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Abstract

Hydrodynamic equations for a binary mixture of inelas-
tic Maxwell models described by the Boltzmann equation are de-
rived. The Navier-Stokes transport coefficients are exactly ob-
tained by solving the Boltzmann equation from the Chapman-
Enskog method for states close to the (local) homogeneous cooling
state (HCS). The knowledge of the transport coefficients allows
one to analyze two different problems. First, we solve the lin-
earized hydrodynamic equations around the homogeneous (cool-
ing) state and identify the conditions for stability as functions of
the wave vector, the dissipation, and the parameters of the mix-
ture. As happens for monocomponent systems, the analysis shows
that the HCS is unstable to long enough wavelength perturbation.
As a second problem, we explore the validity of Onsager’s recip-
rocal relations of a granular binary mixture. As expected, since
a granular system is not time reversal invariant, Onsager’s recip-
rocal relations do not apply for inelastic collisions. The results
show that the absence of the Gibbs state (non-Maxwellian behav-
ior of the velocity distribution functions describing the HCS), the
collisional cooling, and the occurrence of different kinetic temper-
atures for both species (breakdown of energy equipartition) are

responsible for a violation of Onsager’s relations.
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1. Introduction

Granular fluids are usually modeled as systems composed by smooth
hard spheres with inelastic collisions. The collisions are specified in terms of
the change in relative velocity at contact but with a decrease of the magni-
tude of the normal component measured by a (positive) coefficient of resti-
tution smaller than or equal to 1. For this interaction model, the Boltzmann
equation (BE) has been conveniently modified to account for the inelasticity
of binary collisions and the transport coefficients have been determined for a
single gas [1] as well as for multicomponent systems [2]. However, the eval-
uation of those coefficients for inelastic hard spheres (IHS) is quite involved
since they are given in terms of the solutions of linearized integral equations
which can be approximately solved by considering the leading order in a
Sonine polynomial expansion of the velocity distribution function. For this
reason, other interaction models that simplify the mathematical structure
of the Boltzmann collision integrals for THS have been considered in the
past few years. As for ordinary gases, the BE for inelastic Maxwell models
(IMM) has been also introduced [3]. The IMM share with elastic Maxwell
molecules the property that the collision rate is velocity independent but,
on the other hand, their collision rules are the same as for THS. Although
these IMM do not correspond to any microscopic interaction potential, the
cost of sacrificing physical realism is in part compensated by the amount of
exact analytical results that can be derived from this simple model.

Most of the studies performed for IMM have been devoted to homo-
geneous states, especially in the analysis of high-energy asymptotics of the
velocity distributions. On the other hand, much less is known on the depen-
dence of the transport coefficients on dissipation, especially for mixtures.
In the case of a binary mixture subjected to simple shear flow, the rele-
vant rheological properties of the system (shear and normal stresses) have
been exactly obtained [4]. These results show an excellent agreement with
those obtained analytically for THS in the first Sonine approximation and by
means of Monte Carlo simulations [5]. More recently, the BE for inelastic
Maxwell mixtures has been solved [6] from the Chapman-Enskog method for
states close to the (local) homogeneous cooling state. Explicit expressions of
the Navier-Stokes transport coefficients of IMM in d dimensions have been
derived in terms of the coefficients of restitution and the ratios of mass, con-
centration, and particle sizes. Comparison with known results for THS [2]
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shows a reasonably good agreement, especially for the transport coefficients

associated with the mass flux.

The knowledge of the transport coefficients of IMM for mixtures allows
quantitative application of the nonlinear hydrodynamic equations to a num-
ber of interesting problems. Here, we consider two different applications.
First, we study small perturbations of a spatially homogeneous state and
determine the dispersion relations for the hydrodynamic modes. This anal-
ysis allow us to identify the conditions for stability as functions of the wave
vector, the dissipation, and the parameters of the mixture. As in the mono-
component case [1], linear stability analysis shows two transversal (shear)
modes and a longitudinal (heat) mode to be unstable with respect to long
wavelength excitations. As a second application, we explore the validity of
Onsager’s reciprocal relations [7] among the different transport coefficients
associated with the mass and heat fluxes. For ordinary gases these relations
are a consequence of time reversal invariance of the equations of motion
of the individual particles. Since a granular fluid is inherently time irre-
versible (there is a irreversible loss of kinetic energy in collisions), violation
of Onsager’s relations is expected with increasing dissipation. The interest-
ing point here is to assess the influence of inelasticity on the failure of these

reciprocal relations as well as to identify the origin of such a violation.

