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Abstract

A system coupling the condensate density to the non-
condensate distribution function of a gas at very low tempera-
ture is considered. A global existence in time of a solution to the
Cauchy problem is proven for an initial datum with finite mass

and energy.

1. Introduction

Since the recent discovery of Bose-Einstein condensation in ultracold
trapped atomic gases [1, 4], that makes possible to observe fundamental
properties of quantum statistics, the interest in the quantum framework of
the Boltzmann equation has increased. In the 1920’s, Bose and Einstein
theoretically predicted the existence of Bose-Einstein condensates. A fun-
damental result of quantum statistics stated that above a certain critical
density all added bosons enter the ground state, so that Bose-Einstein con-
densates form. Since then, the presence of Bose-Einstein condensates has
been inferred rather than observed in a number of phenomena, like super-
conductivity and supraconductivity in helium. It is in 1995 only that they
were produced in a very low temperature context for a gas of rubidium
in a trapped potential. Mathematically, the quantum Boltzmann equation
presents formal analogies to the classical Boltzmann equation, but its so-
lutions present quite different features. In particular, the boundedness of
the classical entropy provides L' compactness for the distribution function,
whereas the boundedness of the quantum entropy does not. Indeed, the

Received December 31, 2004 and in revised form April 25, 2005.

649



650 A. NOURI [June

quantum entropy is bounded from above by a multiple of the mass. Hence the
a priori bounds of mass, energy and entropy reduce to bounds on mass and
energy. Therefore, concentrations of the distribution function are expected.
Splitting the gas distribution function into its Lebesgue absolutely contin-
uous part and its singular part enables to distinguish the non-condensate
from the condensate parts of the gas. For a mathematical analysis of the
quantum Boltzmann equation we refer to [3, 5, 10]. In [10], global existence
and time asymptotics of isotropic solutions to a modified quantum Boltz-
mann equation are studied in a space-homogeneous frame, under a cut-off
condition on the collision kernel. This cut-off prevents Dirac measures to
form in finite time. For an initial mass bigger than the mass of the Planck-
ian distribution function, some velocity concentration is proven to occur at
infinite time. In [11], distributional isotropic solutions to the homogeneous
quantum Boltzmann equation are determined in a hard sphere frame. In [3],
some modelling and numerical aspects in quantum kinetic theory for a gas
of interacting bosons are reviewed. In order to study the evolution of the
condensates, a system is presented, coupling the Gross-Pitaevskii equation
for the condensate wave function and a quantum Boltzmann equation for the
non-condensate distribution function. In [5], the questions of well-posedness,
i.e. existence, uniqueness, stability of solutions, and long time behaviour of
the solutions are treated in some particular cases.

In this paper we consider a system of equations coupling the non-con-
densate and the condensate parts evolutions. This results in a quantum
kinetic equation for the non-condensate distribution function, coupled to a
Gross-Pitaevskii equation for the condensate wave function. In a very low
temperature setting, only the coupling source terms remain in the quan-
tum kinetic equation. Isotropic non-condensate distribution functions are
considered in a space-homogeneous frame. Existence of solutions to the
coupled system is proven, with bounded condensate densities and measure
non-condensate distribution functions. The boundedness of mass and en-
ergy allows to give a weak sense to the collision term of the non-condensate
distribution function, as the derivative of a bounded measure. Finally the
exchange of mass between condensate and non-condensate is discussed at
the end of Section 4.
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2. The Model

For the derivation of kinetic quantum models and the use of the Gross-
Pitaevskii equation for the condensate wave function as well as their physical
study, we refer to [8, 12, 13, 14, 15]. The observation of Bose-Einstein con-
densation in some atomic gases motivates a description of the evolution of
the condensates that takes full account of the microscopic nature of atomic
interactions in a trap, both close to and far from equilibrium. The conven-
tional description relies on the well-known Gross-Pitaevskii equation, also
known as a nonlinear Schrodinger equation. In this equation, one assumes
that the atoms are all effectively condensed and the atomic interactions can
be accurately modeled by a pseudopotential, expressed in terms of the s-
wave scattering length. The resulting equation of motion for the condensate
wave function ¢ is

oy R

iR = (5 Ba+V + g‘w(z)w.

