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Abstract

The mixture property of the general multivariate Pareto
MP®) distributions has been studied by Yeh (2004a). Arnold
(1996) mentioned that any mixing distribution with support
(0,00) is a candidate for a frailty model. This fact drives Yeh
to study the frailty structure of the MP®*) distributions. It is
discerned that the MP®) distributions is in the one-parameter k-
variate Clayton family with k-variate Archimedean survival cop-
ulas and thus the MP™) can be treated as a marginally speci-
fied multivariate distribution. Several properties of the k-variate
survival copulas and the limiting special cases of the MP*)

Archimedean survival copulas are studied in this paper.

1. Introduction and Motivation

The importance of the four general multivariate Pareto distributions
(denoted as MP®)(1), MP®)(11), MP®)(III), and MP*)(IV)) proposed by
Arnold (1983) are discussed in many literatures such as Kotz et al. (2000,
Chapter 52 and the references therein) and Yeh (1994, 2000, 2004a, b).
These four general multivariate Pareto distributions are candidate models
for the multivariate continuous income data and some other socio-economic
multivariate variables. Yeh (2004a) has also studied several distributional
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properties and characterizations of them. It is found that the four gen-
eral MP®)(I), (II), (IIT), and (IV) distributions have many mixture proper-
ties, they are mixed either by geometric, Weibull, or exponential variables.
Arnold (1996) mentioned that any mixing distributions with support (0, c0)
may be used to construct a frailty model and this result can be extended
to k-variate (k > 2) case by assuming the exis-tence of a common stress on
conditionally independent components. This fact drives Yeh to study the
frailty structure of the four MP®) distributions. Owing to the hierarchy of
the four MP™*) distributions, it suffices to study the MP*)(IV) distribution.

The original reference of frailty model is Oakes (1989), Oakes claimed
that any bivariate distributions generated by frailty models are subclasses of
the Archimedean distributions studied by Genest and Mackay (1986). Most
frailty models and copulas developed in the literature such as Genest and
Mackay (1986), Genest and Rivest (1993), and the two books by Nelson
(1998) and Joe (1997) are emphasized on the bivariate case. Moreover,
their results deal mostly with the joint distribution function instead of the
joint survival function and the k-variate survival copulas are only briefly
mentioned in their papers.

As we know the recent research has focused on the subclass of the
Archimedean copula (AC) class. It is fortunate that the general multivari-
ate Pareto, MP*®)(IV) is in the one-parameter k-variate Clayton family with
Archimedean k-variate survival copulas {C,(-)|a € B/},

In this article, the frailty structure and the Archimedean distributional
property of the general MP*)(IV) distribution are studied in Section 2. Sev-
eral properties between the MP*) (IV) and its corresponding survival copulas
are proved in Section 3. It will be discerned that the Archimedean generator
of the MP®)(IV) distribution is the Laplace transform of a Gamma (a, 1)
variable, therefore, the corresponding k-variate Archimedean survival copu-
las can be used to generate one-parameter family of the general MP®) dis-
tributions with specified univariate Pareto P(IV) (not necessarily identically
distributed) as marginals. This one-parameter is just the shape parameter
a in the MP®) (IV)(p, @, 7, «) distribution which plays an important role in
the pairwise association measure, such as Kendall’s 7 between any pairs of
the random vector of MP®) distribution. Finally, the limiting and special
cases of {Cy ()| € |} and their corresponding generators are studied in
Section 4.
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2. The Frailty Structure of the MP(*) Distributions

Let X = (X3, Xo,..., X)) denote k-dimensional general multivariate
Pareto distributions MP®)(T), MP®)(11), MP¥)(I1I), and MP*) (IV). Some of
their properties are studied by Yeh (1994), (2000), (2004a,b). As mentioned
in Property 2.3 of Yeh (2004a), it is stated again in the following.

Property 2.1. Suppose that Z ~ Gamma (a,1) and given Z = z in
X = (X1, Xo,..., Xp), cach X;|z_, "t

tional survival function P(X; > x; |z=,) = e
X ~MPW(IV)(p, 0,7, a).

