the same as the condition for no
common zeros of Ty, (A, k) and T},(\, k). Likewise condition 2 is the same as
the condition for no common zeros of T}, (0; p) and T, (0; p). The Tauberian
theorem then implies the results of Theorem 5.3. In Theorem 5.4 we apply
the Gelfand transform for L§(HZ) instead to Ty,,. We consider

Tar(\ k) = . Viea (2, 0)dpid,r, (2),
and
Tar.(0;p) = T duar,(a).
These give
Tar, (A k) = mq’ad%k(‘lﬂ)\\?‘?),
e o (0 — A OB T i)
o (riv/ardipt + - + andp} )"

Likewise, an application of the Tauberian theorem gives the results of The-
orem 5.4. Note that in the case where d> = v/a, these integrals reduce
to

Tdﬂ“i()‘ak) = ’Y_n/< wﬁ(z,O)d,uwi(z),
z|<~r;

and

&
o
°
S
~—
I

oy " / Todpiyr;(2).
|z| <~r;

These integrals are then easily evaluated as in previous papers [3], leading
to the same exceptional set as in [3], Theorem 6.2.

6. Issue of Rotations of Complex Ellipsoids

One of the early advances in the Pompeiu problem on Euclidean space
was the paper of Brown, Schreiber and Taylor [10]. Using these methods the
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authors were able to classify a large class of regions which, when considered
with their rotations, are shown to possess the Pompeiu property. These
include regions which possess a corner. However the methods also show
that an ellipse, which has a boundary that is real-analytic, together with
its rotations, possesses the Pompeiu property. This is the result which we
will generalize to H" in this section. In particular, we will demonstrate
that a solid complex ellipsoid, Ep = {z € C™ : |21/b1|> + - -+ + |2,/ba]? <
1}, together with its rotations UEy, for U € U(n), possesses the Pompeiu
property. This is to say, for f € L (H"), the integral conditions

/ Lgf(2z,0)dun(z) =0 for all g€ H" and all U € U(n)
U-Ey

will imply that f = 0. This improves upon the results in Section 4 by
demonstrating that we may reduce to complex ellipsoid by including its
rotations. A closer examination of the Euclidean case, treated in [10], shows
that the same is also true in that case (if we restrict to f € L*°). The

analysis is based on avoiding common zeros of

Jnjp(Var& + - + an€?)
(Var&d + - + ap&2)n/?

Fxe =cjnp(lVa-§)) =c

and its rotations Fxu.r = Jns2(va- UE). Since j, /o is real-analytic, its
zeros must be isolated. Assume the ellipse F is not a circle, and we may
write a1 > -+ > a, and a1 > a,. Consider any £ € R". If £ = 0, then
Fxu-g(0) = jn2(0) # 0 for all U. Otherwise, say |{| = p. Then, exist
rotations U € U(n) such that |v/a - U¢| = /a1&} + - - + an€2 takes on all
values between ,/a,p and ,/a1p. Because of the isolated zeros, then there
exist (many) U € U(n) such that Fxu.g(§) = jn/2(va-UE) # 0. With the
Wiener Tauberian theorem, this is enough to give the Pompeiu property in

the Euclidean case R™. We expand on this idea in moving to H™.

We now show that in L°°(H") a complex ellipsoid E},, considered to-
gether with its rotations, will possess the Pompeiu property.

Theorem 6.1. Let b € (R4)" such that by > --- > by, and by > by,.
Consider f € L>*(H") satisfying the integral conditions

/ Lgf(z,0)dun(z) =0 for allg € H" and U € U(n). (6)
U-Eyp
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Then f =0.

Proof. Let Ty p be the distribution given by (¢, Tupn) = fUEb f(z,0)
dpn(z). We apply the Gelfand transform on L{(H™) of Section 5 to each of
the sets {Typ : U € U(n)}. In particular, we are concerned with the closed
ideal Z generated by the set {Typ *xg : U € U(n),g € Ly(H™)}, and we
know from the integral conditions that f*Z = 0. Then apply the Tauberian
theorem to show Z = L{(H"). Since we know f % Z = 0, it will then follow
that f = 0. Thus it is sufficient to verify the conditions of the Tauberian
theorem in order to prove this theorem. These conditions amount to showing
that the generators of the closed ideal Z do not have a common zero among
any of the (A, k) or p of the spectrum of the Gelfand transform. For each
(A k) € R* x (Z)" we find a generator Ty p, * g of the closed ideal Z such
that fUJD()\, k)-g(\ k) # 0. Likewise, for each p we find a generator Ty p * g
of the closed ideal Z such that CFUJD(O,p) -g(0,p) # 0. However, we note
that the Gelfand transform for the Bessel part of the spectrum reduces to
the Euclidean Fourier transform:

7 Ly _ Ja(b-Up)
Tun(0;p) = - Jp(z)dm(z) = ¢ b TUp)
And we have already described in the beginning of the section why there
cannot be a common zero p for all such TVU,b(O,p) for all U € U(n). So it
only remains to show there is no common zero (A, k) for all such ZFU’b()\, k)
for all U € U(n). It turns out that for this purpose it is sufficient to consider
the rotations in one specific direction, a subset of all the rotations. Thus
we consider the distributions Ty, for ¢ € [0,27), where ¢ represents the
cosp —sing 0 0
sing cos¢ 0 0
0 0 cos ¢ —sing
0 0 sing cos¢
(21,22) as (z1,x2,y1,y2). Without loss of generality, we assume by > bo. It

rotation ¢ = of C? c C", where writing

is certainly true that b; > b, as the ellipsoid is not spherical, and we can
interchange the indices for zo and z, without affecting the proof. For each
fixed (A, k) € R* x (Z1)"™, we will consider the values of f@b()\, k) = hyk(9)
as a function of this angle ¢. It will be sufficient for us to show that hy x(¢) is
real-analytic in the variable ¢. As a consequence, it will follow that hy x(¢)
has isolated zeros for ¢ € [0,27). This will be enough for us to conclude
there exists ¢ such that T, o.b(A k) # 0, since we know T ».b 7 0 as a function
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of ¢ or of A. Since this is valid for each (A, k), it is enough for us to apply
the Tauberian theorem and reach the conclusions of the theorem. Thus it
only remains to prove the real-analyticity of hy x(¢) claimed above. This is

the content of the following lemma. O

Lemma 6.2. Let wy represent the rotation

cos¢p —sing 0 0
sing cos¢ 0 0
0 0 cos¢p —sing@
0 0 sing cos¢

for ¢ €[0,27), and Ty, be the distribution associated to the Radon measure
on wyEy. Consider f(¢) = f¢,b(A,k), the Gelfand transform of Tyy, as a
function of ¢. We claim that f(¢) is real-analytic in the variable ¢.

Proof. We prove this result by use of power series to verify T(b,b()\; k) is

real-analytic in the variable ¢.

Tyn(Xik) = Ui (2, 0)dp (2)
E(;b,b
= [ e [T L0 iz P 2
ol <1 e

= [P )i (2)
llzllb<1

2T 2T
_ / / / e~ X320 (4 (r,0)) L (us(r, 0)
r2<47r\)\|

x HL(O b2 2)rydry . rndrn>d61...d9n

where
u1(by,r1,79,01,02, 0) =b (7‘% cos? ¢+ 73 sin? ¢ + 2173 sin ¢ cos ¢ cos(f; — 92))
and

ug(be, 11,72, 01,02,0) :bg (7‘% sin? ng—r% cos? ¢ — 2r g sin ¢ cos ¢ cos(6; —92)).
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To reduce, we integrate in the variables 61, ...,60,. Also make the change of
variables ’r']2- = z;. Thus,

Ty (A k)
o (mn? 220 O
B! /Zx <47r|)\\ / / Ly, (ua(01,02)) Ly, (U2(91792))d91d92)

)(e_% > a;T; H L/(i’(j) (CL]{L’])d{L’n . dxl.
7=3

Let us first consider the case when n = 2, where this integral reduces to

" 21 27r
Ty p(Nk) = ¢ / e —1(a1z14azw2) / / k (up)L (u2)d91d92)
’ 4 IE1+IE2S47F‘)\| !

dxodzy,

and later move to the case of general n. Complete integration in the 6
variables by evaluating the inner integral

27
L/ /L<O (ur) Ly (uz)df: dbs,

where u; and ug are as above. After further simplification to isolate the
variables of integration, this inner integral now becomes

k1+k2

J
Z Py yo—j (21 cos® ¢, zy sin’ ¢, 1 sin? ¢, x5 cos® @) <\/$11‘2 sin ¢ cos QS)

7=0
2
/ / COS] 91 — 92)d91d92,

where Py, 4k, is a polynomial of degree k1 +ks—j. We let K; = f027r f027r cos’
(61— 02)df1df, observing that K; = 0 for j odd and K; < 272. Thus in the
even cases, when the integral does not vanish, we are left with

(k1 +k2)/2)

C _ajz1tagzy

1 E Ko 7 Pygky—2j
IE1+$2<47‘(‘|)\‘

J
(21 cos? ¢, zo sin? ¢, x1 sin? ¢, x5 cos? @) (:L‘1332 sin? ¢ cos? QS) dxodxy.