Here h is the Planck constant, m the mass of the atoms, V' an external
potential, and g = % is the interaction strength determined by the s-
wave scattering length as. If the atoms are in the dilute gas, they can be
studied by a kinetic quantum equation of Boltzmann type,

OF
- L F
o TPV

— [ B poy - ) (FEO+ F)0+ E) - FRO+ F)1+ F)
x3(p+ps=p +p ., p* +p2=p? +p)dp.dp'dy,, (2.1)

where B is a given collision kernel and F' = F(p'), F, = F(p',), F = F(p),
Fy = F(ps).

After the time of condensate formation, the kinetic equation (2.1) is inap-
propriate, and the finite number of particles in the condensate corresponds
to the infinite value of the distribution function at energy zero. In order to
describe the system of particles interacting with the condensates, the simul-
taneous treatment of both condensate and non-condensate parts has been
developed in [2, 6, 16, 17]. The resulting equations of motion reduce to
a generalized Gross-Pitaevskii equation for the condensate wave function,
coupled with a quantum Boltzmann equation for the thermal cloud,

o h?
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+[Uo(ne(z, t) 4+ 2n(z,t)) — iR(z, t)|Y(x, t), (2.2)
%—JZ + % Vel - VpF = Q(F) + Qc(F). (2.3)

2
Here, n.(t,z) = ‘Qp(w,t)‘ is the condensate density and V(x) the confining

potential. The collision integral Q(F) is the quantum operator defined in
(2.1), whereas Q.(F) describes the collisions between condensate and non-
condensate particles and is given by

2
8ain,

/5(pc+p*zp’+p’*,ec+e*:e’+e;)

x[6(p=p«) —o(p=p) = d(p=17")]
X (F’F;(l YR~ F(1+ F)(1+ F;)>dp*dp’dp’*. (2.4)

m2

Here, € = %pz + U(x,t), where U = V + 2Uy(n. + n) is the mean field
potential, and n denotes the non-condensate density

1
n(x,t) = W /F(m,p,t)dp.

F, (vesp. F’, F}) denotes F(p.) (resp. F(p'), F(p,)). The source term R is
given by

h
R(at) = gy / Qu(F)dp.

In the space-homogeneous case, the system (2.2-3) becomes

-0
iha—qf = (V + Up(ne+2n) —iR)v, (2.5)
OF ~
o J(F), 2.
55 = @+ QlF) (2.6)
so that the condensate density n. and the non-condensate gas density F
evolutions are given by hnl, = —2Rn,., i.e.
/ 1 /
= <(F)dp, 2.7
W=~ | QelE)b (27)

and equation (2.6). Solving the system (2.5-6) comes back to solve (2.6-
7) first, where the unknowns are F' and n., then easily compute the wave
function ¢ from (2.5). Therefore, we aim at solving (2.6-7). Notice that this
system can also be formally obtained by starting from the quantum kinetic
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equation (2.1) with collision kernel identically equal to one for the total -

condensate and non-condensate - gas distribution function f,

of Y
5 = /5(p+p*=p’+p’*,p2+p3=p2+pf)

) (FFU+f+ L) = FLOA+ T+ £ dpadd .

then splitting f into its condensate part n.(t)d,—,. and its non-condensate
part F', ([12, 14])