The plan of the paper is as follows. In Section 2, we give a brief summary
of the Boltzmann equation for IMM and their corresponding balance hydro-
dynamic equations. The form of the Navier-Stokes hydrodynamic equations
for the mixture is given in Section 3. Sections 4 and 5 contain the main
results of this paper. In Section 4 we perform a stability analysis of the
linearized hydrodynamic equations while Section 5 deals with the study of
Onsager’s relations in granular systems. We close the paper with some con-

cluding remarks in Section 6

2. Inelastic Maxwell Models for a Granular Mixture

Let us consider a mixture of inelastic Maxwell gases at low density [3].
At this level of description, all the relevant information on the system is

given through the velocity distribution functions f,.(r,v;t) (r = 1,2,...) of
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each species. In the absence of any external force, the distribution functions
fr obey the following set of nonlinear Boltzmann kinetic equations [4]:

(O +v - V) frr,v;t) ZJTS [vIfr(t), fs(D)], (1)

where the Boltzmann collision operator J,s [v|f, fs] is

JIrs [V1|fr,fs] = Wrs Lt ars /dVQ/dO‘
X[ Qs fT(r7V17 )fS(r7V2v )_fT(rvvl’t)fS(r’V%t)] : (2)

Here, m, is the mass of a particle of species r, n, is the number density of
species T, wys # ws is an effective collision frequency (to be chosen later)
for collisions of type r-s, Qq = 2x%2/T'(d/2) is the total solid angle in d
dimensions, and «,.s = ag- < 1 refers to the constant coefficient of restitution
for collisions between particles of species r and s. In addition, the primes on
the velocities denote the initial values {v}, v5} that lead to {v1, vo} following
a binary collision:

Vi =vi—ps (L+0r)) (G-812)8, Vh=votpus(1+a)) (5 -g12)d, (3)

where g2 = vi — vy is the relative velocity of the colliding pair, & is a unit
vector directed along the centers of the two colliding spheres, and p,s =
m,/(m, +ms). The collision frequencies w,s can be seen as free parameters
in the model. Their dependence on the coefficients of restitution ¢, can
be chosen to optimize the agreement with the results obtained from the
Boltzmann equation for IHS.

The relevant hydrodynamic fields in a mixture are the number densities
n,, the flow velocity u, and the granular temperature T. They are defined
in terms of the distributions f, as

n, = /dvfr(v), (4)
pu = ZpTuT = Z/dvmrvfr(v), (5)
nT = p= anTr = Z% /dVszr(V), (6)

where p, = m,n, is the mass density of species r, n = ) n, is the total
number density, p = > pr is the total mass density, V. = v — u is the
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peculiar velocity, and p is the hydrostatic pressure. Furthermore, the third
equality of Eq. (6)) defines the kinetic temperatures 7, of each species, which
measure their mean kinetic energies. For inelastic systems, in general T;. # T
so that the energy equipartition theorem does not apply.

The collision operators conserve the particle number of each species and
the total momentum, but the total energy is not conserved:

/ AV IVl fi] = 0, (7)
Z/dverJrs[V|fr7fs] =0, (8)

3 / dv%er2Jrs[v| Fofil = —gnTC. )

Here ( is identified as the “cooling rate” due to inelastic collisions among
all species. At a kinetic level, it is also convenient to introduce the “cooling
rates” (. for the partial temperatures T,.. They are defined as

Cr = Z Crs = — Z dniTr /deTV2J7«S[V|f7«, fs]’ (10)

where the second equality defines the quantities (.;. The total cooling rate

¢ can be written in terms of the partial cooling rates (. as
¢= Z TrYrGrs (11)
T

where x, = n,/n is the mole fraction of species r and v, = T,. /T

The macroscopic balance equations for the mixture follow from the con-
ditions ([7)—(@). They are given by

v'jr

D, +n,.V-u+ = 0, (12)

D+ p 'V.-P=0, (13)
T~—V-j 2

DT — — — (V- P: = —(T. 14

: nZ ot g (Voa+ Py = —¢ (14)

In the above equations, Dy = 0; + u - V is the material derivative,

Jjr= m,«/dVVfT(V) (15)
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is the mass flux for species r relative to the local flow,
P=)" / dvm,VV f(v) (16)
T
is the total pressure tensor, and
1
q= ET: /dv §mTV2V fr(v) (17)

is the total heat flux. The balance equations (I2)—(I4]) apply regardless of the
details of the model considered for inelastic collisions. However, the influence
of the collision model appears through the dependence of the cooling rate
and the hydrodynamic fluxes on the coefficients of restitution.