Weibull variable with condi-
_Z(xi*l‘«i)l/'yi
, V X > w;, then

o4

According to the definition of Oakes (1989), the MP¥)(IV) distribution
is a multivariate survival model induced by frailties. The k coordinates
of X, {Xi}]f, can be viewed as k observed survival times depending via a
proportional hazard model on the same variable, this common dependence
induces an association between the observed times.

In general, a k-variate frailty model is defined as follows:

Definition 2.1. Let = (u1, pa, - - ., ) € R*, a frailty representation
of the distribution of a random vector X = (X;, X»,..., X%) with support
Hle (i, 00) is of the form

ok P
P> = [ [[TFotan] ame) (21)
=1

where Fg(+) is a univariate survival function with support (p;, 00) and M (-)
is a mixing distribution reflecting environmental stress. The k-variate frailty
model (eq. (2.1)) assumes the existence of a common stress on the condi-
tionally independent components.

Using the terminology of Hougaard(1984) and Vaupel et al. (1979), the
function Fy(+) is a continuous baseline survival function, it is the survival
function of each X; given Z = z, i.e.,

P(X; > ) | Z = z) = {Fo(:)}?,

and the common stress random variable 7 is called a frailty.
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Let 1z(-) be the Laplace transform of Z, i.e.,

Va(t) = B(e™) = /0 T e taM ().

Oakes (1989)’s result can be extended to the multivariate £ > 3 case and
the resulting frailty-based multivariate model assumes the form

p(1>£):/0°° ~+{= S mFo@)} gy (2 ( Zln (Fo 2 ))
(2:2)

Arnold (1996) remarked that any mixing distribution M(-) can be used
in such a frailty model. This fact motivates Yeh to study the frailty property
of the general multivariate Pareto distributions.

Property 2.2. Let X = (X1, Xo,..., Xg) ~ MP(k)(IV)(H,g,l, «), the
frailty variable Z follows a Gamma (a, 1) wvariable. Suppose the survival
function of each X; in X, given Z = z is conditionally independently dis-
tributed as a Weibull variable with the conditional survival function

_(Ii—.ﬂi)l/'\/iz

P(XZ > T; | 7 = Z) = {Fo(:ﬂz)}z = { € i ’ v Ti > M-

1, 0.W.

Then the joint survival function of X can be calculated by the following two
representations:

P> 2) = (- 3o (Fote) = 02 (L0 (P 29
1=1

where 1z(-) is the Laplace transform of Z, w;l(-) is its inverse function,

_ _(%;Hi)l/—yi v
Fo(%‘):{e Z ’ i

1, 0.W.

and F x,(z;) is the marginal survival function of each X; ~ P(IV)(pi, 07, i, @)
variable with

_ wi—pi1/y ) o
zumw:{0+(”) ) e e (24)

1, 0.W.
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Proof. The Laplace transform of Z ~ Gamma (o, 1) is
Vz(t) = E(e™)=(1+t)"% Vt>0,

its inverse function is wgl(u) = u/*—1, V0 < u <1, then the first

representation is

¢Z(—Zk:1n (Fo(m))) = TZJZ(Zk:( ;'ul>1/%>
i=1 =1 v
B k Ti — g\ /iy —e _ .
_ (1 v le( - ) ) P(X > z).

The second representation is
o003 (Frton)) = v S { (Fta) ™" =1)
{0
{
(

S (e (254" 1))

Oakes (1989) mentioned that bivariate distributions generated by frailty
models are a subclass of the Archimedean distributions studied by Genest
and Mackay(1986). The definition of the general Archimedean distribution
is given below

Definition 2.2. Let Fx(-) be the joint survival of X with support
k

H(,ui,oo) and there exists a nonnegative decreasing function ¢(-) with
i=1
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©(0) =1, ¢'(-) <0, ¢"(-) > 0 such that Fx(-) can be written as

Fﬂ@=fwﬁ>@=w(§}f%F&@ﬂ> (2:5)

for all 2 > p, where ¢ ~1(-) is the inverse function of ¢(+) and Fx,(-), 1 <
1 < k, are the marginal survival functions of X;, respectively. Then X is
said to have the Archimedean distribution.