f(tvp) = nC(t)(SP:Pc + F(tvp)‘

It means that n. and F should respectively satisfy

2
L(t) = nc(t)/5(pc+p* =p +p .02 +pi=p%+05)

X(F'F. — F.(14+ F' + F!))dp.dp'dp, + n*B; + nCy,

%—IZ = /5(p+p* =p +p. 2 +pl=p + )
X (F’F;(l YF4F)-FEO1+F + F;))dp*dp’dp’*
+n.A + nng + ng’Cg,
where
B, = /5(pc +pe=p + 902+ pi=p? +p7) (F'5(p’* =pe) + FLo(p' = pe)
—F.b(p = pe) — Fo(p's = pe) — (1 + F' + F))o(pe = pc))dp*dp'dp'*,
C = /5(pc +po=p + 9. p; + pi=p" +p’i)(5(p’=p’*=pc)
+0(pe=p' =p=pc) = 6(px=p'=pc) = (P« =p', = pc)>dp*dp’dp’*,
A= /5(p tpe=p 00 PR = 2 4 (F'FL5(p* = pe)
+F (14 F+F)8(p . =pe) + FI(L+ F+ F)O(p =pe) - FEO(p = pe)
~FES(p, =po) = F(1+ F'+ F)3(p. = pe) ) dp.dp/ay..,
By = /5(p tpe=p +p 0"+l =p"? +p’f)<F’5(p’* = s = Pe)

+F.5(p' = pe =pe) — Fo(pe =p' =pe) — Fo(ps = p', = pe)
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+(1+F+F)sp =p, = pc))dp*dp'dp'*,
Cy = / S(p 4 pe=p' +1 o, PP+ D2 =02+ 2)0 (0 =1, =pe=pe)dp.dp'dp,.

Moreover, the four first terms in By cancel each other. The set defined by
2p. = p' +p's, 2p% = p? + p/? reduces to p = p. = p,, so that the integration
on it of the measure F' which support does not contain p,. is zero. And so,
B1 = 0. The term C1, equal to

/5(pc +pe = +plopl + 0l =%+ p2)
X(26(ps = pe) = 6(p' = pe) — 8" = pe))dpadp'dy’,,
vanishes. The term A can also be written as
/5(pc +pe =9 0% + 0l =% +p?)
< (0(p=p.)=0(p =)= 3(p=1/ ) (F'Fl~ F.(14+ F'+ F)) ) dp.dp'dp .
It follows from the same arguments as for By that B = 0. And so, the

system (2.6-7) is recovered for n, and F.

In a way similar to the procedure used by Lee and Yang ([9]) for the
equilibrium properties of a condensed Bose gas, two regions can be distin-
guished, namely

- a moderately low temperature region,
and
- a very low temperature region.

In this paper, we restrict to the second region of very low temperature.
Moreover, if the number of particles in the condensate is sufficiently large, the
interactions with the condensate will dominate the dynamics of the system,
so that @ is negligible compared to Q. ([7]). If we finally consider a space-
homogeneous frame and isotropic distribution functions, and denote by e
and F'(t,€), respectively %pQ and the distribution function of the dilute gas,
the collision operator Q. writes Q.(F) = n.(X — 2Y), with

X=/5(p* =p +7,,p? =p’2+p’3)5(p=p*)(F'Fl—F*(1+F’+Fl)) dp.dp'dp’,,

Y=/5(p* =p' +p,pi=p"> +p12)5(p=pi)(F’Fi—F*(1+F’+Fi)) dp.dp'dp?,.
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Then, if ¢y = Arcos\/g,
€ 2T pm
X:/ \/26// / sin¢'5<—4\/ee’cosg0/+4e':0)
0 o Jo
x (F’F(e — Y= F(1+ F + Fe — e’)) dy/d6'de'
= 277/ \/26’(/ sin ¢’ §(4Ve€’ (sin pg) (¢ — o) = O)dgo’)
0 0
X (F(e’)F(e — Y= F(e)(1+ F(¢') + Fle — e'))) de’

|| (F@Fe &) = P+ F@) 4 Fle— ) ac.

<k
@)}

Moreover,

Y = 277/\/?(/(: sin cp'5(4\/gcos o = O)dgol)
X (F’F —Fle+ )1+ F + F))de’
:2ﬂ/\/§/oﬂsing0/5(4\/g(cp/ — g) = 0)
X (F’F CFle+ )1+ F + F))dgo’de’
= \/%_6 / (F’F —Fle+ €)1+ F() + F(e))de/.

Forgetting the constant % for the sake of clarity, Q.(F) = %Q(F ), with

Q(F)(t, ) = /0 6 (F(e’)F(e . 4F(6)F(e’)>de’ —2F(e) / " Ry

+2 / F(e+ €)Y F() 4 F(e))de — eF(e) + 2 o F(e)de.
And so, the system to be studied is 6
w(t) = —ne(t) [ QF)de, (2.8)
O (VeF) = neQ(F),  F(0.0) = Fi(c), (2.9)

with the initial non-neggative data n.(0) and F; given. The total mass and
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energy are assumed to be bounded, i.e.