As happens for elastic collisions [8], the main advantage of using IMM
is that a velocity moment of order k£ of the Boltzmann collision operator
only involves moments of order less than or equal to k [9]. This allows
one to determine the Boltzmann collisional moments without the explicit
knowledge of the velocity distribution functions. The first few moments of
the Boltzmann collision operator J,[f, fs] have been explicitly evaluated in
Ref. [4]. In particular, the cooling rates (s are given by

2wys Msr 97" + 93 ﬂsr(l + ars) -1,
= — 1 ——(1 .

oo = 22220 (1 ) [ 1= (1 ) P B S =5
(18)

where p, = n, T and

mr —1
97» = 7 mg . (19)
T

S

Equation (I8]) can be used to fix the parameters w;,s. The most natural choice
to optimize the agreement with the IHS results is to adjust the cooling rates
(rs for IMM, Eq. ([I8), to be the same as the ones found for THS. Given that
the cooling rates are not exactly known for THS, one can estimate them by
considering their local equilibrium approximation [10]. With this choice, the
collision frequencies w,s are given by

1/2
Wrs = f/z—%nsffﬁs_l <97’9—;98> Vo, (20)

where 0,5 = (0, + 05)/2, 0, being the diameter of particles of species r. In
addition, vo = (273", m;1)'/2 is a thermal velocity defined in terms of the
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global temperature 7. Upon deriving (20)) use has been made of the fact
that the mass flux j, vanishes in the local equilibrium approximation. In the

remainder of this paper, we will take the choice (20]) for wys.

3. Navier-Stokes Hydrodynamic Equations

Needless to say, the usefulness of the balance equations (12)—(I4)) is lim-
ited without further specification of the fluxes and the cooling rate on space
and time. However, for sufficiently large space and time scales, one expects
that the system achieves a hydrodynamic regime in which all the space and
time dependence of the distribution function occurs through a functional de-
pendence on the hydrodynamic fields. This functional dependence is made
local in space and time by writing f,.(v) as a series expansion in powers
of the gradients of the hydrodynamic fields. This special solution is called
a normal solution and can be obtained by applying the Chapman-Enskog
method [11] to the BE. One important difference with respect to the con-
ventional Chapman-Enskog method for ordinary gases is that the reference
state (zeroth-order approximation) of the expansion is not the local equilib-
rium state but the so-called (local) homogeneous cooling state, whose explicit
form is not known [10]. Very recently, the Chapman-Enskog solution to the
BE (Il) has been worked out to first order in gradients of the fields. The
corresponding constitutive equations found up to this order for the binary

mixture are [6]

= -2 pve, —Lp,vp - LDVT, =i (21)
p p T
q = —T?D"Vz; — kVp — AVT, (22)
9
Pry = pore—n <V£Uk + Viu, — E(Skév . 11> . (23)

The transport coefficients are the diffusion coefficient D, the thermal diffu-
sion coefficient D', the pressure diffusion coefficient D,,, the Dufour coeffi-
cient D", the thermal conductivity A, the pressure energy coefficient x and
the shear viscosity coefficient 1. In contrast to the results previously derived
for THS [2], all the above transport coefficients have been ezactly obtained
in terms of the coefficients of restitution and the parameters of the mixture

(masses, sizes, and composition). Technical details of the Chapman-Enskog
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solution to the BE () can be found in Ref. [6]. Here, for the sake of com-
pleteness, the explicit expressions of the Navier-Stokes transport coefficients
as well as the cooling rate ( are displayed in the Appendix.

The expressions for the mass flux (21II), the heat flux ([22)), the pressure
tensor (23)), and the cooling rate (A.6]) provide the necessary constitutive
equations to convert the balance equations (I2))—(14]) into a closed set of six
independent equations for the hydrodynamic fields. Since the irreversible
fluxes have been represented in terms of the gradients of the mole fraction
x1, the pressure p, the temperature 7', and the flow velocity u, it is convenient
to use these as the independent hydrodynamic variables. This means that,
apart from the balance equations (I3]) and (I4]) for u and 7', respectively, we
also need the corresponding balance equations for x1 and p. These equations
can be easily obtained from (I2)) and (I4]) and are given by

Dy + ————V -§; =0, (24)
n<mimsy
2
Dtp+pV-u+%(V'q+P:Vu):—Cp. (25)

Therefore, when the expressions of the fluxes and the cooling rate ( are
substituted into the balance equations (13)), (I4]), (24) and (25]) one gets a
closed set of hydrodynamic equations for x1, u, T and p. These are the
Navier-Stokes equations for the granular binary mixture. They are given by