Note that the definition of Archimedean distribution is more general
than Genest and Mackay (1986), because the support of X is allowed to be
any k-variate real vector p = (p1, pi2, ..., p) € RE.

3. Survival Copulas of the M P¥) Distributions

Some more general bivariate and multivariate Pareto distributions than
Hutchinson and Lai (1990) are given by Arnold (1983) and Yeh (2004a, b).
The k-variate (k > 2) of the survival copulas can be defined as

Calw) = Fx (Fxy(w), Fry(wa), .. Fx, (), (3.1)

where X = (X1, X, ..., X;) ~MP®) (IV)(p, @, v, ) and F}j() is the quasi-
inverse of FXZ.(-), the marginal survival function of each X;, for 1 <1 < k.
Note that each X; is marginally distributed as a univariate P(IV)(u;, o, i,
a) with u; € R, 0; > 0, v; > 0, and a > 0 thus X;’s are not identically
distributed and each X; is allowed to have different support sets (ju;,00)
for all ¢ = 1,2,...,k. Hence the definition of the survival copula given by
eq.(3.1) is more general than what Nelson (1998) defined.

Schweizer and Sklar (1983) proved a theorem that elucidates the role
of copulas played in the relationship between multivariate distribution func-
tions and their univariate margins. Their result can be analogously extended
to the k-variate survival copulas version and is stated in the following theo-
rem.

Theorem 3.1. Let X = (X1, Xo,...,Xy) be any k-variate random vec-
tor and let Fx (-) be its k-variate survival function with k marginal survival
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functions Fx,(-), Fx,(-),...,Fx,(-). Then there exists a k-variate survival
copula C’() such that for all x = (x1,x9,...,x) € Hle (i, 00),

Fy(z) = C(FXI (21), Fx,(22),..., Fx, (xk)). (3.2)

IfFx,(+), 1 <i <k, are all continuous, then the copula C(-) is unique; other-
wise, C(-) is uniquely determined on Hle Ran(F'x,(+)), where Ran(F x,(+))
is the range of Fx,(-). Conversely, if C’() is a k-survival copula and Fx,(+)
are k’s univariate survival functions, then the function defined by eq.(3.2)
is a k-variate survival function with marginal survival functions Fx,(-),
1<i<k.

Corollary 3.1.1. Let Fx(-), C(-), Fx,(-), 1 <i <k, be as in Theorem
3.1, and let F}j() be quasi-inverses of Fx,(+), respectively. Then for any

Clu) = Fx (Fx, (wn), Fx, (ua), . Fx, (ue) ). (3.3)

The proofs of Theorem 3.1 and Corollary 3.1.1 are analogous to that of
Nelson (1998) and hence is omitted.

Referring back to the general multivariate Pareto distributions, each
X; in X = (X1,Xo,...,Xk) is marginally distributed as the univariate
P(IV) (4,04, 7i, ) variable, so Fx, (z;) = {1 + (“F':Z'Cr;i’”)1/%'}_Cy with support
x; € (u;,00), the quasi-inverse of each Fy,(+) is derived from the relation

B P ()1,

that for any u; € [0,1], u; = FXZ(FX}(uZ)) ={1+ (#)“)1/%}_0‘, and
thus F)_(j (u;) is solved as F)_(j (u;) = p; + Ui(ui_l/a —1)%, for each 1 <i < k.

According to Corollary 3.1.1, the survival copula of the MP®*) (IV)(p, g,
v, @) is

Clu) = 7&(#1 ton(uy Mt =1 g oy, - 1)7’“)
k —Q k —Q
= {1+ - =Y k- 69
i=1 i=1
for all w = (uy,us,...,u;) €[0,1]F, i, all 0 <u; <1,i=1,... k.

From eq.(3.4), it is discerned that the survival copula of the MP®)(IV)
(1, a,7, @) is dependent only on the parameter a and is independent of the
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other three parameter vectors u, o, 7. This is a fact of k-copula proposed by
Schweizer and Sklar (1983). For any k-survival copula, it has the following

analogous theorem.