+ / VeF;(€)de < 400, /E%Fi(e)de < 400. (2.10)

3. A Priori Estimates

Lemma 3.1. For any function p,

faw =2 [ F(O) [ P)(ole+ )+ ole — ) ~20(6))acde
+ [FO(2 [ o) - eoto)de. 1)

Proof of Lemma 3.1. For any function ¢ defined on IR,
et [ Pepe-ciacie = [ FQPE)p(e+ e
- /F / Yo(e + €' )de >de,
[ earerd)rErer©pd = [ [ Fepted) o)

And so,
[ eiaptade=2 [ O [ F)ple+ )+ ole - ) 20t de
+ [Pz [ e - pa)de. D
Lemma 3.2.
+ [ Vet ade = n(0) + [ VeRi(de (3.2
/ESF(t,e)de = /egFi(e)de, a.a.t € [0,T]. (3.3)

Proof of Lemma 3.2. (3.2) follows from adding (2.8) integrated from 0
to t and (2.9) integrated on (0,¢) x IR4. (3.3) follows from Lemma 3.1 with

(€) =e. O
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Lemma 3.3. Under (2.10), the bilinear part of Q(F),
€ +o0o
/ (F()F(e — &)~ 4P(F(¢) )de — 2P (e / P(e)de
0 €
+2 / Fle+ €)(F(¢) + F(e))de,
is the derivative of a bounded measure.

Proof of Lemma 3.3. By Lemma 3.1 and (2.10), for any function ¢ €
CY(IRy) such that ¢ and ¢’ are bounded,

[ et
< /\fF / VIR Ge+Ae) — (e — Ae’))d)\ de' de
< / VeR(de) < c 90/ ) O

It follows from Lemmas 3.1 and 3.3 that weak solutions of the Cauchy prob-
lem (2.8-9) can be defined.

Definition 3.1. A weak solution to the Cauchy problem (2.8-9) on the
interval of time [0, 7] is (n¢, F) € C1([0,T]) x L*(0, T, M /(IR )) such that
V€F contains no Dirac part at € = 0, and for any function ¢ € C*([0,T] x
IR.) such that is bounded and ¢(t,-) = 0,t € [0, 7],

Tlc(t) = ( ) fo S €F(s56) deds
/\/EF(t, E)SO(t,e)de—/\/EE(e)cp(O, e)de_/o /ﬁF(S?e)%_SO(S,E)deS
= n,(0 )/ e lo [ eF(r.e)dedr
0

/\/_Fs e/\/_Fs € \/7/ (s, e+ A€ —g—gp(s,e—)\e’))d)\de'de
€

+ / F(s,e)(2 /0 (s, €)de —egp(s,e))de)ds. (3.4)

Remark 1. It is for keeping the spirit of the coupling between the

condensate and non-condensate parts of the gas, that /eF is required to
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have no Dirac part at energy O.

4. The Existence Theorem for the Cauchy Problem.

Theorem 4.1. Under assumption (2.10) of bounded initial mass and en-
ergy, there exists a weak solution (n., F) € C1([0,T]) x L*(0, T} M /(IRT))
to the Cauchy problem (2.8-9) in the sense of Definition 3.1.

The proof of Theorem 4.1 splits into two parts. An approximation pro-
cedure first leads to a sequence (F7), solution to a Cauchy problem with ap-
proximated collision operators behaving smoothly close to the energy zero.
Then the passage to the limit in the equation satisfied by F? when j — 400
provides a weak solution to the Cauchy problem (2.8-9).

Lemma 4.4. For any j € IN*, there is a unique solution (nz,Fj) €

Cl([()?T]) X Cl([[)?T]?Liﬁ(]R-i-)) to

i = —ni / Q;(F')de, nl(0) = no(0), (4.1)
\/g% =nlQ;(F7), FI(0,¢) = Fy(e), (4.2)
where

E—l. €
Qi(F)(e) = [ ’ F'F(e—€)de — 4X6>;F(e)ﬁ F'dé
7 7

“+o00

+0o0
—2X€>%F(e) F'de' + 2/1 F'F(e+ €)de

€

“+oo
+2X6>%F(6) /F(e + e’)de’—x€<jeF(e)+2x;<E<j/ F'de.