__r y. <m1m2nDV:1:1 + gDpr + %D’VT) . (26)

d+2 2
(De+Q)p+ va u = -V (T2D”Vm1 + xkVp+ )\VT)

d d
2 2
+E77 (Vzuk + Viug — E(ﬁ;zv . u> Voug, (27)
(Di+ Q)T + 2 V-u

t dnp

T _
= -r g, <m1m2nDVx1 +LD,vp+ ﬁD’VT)

n mimso b T

2

—I-%V . (T2D”Va:1 + KVp + AVT)

2 2
+—n | Vour + Viuy — =01V - u | Voug, (28)
dn d
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2
Diuy + p_1Vgp = p_lvkn <Vzuk + Viuy — E(SMV . u> . (29)

Note that although both species have different mean flow velocities (j1 # jo),
here we have adopted a one-fluid model for the hydrodynamic equations. The
derivation of a two-fluid model [12, 13] can be carried also out from a kinetic
theory description, but we have preferred here to adopt the conventional
macroscopic description for a binary mixture based on the balance equations
for the partial densities n,, the (common) mean flow velocity u, and the

temperature T'.

4. Linear Stability Analysis of the Hydrodynamic Equations

As said in the Introduction, one of the simplest application of the hy-
drodynamic equations is a stability analysis of the nonlinear hydrodynamic
equations (26)—(29) with respect to the homogeneous state for small initial
perturbations. The linearization about the homogeneous solution yields par-
tial differential equations with coefficients that are independent of space but
depend on time since the reference (homogeneous) state is cooling. As in the
monocomponent case [1], this time dependence can be eliminated through a
change in the time and space variables, and a scaling of the hydrodynamic
fields.

Let us assume that the deviations 0y, (r,t) = yo(r,t) —yma(t) are small.
Here, 0y, (r,t) denotes the deviation of {x1,u,T,p} from their values in the
homogeneous state, which is indicated by the subscript H. We introduce

the following dimensionless space and time variables:

_ ! oy r/_VH(t)r
T_/O Av(t), v = D, (30)

where vy (t) = (Qq/4v/T)npoiyvon is an effective collision frequency and

vor = /2T (m1 + ma)/mims. Since {1, um, Ty, pr} are evaluated in

the homogeneous cooling state, then

at:L'lH = 0, uy = 0, at lnTH = at lan = —CH. (31)
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A set of Fourier transformed dimensionless variables are then introduced as

_ 0zk(7) _oug(T) 0T (7) ~ opk(7)
pk(T) = Ti 5 Wk(T) = UOH(T)’ k(T) - TH(T) 5 (T) = pH(T) s
(32)
where 0yxq = {021k, duy, 0Ty, Opk } is defined as
ka(k, 7) = /dr' e~ 5y (v, 7). (33)

Note that here the wave vector k is dimensionless. In terms of the above
variables, the transverse velocity components wy | = Wy — (WkE)E (orthog-
onal to the wave vector k) decouple from the other four modes and hence
can be obtained more easily. They obey the equation

o *
(g - ? + n*k2> Wkl = 07 (34)

where (* = (g /vy is given by Eq. (A.6]) and

« __ VHT

= . 35
PvaH (35)
The solution for wy (k,7) reads
wi 1 (k,7) = wi 1 (0) exp[s (k)7], (36)
where
1
s1(k) = 3¢ — K. (37)

This identifies two shear (transversal) modes. We see from Eq. (37)) that
there exists a critical wave number k¢ given by

¢ _ <£>1/2. (38)

2n*

This critical value separates two regimes: shear modes with k& > kS always
decay while those with k < k{ grow exponentially.

The remaining modes are called longitudinal modes. They correspond
to the set {px, Ok, Ik } along with the longitudinal velocity component wy|| =

wy - k (parallel to k). These modes are the solutions of the linear equation

85yka(7)
or

87

= (M + kM + kM) s (7). (39)
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where dykq(7) denotes now the four variables { Pxs O, e, wyg } The matri-
ces in Eq. (B9) are given by

0 0 0 0
MO _ | ™ (0¢*/9x1)p, 3C* —C* 0 (40)
—1 (8" JOnr)p, 3¢ ¢ 0 |
0 0 0 ¢
0 0 0 0
0 0 0 -2
1) — d
M 00 0  —d2 | (41)
1 p/(Atp)
0 0 — 5 it 0
M@ —
-D* —ay D —ay Dy 0
2 Ik 1 * 1 12y x 2, .x 1 *
_{1}1<ED _—xlﬂ‘H@D) —-Tl/»H"-T2D _E)\ —E/i +—:v1u+m2Dp 0 (42)
—%ZﬂlD”* _%)\* _%/{* ) 0
0 0 0 —=(d=1)n*

In these equations, p = mq/mg, , = z,g, and we have introduced the
reduced Navier-Stokes transport coefficients