Theorem 3.2. For k > 2, let X1, Xs,..., X} be random variables with
continuous survival functions F1(-), Fa(-),..., Fr(-), and the joint survival
function of X = (X1,Xo,...,Xg) is Fx(-), and its survival k-copula is
C’() Let g1(+),g2(+), ..., gr(-) be k’s strictly increasing functions from real
numbers R into R. Then g1(X1), 92(X2), ..., 9x(Xk) are random variables
(on the same probability space as X1, Xs, ..., X) with continuous survival
function and survival k-copula C(-). Thus C(-) is invariant under strictly

increasing transformations of X1, Xo, ..., X.

In the MP*) (IV)(p, 0,7, @) case, for each random variable X;, 1 <14 <k,

. . . . . e D
the strictly increasing function g;(-) is chosen as ¢;(X;) = (X’La—i’“)l/ V=7,
with the location parameter u; € R, the scale parameter o; > 0, and the

inequality parameter ~; > 0.

If Theorem 3.2 is applied to the random vector Z = (Z1, Zo, ..., Zy),
then the survival k-copula of Z is the same as eq.(3.4). It is stated as the

following corollary.

Corollary 3.2.1. Let Z ~MP®)(IV)(0,1,1,c) and X ~MP®(IV)
(10,7, @), then the survival k-copulas of Z and X are the same, which is
eq.(3.4), i.e., Clu) = {Ele ui_l/a—(k‘—l)}_o‘, forallu = (uy,ug, ..., ug) €
[0, 1]%.

Proof. 1t is straightforward to check that the relation between Z and X
is coordinatewisely Zl-i(Xio;i“i)l/% 1 < i <k, soeach Z; is just a strictly

increasing function of X;, thus, this corollary follows. O

From eq.(2.3) and eq.(3.4), it is discerned that there is another expres-
sion for the survival copula of the MP*) (IV)(p, @, v, «) distribution with the
following property.

Property 3.1. Let X = (X1, Xo,..., Xk) NMP(k)(IV)(H,g,l, «), then

the survival copula of X given in eq.(3.4) is an Archimedean copula, i.e.,
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there exists a nonnegative decreasing function with ¢(0) =1 and ¢'(-) <0,
¢"(-) >0, such that

Clu) = w(Zw‘l(ui)), (3.5)

for any u = (u1,uz, ..., uy) € [0,1]*.

Proof. According to eq.(3.4), if the function ¢(-) is chosen to be the

Laplace transform of a Gamma(c, 1) variable Z, i.e., gp(t)ézpz(t) = (1+4t)™@
¥ ¢t > 0, then its inverse 1 (t) =t~ /* -1,V 0 <t < 1. From eq.(3.4), the

survival copula of X is

Clu) = _X(N1+01(U_1/a—1)717---7uk+0k(ulzl/a—1)7’“)y by eq.(2.5)

(sz (P (i + a1 = 1)) )
- wz(Zw N G =y
= TZ)Z(Z?Z)Z uz>— (f:(ui_l/a—l)>

=1
= (1+ ;(u;”a -1)

for any u € [0,1]*, where F,(-) is the marginal survival function of X with

eq.(2.4) as its survival function. Thus, C(u) can be expressed as

Clw) = ¢Z<§k:¢§1(uz‘))a (3.6)

i=1

according to the definition of Nelson (1998), C(u) is an Archimedean copula,
hence this property follows. O

From eq.(3.6), we know that the general MP®*) (IV)(p, 0,7, a) distribu-
tion is in the one-parameter Clayton (1978) family and its survival copula is
an Archimedean copula which is parameterized by the new notation C,, (w)

for the shape parameter a € (0, 0).
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The function ©z(-) is called the Archimedean generator of the general
MP®)(1V) (p, 0,7, ) distribution. It is straightforward to check that 1z (:)
has derivatives of all orders which alternate in sign, i.e., (—1)55—;21/12 (t) >0,
Vt>0and?=0,1,2,..., hence according to the definition of Widder (1941),
the function ¢z (t) is completely monotonic on R* and since ¢z(0) = 1, and

limy_, o 17(t) = 0, so the generator 1z(-) is strict.