Proof of Lemma 4.1. Denote by ¢; = n.(0)+ | v/eEF;(e)de. Starting from
a nonnegative function f(¢,€) such that [/ef(t,e)de < c¢1, ¢ > 0, there
are functions (N (t), F(t,€)) solutions to

N'= <N [ @t Fyde, N(O) = ne(0), (4.3)

\/EOF

E = N@j(fv F)v F(O’ E) = Fi(€)7 (4'4)
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where Q;(f, F) is defined by

QP = [ 1=~ iy P [ rae

“+oo +00
_2X5>31.F(6) / flde + 2/1 f'fle+€)de

+00
+2XE>%f(€)/f(€+€/)d6/_X€<jEF(E)+2X%<e<j f/de/.

Indeed, consider the sequence (F7) defined by F° = 0, and

oFIt1
ot

VT NG, B, FI0,€) = Fi(e),

where N7 is the solution to
N = <N [ Q7 F)de, N7(0) = n.(0).
From N7 and F7*! written in exponential form, it follows that N7 > 0 and

F7+1 > 0. Then a contraction argument is used in C°([0, T*], Liﬁ) for T

small enough, to prove that (F7) converges. The time T* is chosen so that
uniformly in j,
/\/EFj(t, €)de < 2¢y, t€0,T*].

It can be done in the following way. Since

NI (t) = ne(0)e Jo J Qi (fiF7)deds

(/Qj(f,Fj)de( g5j(/\ﬁfde)2+4j(/ﬁfde)(/x/EFjd6>

+\/j/\/EFjde+2jg/\/Efde,
and

/\/Efdﬁﬁch /\/EFjd6§2C1,

it holds that

Ni(t) < ne(0)e20° Tt [0,T*], je IN*,
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and

/ Ve T (t, e)de < / VEF,(e)de + 20¢352n(0)T*e20¢t7°T”

< e + 2062 20 (0)T* 20T < 2¢y,

for T small enough. Let us prove that

sup /\/E‘(F”Q—Fj“)(t,e) de < k sup /\/_‘ (FITY_FI)(t,€)|de,

t€[0,7%] t€[0,7%]
for some k < 1, uniformly with respect to j.

First, writing Q;(f,F) as a(f) — Fv(f), the difference \/E%(FjJr2 -
F7+1) can be split into

ﬁ%(FH — I = NI (a(f) — FI20(f)) — NP (alf) — FItlu(f))

— a(f)(Nj"H _ Nj) _ Nj+1(Fj+2 _ Fj+1)1/(f) + (Nj-i-l _ Nj)Fj+1y(f).

Then,

(NI — N7 ()

< ng(0)e — I [ o(f)deds fof FFit1(s,€)deds _ fo S v(f)F7 (s,e)deds

ne(0)] /0 [ nE = (s, deds|eT
C/Ot

Consequently,

IN

IN

€|(FITY — FI)(s,€)|deds.

%/\/E‘(Fj” Pt 6)|de < c/ot/\ﬁ‘(Fj“ — FI(s, €)deds
e / Ve (F72 — PP 1, e

Hence,

/ﬁ‘(Fj“ _ Iy, e)‘de < c/t / ﬁ‘(Fj“ — FI)(s, ¢)deds.
0
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And so,

sup /\/E‘(FjJr2 — FITY(t,€)|de < ET* sup /‘(FjJrl — F7)(t,€)|de.
te[0,77] t€[0,7%]

It is sufficient to choose T < % to end the contraction argument. And so,
there are (N, F') solutions to (4.3-4) on [0,7%]. But adding equations (4.3)
and (4.4) implies that

N(T*)—l—/\/EF(T*,e)de:N(O)+/\/EF(0,e)deScl.