2 2 /
D _ v D D _ PrvHD, D prvuD (43)
- 2 P 2,2 - 2,2
nHUOH mlmg’l’LHUOH mlmgTLHUOH
D,,* o VHTHD// x _ VHRK A — VH)\ 44
- 2 ’ o2 0 - 2 ( )
NHYH Yo NHYH

The longitudinal modes have the form expl[s,(k)7] for n = 1,2,3,4,
where s, (k) are the eigenvalues of the matrix M = M© + ikM®) 4+ k2M2)
namely, they are the solutions of the quartic equation

det [M — s1| = 0. (45)

The solution to (5]) for arbitrary values of k is quite complex. Interestingly,
the expression of M through first order in k does not depend on the assumed
forms of the mass flux, the pressure tensor, and the heat flux. As a conse-
quence, the corresponding eigenvalues can be considered as known exactly
up through this order. They are found to be the eigenvalues of the matrix
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of M(®):
1 1

Hence, at asymptotically long wavelengths (k = 0) the spectrum of the lin-
earized hydrodynamic equations is comprised of a decaying mode at —(*/2,
a two-fold degenerate mode at 0, and a three-fold degenerate unstable mode
at (*/2. For finite k, the longitudinal modes can be calculated for small k
by a perturbation expansion:

sn(k) = 81(10) + k‘sg) + k‘zs,(f) 4+ (47)

where 37(10) is given by Eq. [@6). Through order k2, the coefficients (for
n=1,2,3,4) are

st =0, n=1,234, (48)
(2) @ _ (9In¢” PN | [
_ — D™* 4+ D¥) —
R < D11 >T,p( D) S v )+ )
1 1_:“ I * _1 *
+2x1,u+x2(2D +D;) = 5 D", (49)
s = — 2<alng*> +——I (D" + D))
3 Ox1 Jp, Tip+ 32 P
d+1 W 2
— =(\*+ k"), 50
& pra)irp  as ) (50
(2) d—1 , 1 I
= 2= - . 51
°1 d A (g + z2)(1 + ) (51

Since the Navier-Stokes order only applies through order k2, the solutions
(46l) and ([@8)—(E1) are relevant to the same order.

To illustrate the general dependence of the hydrodynamic modes on the
reduced wavenumber k, in Figure 1 we show the dispersion relations for the
case a1] = g2 = agp = a = 0.9, 01/09 = 1, 1 = 0.2 and my /my = 4. From
top to bottom the curves correspond to the shear modes, given by (B7), and
the remaining four longitudinal modes. We only represent the real parts of
the hydrodynamic modes. Furthermore, we have also included the results
obtained in the case of IHS by using the leading Sonine approximation for
the transport coefficients [2]. It is seen that the shear mode and one of
the longitudinal modes (“heat” mode) are positive for k < kS and k < kj,
respectively. Here, £ is given by Eq. (B8] while the critical value kj, for the
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heat mode may be found from the condition det |M| = 0. Therefore, initial
long wavelength perturbations of the homogeneous cooling state that excite
shear and heat modes will grow exponentially, representing an instability of
the reference state. In addition, we also observe that the results for IMM
compare quite well with those given for IHS showing again the reliability of

IMM as a toy model to capture the main trends observed for granular fluids.

0.10 T T T T T T
0.05
0.00
-0.05
S 2
-0.10
-0.15
-0.20

L L 1 L L
.0 0.2 0.4 0.6 0.8

-0‘2%-
k

Figure 1. Dispersion relations in the three-dimensional case for a;; =
age = agp = a = 0.9, 01 = 09, x1 = 0.2 and my3/mg = 4. From top to
bottom the curves correspond to the shear modes and the remaining four
longitudinal modes. The solid lines are the results derived for IMM while
the dashed lines refer to the results for IHS.

5. Onsager’s Reciprocal Relations

As a second application of the explicit knowledge of the Navier-Stokes
transport coefficients, in this Section we explore the validity of Onsager’s
reciprocal relations for inelastic Maxwell mixtures. In the case of elastic
collisions, Onsager’s relations [7] establish symmetry properties between the
Onsager phenomenological coefficients Lg,., Lsq, Lqq and Ly associated with
the mass and heat fluxes of a gas mixture. These coefficients are defined

through the (linear) constitutive equations [7]

2
Vi vT
.s = - Lsr _Ls o 2
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Jq

2
d—+ 2 s
_—TE _
1 2 = ms

2
Vs
= —LgVT = > Ly <T>T (53)
s=1

Here, we have introduced the gradient of chemical potential per unit mass

(11s) given by

<WS>T =L (). (54)

T Mg

Onsager’s relations state [7]
Ly = Lys, Lsg= Lgs. (55)

Relations (B3)) are a consequence of time reversal invariance of the equations
of motion of the individual particles. Since the main feature of a granular gas
is the irreversible loss of kinetic energy in collisions, one expects relations (55])
not to apply when a,.s # 1. Now we want to assess the effect of dissipation

on the violation of Onsager’s theorem.