Remark

(1) From eq.(2.3) and eq.(3.6), we know that the general MP®*) (IV)(p, 2,7,
«) distribution is a marginally specified multivariate survival model and
its survival copula has the desirable feature that the dependence struc-
ture is modeled separately from the marginal distributions. The shape

parameter «(> 0) measures pairwise association and is related to
Kendall’s 7 by

4/1/1(5@ wj)dusdu; — 1 4/17%1“) dt+1=— @37
T = a(ui, uj)duiduj — 1 = - = v A9
0 Jo ’ ! o (Ya'(t)) 1+ 20

for any pair u;, uj in u = (u1,...,ux), i # j, where ¢3! (t) = 71/ — 1,

0 <t <1, and eq.(3.7) is the result from Theorem 2 of Genest and
Mackay (1986).

(2) From eq.(3.7), it is clear that as« — 07, 7 — 1l and as &« — oo, 7 — 0. In
general, 0 < 7 < 1, i.e., the general MP*) (IV) distribution has pairwise
positive association.

(3) The general MP(k)(IV)(H, 0,7, @) has an Archimedean copula, some trac-
table analytical properties of the AC class have been studied heavily since
Genest and Mackay (1986) and Oakes (1989).

(4) The inference about « had been studied in Yeh (2000).

4. Limiting and Speical Cases of C,,(u)

The Frechet-Hoeffding bounds of the general multivariate Pareto dis-
tributions are derived in Yeh (2002) as for any X = (X1, X»,..., Xx) with
univariate Pareto P(IV)(u;, 04,7, o) marginals, denoted by Fx, (-), then the
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joint survival function of X, Fx(z), is within the following two bounds

k
Fx (z;) — (k- <F < min { Fx. (z; .
max {0, z;FXZ (2) — (k= 1)} < Fx(a) < min, {Fxn} @y
1=
for any x > p. These bounds are satisfied analogously for the survival copula
of X. Before this section is studied, there are some notations needed to be

introduced.

Notations. Let u = (u1,u,...,u;) € [0,1]%, define Lj(u) = max{0,

Zle u; — (k—=1)}, Uk(u) = 11212&{%}, me(u) = up,ug, ..., u.

Property 4.1. For all k > 2

(i) Uk(u) and m(u) are survival k-copulas.
(ii) La(u) is a survival 2-copula only, and Li(u) fails to be a survival k-

copula whenever k > 2.

Proof. Let a = (ay,...,a;) € [0,1)%, b = (by,...,b) € [0,1]* such that
[a,b] be any k-box in I¥, it can be shown that the Ug-volumn of [a,d] is

Vo, ([a,b]) = max{lrglgk{bi} - 11;15{:{&@-}, 0} > 0, and the m-volumn of [a, b]

is Vi, (la,b]) = T1%_,(b; — a;) > 0, hence we conclude that Ug(-) and my(-)
are survival k-copulas for all & > 2. However, for L(-), if choose the k-
variate box as [1/2,1]*, then the Lj-volumn of [1/2,1]* can be shown to be
Vi, ([1/2,1]%) =1 — k/2 < 0, whenever k > 2. Thus Lj(-) is not a survival
k-copula for k > 2. For k = 2, Lo(-) is indeed a survival 2-copula.

The k-variate (k > 2) survival copulas Ug(-) and m(-) have characteri-

zations similar to the k-copulas M and 7 given in Nelson (1998).

Theorem 4.1. Let X, Xs,..., X be continuous random wvariables,
k> 2. Then

(a) X1,Xo,..., X, are independent if and only if the survival k-copula of
X1, Xoy oo, Xy is mi(4).