This means that the whole argument for defining (N, F') solution to (4.3-4)
on [0,7*] also holds on [T, 27|, ...finally on the whole interval [0, T].
Consider the map 7T that maps (n, f) € C°([0,T]) x C°([0,T], L*(IRT)) such
that

m@y+/v€ﬂu¢k§cb te RT,

into (IV, F') solution to (4.3-4). It follows from the expressions of N(¢) and
F(t,e) written in exponential form that they stay nonnegative like their
initial data. Then,

N(t) + / VeF (t,e)de < c1. (4.5)

For T small enough, 7 is a contraction in C°([0, T]) xC°([0,T7], L
consider (nq, f1) and (ng, f2) such that (4.5) holds, and
(N17F1) :T(Tll, fl)? (N27 FQ) :T(n27 f2) Then7

%/\@‘Fl—&‘de
< N1/‘C~2j(f17F1)—@j(f%Fz)‘deJr‘Nl_Nz‘/‘Qj(fQ’F2)‘de

([ ve e+ [ v

Here, and in the following, ¢;, i > 2, denote constants depending on ¢; and
L=
j§. Moreover, Nj(t) = n.(0)e~Jo J Qi(fsFi)deds 1 < j <2 g0 that

! -). Indeed,

Ve

IN

F—F fi—fa

de> +C3(N1 _ Nz(.

IN

Ni(t) < ne(0)ee2T,

M) - Nt < cgecﬁ/ot/\/g‘(Fl—Fg)(s,e) deds, t<T.

A



a2 A NOURI e
And so,
5 [ Vel - By,
< 65/\/5‘(F1 — B)(t, )de + cge™T /Ot/ﬁ‘(Fl ) (s, )| de
ves [ VE|h - it ofde, 1< T,

Hence, z(t) := fotf\/g‘(Fl — F5)(s,€)deds satisfies a second-order linear
differential equation with a source term h(t) < 08f\/5‘(f1 — fa)(t,€)|de.

Hence,

t
a(t) = — / h(s) (e =9 — ec0(t=9)) g,
C9 — €10 Jo

Consequently,

/\/E‘(Fl ~ ) (t,0)|de <

% (c;;(ecgt —1) + cgplefrot — 1))
‘09 - 610‘

t<T.

X sup
SST

— fa)(s,€)|de
Hence,

sup/\/g‘(Fl —Fg)(t,e)‘degcll(eC”T sup/\/_‘ (f1— f2)(t, e ‘de

t<T t<T

sup ‘(Nl - Ng)(t)‘ < 013T6014T(6012T 1)sup
t<T t<T

= f2)(t,€)|d

And so, a Banach fixed point argument can be applied to 7 in C°([0,77]) x

CO([O,T],Li/E) for T small enough. It follows from (4.5), holding on [0, 7],

that the previous procedure can be applied on [T,277],..., up to T. By
(4.1-2), (n’, F7) belongs to C*([0,T]) x Cl([O,T],Li/E(]RJF)).

End of the Proof of Theorem 4.1. It remains to pass to the limit in
(4.1-2) when j tends to +oo. From (4.1-2) it follows that

+ [Veritose=c, [ dpwade= [ dRad @)
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Hence up to a subsequence, the sequence (\/eF7) converges in a weak-*
sense to a bounded measure \/eF + B(t)de—g, with the support of \/eF not

containing € = 0. Moreover,

lim [ eF7(t,e)de = /eF(t,e)de.

Jj—+oo
Consequently,
lim n](t): lim nc( ) fofeFJSf deds: ( ) fofeF $,€) deds
j—+too © j—+oo

Then, (nﬁl) is bounded in C°([0,T), so that the Ascoli theorem implies that
up to a subsequence, (n/) uniformly converges to nc(O)efot JeF(s.e)deds Then

for any C! test function ¢, integrate (4.2) multiplied by ¢ on (0,t), so that

[ Veritt st e - [ VeRpto.ae

- / t / ﬁFj(s,e)‘?)—f(s,e)deds
/n] / fF]se/fF]se[/ 86864-)\6)