To identify the Onsager phenomenological coefficients from the consti-
tutive equations (52]) and (53]), Egs. (2I]) and (22]) must be rewritten in terms
of the gradients of chemical potential u, and temperature T. To do that,
first note that Eq. (54]) leads to the relation

_ pp2 (Vp)r = (Vp)r — nang

\Y
o np T np

(mg —m1)Vinp, (56)

where use has been made of the identity Va; = —Vza. When Eq. (B6) is
substituted into Eqs. (2I) and ([22), one gets the following expressions for
the mass flux j; and the heat flux J, defined in Eq. (53):

P T T
T2 d+2 — —
3, = - prp21” oy d+2,my 2m1 p1paD (Vpr)r — (Vo)
np 2 P T

2 —
~CIVInp — ()\_diwpp/> VT, (58)
2 mi1msg
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where
P1P2
Cy, = pD, — 7(7712 —m1)D, (59)
and
d+2_mo—my n1No
! = pk — T — T%(my —mq)D".
Cp=prh——5 — Cp > (ma —mq) (60)

The Onsager phenomenological coeflicients can be easily identified from
Eqgs. (57) and (58]) when one takes into account the constitutive equations

(B2) and (B3). They are given by

Ly = —Lip= %Da Lig = pTD', (61)
T2 d+2T
Ly = —Lgp = P1p2 D' — + 01202 (ma — my)D,
np 2 p
d+2 mg—my
Lo = \— D 62
4 2 mima (02

The first Onsager relation L9 = Loy is trivially verified since, according to
Eq. (A3), the diffusion coefficient is symmetric under the exchange 1 < 2.
The second Onsager relation requires that L1, = Lg1. In addition, according
to Eqgs. (57) and (58]), there are two new contributions proportional to Vp
not present in the structure given by Eqs. (52) and (B3] for the fluxes j;
and Jg, respectively. Consequently, Onsager’s relations would require that
these contributions should vanish for any value of ., ie., C) = C’]’g = 0.
In terms of the reduced coefficients {D*, Dy, D™, D"*, k*, \*} defined in the
Appendix, the conditions L1, = Lg1, C), = 0 and C’]’g = 0 lead, respectively,
to the following conditions

P({ars}) = 0, Q{ars}) =0, R({ars}) =0, (63)

where 9
P{og) = D - 2L e LERB I ()

2 o o T122

QU{ons)) = Df—aymg—— 1 D, (65)

To + px1

2

Rifor}) = w = 2200 — oD, (66)

In summary, if Onsager’s relations held, then the reduced functions P,
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Q@ and R would vanish for any value of the parameters of the mixture. In
the elastic limit (s = 1), our results actually show that P(1) = Q(1) =
R(1) = 0, so that, Onsager’s relations are exactly verified. Nevertheless,
for inelastic collisions, the functions P, @ and R are different from zero,
as expected. There are mainly three independent sources of discrepancy:
(i) non-Gaussianity of the distribution functions of the homogeneous cool-
ing state, which is measured through the cumulants ¢, and are given by
Eq. (A20); (ii) energy nonequipartition as measured by the deviation of v
from unity, and (iii) time evolution of the granular temperature, which is
accounted for by the cooling rate . To illustrate the influence of dissipation
on the breakdown of Onsager’s symmetry relations, the functions P, @) and
R are plotted in Figures 2, 3 and 4, respectively, as functions of the coef-
ficient of restitution «. Here, for the sake of simplicity, we have assumed
again a common coefficient of restitution (a,s = «) for d = 3 with z; = 0.2,
o1 = oy and different values of the mass ratio mj/ms. As might be expected,
the deviation of P, Q and R from zero increases with decreasing «, and in
general is more significant as the mass disparity increases. In addition, while
the magnitude of Q(«) is quite small, the function R(«) grows very fast with
dissipation. The validity of the pure Onsager’s relation L, = Ly is tested
by the function P(a). Except for very weak dissipation, the violation of this

reciprocal relation is quite important, especially in the case mq/mg = 4.

10 T T T T T T T T

Figure 2. Plot of the reduced function P(«a) as a function of the coefficient
of restitution « in the three-dimensional case for o1 = o9, 1 = 0.2, and
three different values of the mass ratio: (a) mi/mq = 0.5, (b) my/me = 2

and (c) mq/mg = 4.
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Figure 4. Same as in Figure 3, but for the reduced function R(«).