(b) each of the random wvariables X1, Xo, ..., Xy is almost surely a strictly
increasing function of any of the others if and only if the survival n-
copula of X1,Xo, ..., Xi is Ug(-).
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Proof. Let X = (X1, Xs,...,X}), be the k-variate continuous random
vector composed by the X;’s, 1 <i < k and let Fx(-) be the joint survival
function of X, and F;(-) be the survival function of X;, 1 <1i < k,

(a) = : By independence of X;’s, we have for V z > p, Fx(z) = Hle Fi(z;),
also, by eq.(3.3), the survival k-copula of X is

Clu) = F&<F1_1(u1),?2_1(u2),...,F,;l(uk)>, by independence

I
E??‘

k
1 i=1

.
Il

(a) <= : If the survival k-coupula of X = (X1, Xy,...,X) is mx(+), ie.,
Clu) = Hle u; for all w € [0,1]%, on the other hand, by eq.(3.2), the relation

between the joint survival function and the survival copula of X is

Fx(z) = C(Fi(z1), Fa(xa), ..., Fi(xy)) = [I, Fi(z;) for all z > p,
hence the independence of X1, Xo,..., X follows.

To prove:
(b) =: Let S={z|z>p}e 2Rk denote the support of Fx(-) and let
zeS.

Asin (a), let F;(-) denote the marginal survival function of F x(-). Then for

all x; in z = (z1,29,...,2Tk), T;i > Wi,

Fi(zi) = P(X; > ;) = P(X1 > 1,..., Xm0 > im0, Xi > @iy oo, Xi > )
+ZP<XZ>{L‘Z N [at least one Xj S {Xl,. .. 7Xi—17Xi+17- .. ,Xk},

J#i
)
= Fx(z)+P(X;>m;, the other coordinates of X are disconcordant
with X;). (4.2)
Since each of the random variables X1, Xo, ..., X is almost surely a strictly

increasing function of any of the others, hence 11’<ﬂi3k{P(Xi > x;, the other co-
i<

ordinates of X are disconcordant with X;} =0, then in this case lrialgk{FZ ()}
_Z_
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= Fx(z), and the survival copula of X is C'(u) :F&(Fl_l(ul), T ()

in {F(F Y (w))) = min {u,) = k
llélilélk{Fz(Fl (ui))} llélil%lk{uz} Uy (u) for any u € [0, 1]".

(b) < : If the survival k-copula of X is Uy (-), i.e., C(u) = 1131&{%}, for all
<i<
u € [0,1]%, then the corresponding joint survival function of X is

Fx(z) = C(Fu(a)..... Fi(er) ) = min {Fi(ar)}.

by eq.(4.2), we obtain that 11[211?]{:{P(XZ > x;, and the other X; in X, j # ¢,
are disconcordant with X} = 0, hence the necessity part of (b) follows. O

Note: Since the definition for the Archimedean generator of the general
multivariate MP*)(IV) distribution is different from that given in Alsina,
Frank and Schweizer (1998) and their results are mainly focused on bivariate
case, hence there are some new properties about the k-variate Clayton family

developed as follows.

Theorem 4.2. Let {C’ék)() | @ € RT} be a family of Archimedean
survival copulas with Co(u) = (Zle ui_l/Cy —(k—1))* and let Q = {pa(-) |

a € R} be the set of corresponding generators for the Archimedean survival

copulas, then the k-variate Clayton subfamily is

(a) negatively ordered.
(b) the family {Ca(-) | a € RTY contains only survival copulas which are
larger than m(+) and its limiting cases are respectively
. 1. Al — — . Z .
(i) lim C(w) =Uy(u) = min {u;}
(ii) lEn CW®) (u) = mp(w) = ugug - - - uy for all u € [0,1]%.

Proof.

(a) For any 0 < oy < ag, C‘&’?(), C’é’;)() both are in the k-variate Clayton
family, and let va, (1), Qay(:) € Q and @q, (t) = (1 + )7, @a,(t) =
(1+¢)7°2, for t >0, then ¢, (t) = t—Ver 1, Poa(t) = t~1e2 _ 1 for
0<t<l,

(el _ Capt
let f(t) = (at ) (—71;>

)—1/&1—1

—1/az—1 — 3—§t1/a2—1/al, to check the function
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f(t) is non-increasing by computing

1 1
F(t) = %(— - —)tl/%—l/al—l <0 for0<t<T1,
a1 \Q9 aq
by Corollary 4.4.6 of Nelson (1998), then C‘&’? (u) > é&ﬁ’(g), i.e., this
family {C’ék)() | « € Rt} is negatively ordered.
(b) For V. 0 < a < oo, by the result of (a), the survival copulas with
P (w) = (3F uz-_l/a — (k —1))~* have two limiting special cases
OB (w) < P () < C§ (w) (4.3)