- 8 (s € — \e'))d\de' deds
€

t 400 min(e,j) ] j ]
+ / nﬁ(s)<2 / ( / go(s,e/)de')F](s,e)de— / eFﬂ(s,e)gp(s,e)de)ds,
0 1 1 0

where nd(s) = ne(0)e~ Jo [ €7 (me)dedr  pagging to the limit when j — +00 in

the previous equality implies that

/\/_Fte tede—/\/_F ¢(0, €)de + B(t)p(t,0)

//\/_Fse (sededs—l—/ﬁ ,0)ds
+/0 nc(O)e_fngF(T’e)dEdT/\/EF(S’E)/O \@F(S,E,)\/g

Loy 9y : :
X / (= e (s,e+ Ae') — e ——(s,€ — A€'))d\d€ deds

_|_/0t o(0)e™ Jo [ eF(re)dedr (2 /6 o(s, €)de — egp(s,e))F(s,e)deds. (4.7)

0
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Indeed, the other terms containing 8 vanish at the limit, in a way already
noticed in Section 2. Choosing then ¢ such that ¢(¢,0) = 0,t € [0, 7] leads
to the weak formulation (3.4) for F. The existence of a solution (n,F') €
C([0,T]) x L>(0, T, M s (IR+)) to the Cauchy problem (2.8-9) is therefore
proven. ]

Proposition 4.1. If the limit \/eF + B(t)dc—o of \/eF7 for the weak-*
topology of bounded measures, has no other singular part than B(t)d.=o, i.e.
if JeF € L>®(0,T,L'(IR})), and if 0 is a Lebesgue point of \/€F, then B is
identically zero.

Proof of Proposition 4.1. If \/€F is integrable, then

1
lim /n VeF (t,e)de = 0.
0

n—-4o00

1
If moreover, 0 is a Lebesgue point of /eF', then n fO" VeF (t,€)de is bounded,
so that

1
n 2
lim n(/ VeF(t, e)de) =0.
n—-+o00 0
Consider then the equality (4.7) for the test functions ¢,, defined by
1
on(e) =1—ne, e€[0,—], ¢n(e) =0, else.
n

All terms vanish at the limit n — +o0 in (4.7) for ¢y, except 5(t)p,(0) =
B(t). Indeed,

| verwaeuaie< [ " VeR(e)de,

[ vers.a [ Vere. >\ﬁ / (Ghlet AC) — (s, — AN de

n ) n )
(/0 VeF (s, €)de)” < 2n(/0 VEF (s, €)de)?,

901

< 2sup

and

—+00

(2 [enrae e Fis.co< [ iF(s,e)dH% |, Pl odes

)l
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Remark. Passing to the limit when j — 400 in (4.6) leads to

ne(t) + B(t) + / VeF(t, e)de = e, / S F(t,e)de < / S Fy(t, ¢)de. (4.8)

Hence the solution (F,n.) provided by Theorem 4.1 conserves the total mass
if and only if g is identically zero. In this case however, the original conden-
sate n.(t) = n.(0)e” Jo | €F(s:e)deds i decreasing with time. This may make
the model (2.8-9) no more valid after some time, since it has been derived
under the assumption of a large amount of condensates, compared to the
non-condensate fraction of the gas. The case 5 # 0 is interesting in the sense
that then the condensate at time ¢ is given by (n.(t) + B(t))de=o, so that a
new component of condensates arises, coming from the non-condensate part
of the gas. This new component could not be seen from equation (2.9), i.e.

nL(t) = —ne(t) / Q(F)de = —n.(t) / eF(t,e)de.

Lemma 4.5. The possible B-part of the condensate is bounded and
explicitly given by

n—-+o0o 0

(1) = no(0) tim [ I er o |70 /%;F<s,a><n<e+e’>—1>

[ Fs0 / | Fls, )1 (e — &)iede) ds

1
n

Proof of Lemma 4.5. Tt follows from (4.8) that § is bounded. Then its
explicit expression is part of the proof of Proposition 4.1. O

5. Conclusion

In this paper, we have proven the existence of a global solution to an
homogeneous quantum coupled system describing the evolution of a gas at
very low temperature, for an initial datum with finite mass and energy.

The analysis shows that the non-condensate fraction of the gas is creat-
ing new condensates.
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