6. Concluding Remarks

In this paper we have derived the hydrodynamic equations for a granu-
lar binary mixture from the Boltzmann kinetic theory for inelastic Maxwell
models (IMM). In the Boltzmann equation for IMM the collision rate of in-
elastic hard spheres (IHS) is replaced by an effective collision rate indepen-
dent of the relative velocity of the two colliding particles. This simplification
allows one to compute the velocity moments of the Boltzmann collision in-
tegrals without the explicit knowledge of the distribution functions. Thanks
to this property, the Navier-Stokes transport coefficients of the mixture and
the cooling rate have been exactly obtained in terms of dissipation and the
parameters of the mixture (masses, sizes, composition) [6]. These results
contrast with the ones previously derived for IHS, where the transport co-
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efficients were approximately determined by using the leading terms in a
Sonine polynomial expansion of the distribution functions.

The explicit knowledge of the transport coefficients and the cooling rate
allows one to study two different problems. As a first application, we have
performed an analysis of the linearized hydrodynamic equations around the
homogeneous cooling state. As in the monocomponent case for IHS [1],
our stability analysis shows that the homogeneous cooling state is unstable
to long enough wavelength perturbations and consequently becomes inho-
mogeneous for long times. Specifically, there are two shear modes and a
longitudinal mode which become unstable for small values of the wavenum-
ber. Therefore, small perturbations or fluctuations around the homogeneous
state that excite the above modes will grow exponentially. As a second ap-
plication of a hydrodynamic description, we have explored the breakdown
of the Onsager relations between transport coefficients associated with the
mass and heat fluxes of a granular mixture. For elastic systems, Onsager’s
reciprocity relations are a consequence of the fact that the mechanical equa-
tions of motion (classical as well as quantum mechanical) are symmetric with
respect to time inversion. This microscopic property leads to Onsager’s the-
orem. Given that the above time reversal invariance is broken in dissipative
systems, violation of Onsager’s theorem is expected for inelastic collisions.
Here, we have analyzed the effect of the dissipation on such a violation. Our
analysis shows that violation of Onsager’s relations in granular gases has ba-
sically three distinct origins. First, the deviation of the homogeneous cooling
state from the Gibbs state is responsible for the coefficients ¢; and co [de-
fined by Eq. (A:20)] being different from zero. At a quantitative level, this
effect is relatively quite small. Second, the effect of collisional cooling occurs
through the presence of the cooling rate (. Finally, the effect of different
partial temperatures is expressed by the factors «, and 6, in the different
terms involved in the calculation of the transport coefficients. Each one of
these effects is a different reflection of dissipation in collisions.

In summary, there is growing theoretical support for the usefulness of a
hydrodynamic description for granular systems under rapid flow conditions.
However, in spite of the similarities between granular and normal fluids, the
extension of properties of ordinary fluids to those with inelastic collisions
must be carried out with caution. As shown here, the homogeneous (cooling)
state is unstable to long wavelength perturbations and the familiar Onsager
relations do not apply. These are some examples which makes these systems
quite different from gases of elastic particles, like molecular gases.



2007] HYDRODYNAMICS FOR INELASTIC MAXWELL MIXTURES 173
Acknowledgments

We acknowledge the partial support of the Ministerio de Educacién y
Ciencia (Spain) through Grant No. FIS2004-01399 (partially financed by
FEDER funds) in the case of V.G. and Grant No. ESP2003-02859 in the
case of J.M.M.

Appendix. Explicit Expressions of the Transport Coefficients

In this Appendix we display the expressions of the transport coefficients
{D,D,,D',D" k,\,n} defining the mass flux (2I]), the heat flux ([22]), and
the pressure tensor (23)). Let us consider first the coefficients associated with
the mass flux. The expressions of the coefficients D', D, and D are given,

respectively, by [6]

C*
D=—->_D Al
2V* P> ( )
mT " N P A
D. — _ _ 2 A2
= <vl mw) ( crss) (A.2)
() (), () )
mimealy oy o T o0x1 T v ) p 2
(A.3)
where

Q4 A1 mi1 + mo
= =, /2T — = A4
v 4ﬁn012 vg, Vo o (A4)

In these equations, u = mj/mgy is the mass ratio, (* = (/1p, and we have

introduced the (reduced) collision frequency

.4
V= (2221 + T1p112)

where 67 = 1/(p217y1) and 0 = 1/(p122). The temperature ratio v = 11 /T,
is determined from the condition (; = (s = (. In reduced units, the cooling

rate (f = (1/1vp is given by

. 2\/5 d—1 3
GG = ——m1 <£> 6, 1/2(1 - 04%1)

d g12
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1/2
+2x2,u21 <919:_9292> (1 + a12) |:1 — %(1 + 0412)91 9—2 02 N (A.G)
while the expression of ( = (2/1p can be easily obtained from (A.G]) by the
exchange 1 < 2. It must be noted that {* depends explicitly on z; and
also implicitly through its dependence on the temperature ratio . Since
j1 = —jo and V1 = —Vxy, it is expected that D is symmetric with respect
to exchange of particles 1 and 2 while D, and D’ are antisymmetric. This
can be easily verified by noting that x1v; + 272 = 1.