«

for all u € [0, 1)*.
(b)(i): If & — 0T, by eq.(3.7), Kendall’ 7 = ﬁ — 1, and also, by the

representation 7 = 4]1 % Yo ) gt 41 5 1 as o — 0*, and hence

Yo ()
-1
lim wfli(t) = 0 for 0 < t < 1, by Theorem 4.4.8 of Nelson
a=0% (tha" (1))’

(1998), we get the limiting Fréchet’s upper bound lim C. (ui,uj) =

a—07t
min{ui,uj}:Ug(ui,uj) for any pair u;, uj in u, i # j.
Since min(-) is a binary operation and its serial iteration can be de-
fined recursively via min(uy, ug,us) = min(min(ui,ug),us), by in-

duction it follows that min {u,} = min( min {u,} k), and thus
1<i<k 1<i<k

—1
if lim Yo () _ = 0, then min C¥)(u) = Up(u) = lguilk{uz} fol-

a—0t (T[)a_l(t))/ a—0t
lows.
(b)(ii) : If @« — oo, then 7 — 0, by eq.(3.7), it means O}g}go/ / eN TR

du;du; = Z and hence hm ., (uz,uj)—uzu]—m(u,,u]) Since the
product 7(-) is also a blnary operation and its serial iteration can
be defined recursively via m;(uq,uo,...,uj) = mo(mj—1(ur,us,...,
uj—1),u;), for j >3, by induction, it follows that 7 (u) =uius - - - uy,
hence o}l_)ngo éa(g) = m(u) = ujuy - - - ug, also, by the relation (4.2),

we obtain the lower and upper limits of {é&k)(ﬂa €M1} which are
mr(w) < ) (u) < 1211&{%} for all u € [0,1]%, thus (b) follows. [

Referring back to the relation (4.1), the Fréchet-Hoeffding upper and
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lower bounds for the survival copula of X are respectively lrinilk{uz} and
_Z_

max{0, Zle u; — (k — 1)} for all w € [0,1]%. These two bounds can be

expressed in terms of the Archimedean generators and stated as the following

property:

Property 4.2. Let X NMP(’“)(IV)(H,Q,Z, a), for any a € KT, let
{C’ék)() | o € Mt} be its corresponding family of Archimedean survival
copulas with Cy (u) = (zf 1u_1/a (k—1))"* and let Q = {pa(-) | « € RT}

be the set of its Archimedean generators, then

(a) the Fréchet-Hoeffding lower bound for Cy(u) is
(i) Lg(u) = max{0, Zle u; — (k — 1)}, and the generator of Li(u) is
pi(t) =1 -t
(ii) Lg(u) is never a k-variate survival copula for k > 2.
(b) for general a € R+, the generator of Cu(-) is @u(t) = (1 4+ 1)~
(c) the lower limit of {C’ék)() | « € RT} which is a k-variate survival copula

is Tr(u) = uiug - - - ug, and the generator of m(u) is pa(t) = e~ t.

Proof (a)(i).
The inverse function of 1 (-) is 7' (t) =1 —¢, for 0 < t < 1, and it is
easy to check that Li(u) can be expressed as

1t = (L) =30 -00) =1~ {2 - )
i=1 i=1
= max{O Zul 1} for all u € [0,1]".

(a) (ii) is followed by Property 4.1 (ii).
(b) is followed by Property 3.1.
(c) The inverse of @a(-) is @5 ' (t) = —1In(t), for 0 < ¢ < 1. Tt is straightfor-

ward to check that 7 (u) can be written as

me(u) = 902<Zk2802_1(uz‘)) = 902<zk:(—ln(ui))) — o i (= In(us))
=1 i=1

In([T¥

= PIliz1) = yyuy - uy, forall u e [0, 1]*.
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7 (u) is a k-variate survival copula followed by Property 4.1 (i) for all
k> 2. O
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