After further reduction, we observe we are left with a finite sum of terms of
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the form

C ai1x1taox
—a/ e~ T 2:pf{‘(0052 $)* " (sin? <;5)’"acg(cos2 $)P 7% (sin? ¢)*daoday
4 T14+xo=4m|\|

47| A . 4| N —z1 an a+B—(r+s)
c
— Zy(/ e 121:1:‘11/ e~ 222:L‘gdl‘2d331)<0082 QS)

0 0

( sin? (;5) s

Thus the integral of f@b()\, k) has been reduced to

47|\

‘11 4| N —z1 ago
Z Z / - / e "2 :L‘gd:L‘gdl‘l]
0

0<j<k<ki+ks a+p8= k

(cos® ¢)" (sin” ¢)?

where the second sum also requires «a, 8 > 0. We will next evaluate the
double integrals in the inner sum. Focusing first on the integral in xo, we

have

4|\ —x1 agzy g
/ e "2 xydwo

0

_ B+1 /02(47r/\| 1) x%gdwz

0
_ ( > [( o—a2(4m(A|— xl)/2)
B
_e—a2(47r|)\\—:c1)/2<z% <%(4W|)\| B xl)”>n)],

n=0

Now the larger integral becomes

<a%>6+1 2 /4n|A e“”“/zx?[(l _ e—a2(47r|)\\—:c1)/2)
0
—emalimiAlme)/2 ( i i_: (%(47T|)\| - x1))n>] dzy.

This integral may then be broken up as a finite sum of (8 + 1) integrals of
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the following form, for 0 <t < 3,

B—t m|Al

(%47T|)\|) C,B,t/o e—a1z1/2e—a2(47r\)\|—x1)/2x(1x+td$1’
plus one additional integral of the form
aila 2 47| A 2
05/ e~/ (6_”( A=)/ ) x{dry.

0

These first (8 + 1) integrals evaluate as follows:

47| A
/ e /2 a2 (dm| 1) /2 okt g
0

4m|\|
_ e—a2(47r)\|)/2/ e~ (m-am 2 04 gy
0

2 a+t+1 27r|)\\(a1—a2)
= ol <7> / e iy ey
0

a; — as
— e—zwwag( 2 )‘”t“ [(1 _ e—27r|)\\(a1—a2))
a; — as
e (57O oy, )"
n=0

The additional term also evaluates to give

47|\
/ e—1T1/2 (1 _ e—a2(47f|>\\—11)/2) x¢dry
0
47|\ 47|\
— / e““wl/%;‘fdxl _6—27r)\|a2/ 6_a1w2/26_(a1_a2)w1/2x?dl’1
0 0

9\ o1 r2mlAlas
= <—> / e axfdr
aq 0

9 a+1 orlx 2w || (a1 —az2)
_ =2 |a2/ e " 2%dry
0

ap — a2

92 a+1
_ <_> [(1 _ 2y _ =2\

«

al n
> % 2nllar)

n=0

a+1
B < 2 > e—27r\)\|a2 |:(1 o e—27r|)\\(a1—a2))

aip — az

ai
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2 al n
_ 27N (a1 —a2) Z -] (27| Al(a1 — a2)) ]

n=0

Thus each of the integrals of the form £ f‘m)" —aw/2 ?(f047rlk\—r1 e~ 2w2/2
28 dxs)dzy, which was the coefficient of the term [cos? ¢]* A~ +2)[sin? ¢]7+s,

may be written as

B+1 B
2 IS a+m+1
=) - 27| Alaz)” ™ ( )
(2) T2 G oo (2=

a+m
x[(1 = em2N(@ ) _ gm2rAl(er—o2) yolatm) (27 Al(a1 - a2))" |
7=0

e

N <3>a+1 [(1 _ 6_27T|)\\a1) _ —27r\)\|a1 Z i (27r|>\|a1) }

a
1 =0

a+1
B < 2 > e—27r|)\\a2 [(1 _ e—27r\)\|(a1—a2))

alp —az

* ol

o —27r|)\\ a1—az) § :

J=0

7 (2m|A|( 2—(11))j:|.

We notice that this is an exponential polynomial, which will be denoted by
EP, gk, |\, a).