The case of the heat flux is more involved. The transport coefficients
D", k and \ are given by

D" = Dll/ + Dé/, K=K+ Ky, X=X+ Ao, (A7)
where
" n 1% T * nT *
r — 7 . Ypy, K=<k, r= 7 . \r

(m1 + mg)ljo
(A.8)

By using matrix notation, the coupled set of six equations for the unknowns

(mq 4+ ma)vg (mq + ma)ry

(D}, DY, 3, w5 N A} (A.9)
can be written as
Ao Xy = Y. (A.10)

Here, X,/ is the column matrix defined by the set (A9) and A,,s is the

matrix

Vikl N %C* Vik2 N (ggj)p T 0 N (gg:)p T 0
gl 0 () 0 (),
A= 0 0 Vi — %C* Vo —¢* 0 )

0 0 29 V3o — %C* 0 —C*

0 0 < 0 v —C* vk

0 0 0 - Vi Vi, — C*

(A.11)
where

« NG o\ —172(1 4+ a11)
vy = — 2:171 — 91 m[all(d+8)—5d—4]
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6, +6,\"* 1+
—41’2< ! 2> ﬂ{u21(1+a12)[d+8—3u21(1 +a12)]

0105 Vd(d+2)
—3(d +2)}, (A.12)
uﬁ::—um<@g%?fmuuwégg%%< (A.13)
The elements of the column matrix Y are
e P S (S eed], has
Y, = Ll:;?Vo DA, + d —; 2#2_11 82 [(1 + 62—2) !Uﬂ%]pj, (A.15)
Ys = ”;OD A, + d‘;“:j; ['n (1 + %) — @%}m] . (A16)
Y, = "”‘)D AL+ #% [72 (1+ %2) - @%ﬂxj . (A7)
Ys = —%D’A’b + %ﬁ—f (1 +5) (A.18)
Ys = %D’Agl + #T—f (1+ 62—2) . (A.19)

Here, we have introduced the cumulants ¢, measuring the deviations of the

zeroth-order distribution functions fﬁo) from a Maxwellian,

Cr = d+ %) O — 2, (A.20)
The reduced quantities A}, are given by
1 o1 >d_171 ~1(1+ o) 2
o = ——xz1 | — —0, 2 ——— a1 (d*—2d—8)+3d(d+2
b= g () Lo U (o 2a-8)3d(d+2)
1
01+ 65\ 2 1+ aj9)?
—2x9 2 ,uzwgg [d — 3u21 (1 4 ag2) + 2]
016 d
1
0L +602\2 (14«
+2x1 < 19 9 > ’71( d 12) [d+3,u%1(1+0z12)2—6,u21(1—|—a12)—|—2] .

(A.21)

The corresponding expressions for A%, v3, and v3; can be inferred from Eqs.

(A12), (A13) and (A.21) by exchanging 1 < 2.
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The solution to Eq. (AI0) is

Xo= (A1), Yo (A.22)

*

This relation provides an explicit expression for the coefficients D!*, k

and A} in terms of the coeflicients of restitution and the parameters of the
mixture.

Finally, the shear viscosity coefficient 1 can be written as

nT * *
n=—=(m+mn), (A.23)
Vo
where the expression of the (reduced) partial contributions 7 is

2171 (2735 — (¥) — 2w272715

77*:2* — " r— — (A.24)
! C*2 = 20 () + 735) + AT T3y — THT3))
The quantities 7| and 77, are given by
d—1
" o1 (1+Oé11)(d—|—1—0411)
= 4v2z, [ 22
gt \/_xl <O‘12> d(d + 2)
por (14 arg) (0; + 65\ "? p21(1 + o)
1 - = < A2
+83§'2 d < 9192 d+2 ) ( 5)
8xa b1 + 62\ /2 pP1 o 2
s, = — — 1 . A.26
T12 A(d+2) < 0.0, > p2:“21( + a12) ( )

A similar expression can be obtained for 75 by just making the exchanges
1+ 2
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