Thus as a function of ¢, we have determined that

Top AN K)=ha(d)= > [ 3" EP. sk, [\, a)| (cos )7 (sin? ).
0<j<k<kit+kz atp=k

As a function of ¢, we have a finite sum of functions which are powers of

cos? ¢ and sin® ¢, and each of the coefficients are exponential polynomials in

a, \. Thus each of these terms in the finite sum is real-analytic in ¢, and

hx (@) is real-analytic in ¢. This completes the case n = 2.

The general case is not considerably more difficult because the depen-
dence on ¢ is confined to two variables. In the general case, we need to

evaluate

47|\ iz 4|\ —x1 -
e [T e
0 0
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Am| N —z1—22 aszs (0)
X (/ e 2 Ly (azzs). ..
0

47r‘)\| L1 mhn—1 llnln (0)
/ e~ L, (anazn)dwn dacg) drodxy.  (7)
0

We will first observe why the integrals in x3,...,z, inside the parentheses
yield an exponential polynomial in 47|A|, x1, 2 of a certain form. Then we
will observe why the total integral yields the same form of result as in the
case n = 2 above. We begin with the innermost integral

47r\)\|—x1—~~~—:cn_1 llnln (0)
/ e~ L, (anajn)dwn
0

. e d |
= —ch ,]23 [ 1—e 5 )_e—%z%(%)z}’
i=0

where ¢y, ; are the coefficients of the polynomial L,(SL) and [, = 47|\ —z1 —

- — xp_1 is the upper limit of integration. Clearly, this is an exponen-
tial polynomial in l, = 4w|A\| — 21 — -+ — x,,—1, which can be written as
an exponential polynomial in x,_; with coefficients which are exponential
polynomials in 47|A\| — 1 — -+ — x,—2. We also want to describe the form
of the exponential polynomials which arise from this integral. In particular,
the above exponential polynomial is of the form

Z EPAr| N\ —x1 — -+ — 33”—2)6%_1(61)%_1!32”__11,
fin

where ) ¢ means a finite number of terms and EP is an exponential poly-
nomial that is also a finite sum of terms of the form e?1(®) ... ¢#n-2(2) (47| \| -
x1 — - —xp—2)". The ¢; for j = 1,...,n are polynomials in a. The inte-
gral fOA‘ﬂ'M_Il_'“_w”‘l e_“"x"/2L,Eg)(anacn)d:En may then also be expressed as
a finite sum of terms of the form 1 (@21 ... ebn—1(@n—1(4g|\|)o27 ... /"7
We now observe that in each of the n — 2 integrations required to evaluate
inside the parentheses in (7), the result is this same form of exponential

polynomial. For example, the next integral

Am| N —z1——Tp_2 an_17n-1 (o)
/ e T Ly (ap—12n-1)
0

X(Zeqbl(a)wl...e%fl(a)rnflx?l”l... "=l (47| M) )dwn_1
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is rewritten as

Z(47T|>\|)se¢1(a)x1 o gfnm2@En-2gm L g
fin

Am|N|—z1——xp—2 ap_1%m_1
_In=1%n-1 p,_ 5 . (0)
X/ € 2 «Tnn_l Lkn_l(an—lxn—l)d«rn—la
0

which again evaluates to an exponential polynomial, of the above form, in
variables x1,...,x,—2. However the ¢; are now polynomials in a. Thus we
conclude that in (7), when evaluating the integrals in z3,...,z, inside the
parentheses, the result is of the form

Z ce?1(@)z1 gda(a)z2 xytay? (Am|N|)°
fin

Thus (7) becomes a finite sum of integrals, expressed as

4m|A| o
(x| \)* Y /0 e 5 @ gn 10
fin

AN —z1 anay 0)
X (/ e T2 €¢2(a)m$g2Lk2 (UQ)d:L‘g)d:L‘l,
0

where u1 and us are as above. The arguement for the case n = 2 then applies
to this case, where a; becomes ¢1(a)—a1/2, ag becomes ¢2(a)—as/2, and the
degree of the terms in 1 and x5 are shifted upward by ry and ro, respectively.
Nevertheless, the result is of the same form as in the case of n = 2. Thus
the integral (7) evaluates to an expression of the form

> Y [ X EPusk AL a)|(cos? @) (sin? ¢)'.

fin 0<j<k<ki+ks a+B=k

In particular, as observed above in the case of n = 2, it must be real-

analytic in the variable ¢. This completes the proof of Lemma 6.2, thus also

completing the proof of Theorem 6.1. O
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