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THE SECTIONS OF UNIVALENT FUNCTIONS

BY

ZHONGQIU YE

Abstract

Let feS and fi(z) = f%(zk) The radius of convexity of
the partial sums of Taylor series expansion of fi(z) is investigated.

We obtain the sharp radius.

Let S be the class of functions f(z) = z+ > oo 5 apz" regular and uni-
valent in |z| < 1. Let f€S, the part sums of Taylor series expansion s,(z) =
z4+ >0 _qa,z”. Let fi(z) = f%(zk) =30 b,(,k)zk”H, k=2,3,..., b((]k) =1
and s, k(2) = >0, biF) kvl The property of the sections s,(z) and s, ;(2)
is an interesting question. Szegé (see [1]) discovered that s, (z) is univalent
in |2| < 1 and conjectured that s, (2) is univalent in [z| < {“/ﬁ. This
question remains open. Huke and Pan ([2]) proved that s,(z) is starlike in
|2| < 1. In this paper, we prove that s, j(z) are convex in [z| < ¢ ﬁg‘
and the radii of convexity are best. Our main results are

Theorem 1. Let f(z) = 2+ o0 o an2"™ €S. Then s,(2) = 2+ ¢, apzk

(n=2,3,...) are convex in |z| < . The radius § is sharp.

Theorem 2. Let f €5, fi(z) = Fr (k) =32, b kvl =23,

b(()k) =1. Then spi(z) =Y 1, ) k41 gre convex in |z] < {“/m. The
radii of convexity are sharp.

To prove the theorems, we need following lemmas.
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Lemma 1.(sce [3]) Let f(z) € S. Then for |z| <r <1

2f"(z)| _ 2rt+4r
(2) ‘ = 1—r2 " (1)
Lemma 2.(sce [3]) Let f(z) € S. Then for |z| <r <1
z2f"(z) 1—4r+1?
L e ) b2 @

Lemma 3. Let f(z) € S, Ry(2) = > 5o, apz®. Then for |z| <r < %,
n>2

, (n+1)%r" B
nin 2rn—1 n 2rn
R <G = e

Proof. By de Branges inequalities |a,| < n (n =1,2,...), it is clear that

>0 rtlin —nr
R g = 3 = L )
k=n+1
and
R < gr) = QA" R A 0] gy )

(1—r)? (1—r)3
It is clear for r < % and n > 2 that ¢,(r) <0 and

V) — r[(2n+1) — (n+ 1)n2(1 —7r)+ n2r] 37“”“[2 - n2(1 — )]

n(r) = TE0E + T <0.

Hence we obtain that |R]!(2)| < ¢"(r) < G} (r). It is easy to see that {G, (1)}
and {G},(r)} are a monotone decreasing sequences. It follows for n > 3 that
Gn(r) < Gs(r) and G, (r) < G4(r). O

==

Lemma 4. Let f(z) € S, fu(z) = fr(zF) = Y02, pik) v+l g =
2,3,..., b((]k) = 1. Then for n> 4 one has k‘|bq(1k)| < 4.
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Proof. Milin proved ([5]) for & = 2 that |b,(,2)| <117, v=1,2,.... We
see that 2|b,(,2)| < 4. Now we assume that k¥ > 3. Define the logarithmic

coefficients, as usual, by the expansion

f(z) — 22,}/,/21/.
v=1
We have the equalities

2fi(2) P (")
fr(2) SR

Comparing the coefficients of the same power of z in (6), we obtain that

2fi(z) = fe(2) = Te(2). (6)

(kn + 1)) = +2Zwy,, . (7)

Applying Cauchy inequality, we obtain from (7) that

n n—1

0] < 2n3 (zuw)%(z o).

v=1

[N
—~
oo
—

Milin proved ([5]) that for n =1,2,...

ZV\%Iz < Z +36 9)

v=1

where 0 = 0.312. And proved that

n—1 n—1 n—1

26 2 26 2
2P <er D dip)<es d di) (10)
v=0 v=0 v=0

—x

where d,(z) are Taylor coefficients of the function (1 — z)™*. It is known

Wl

([6]) that dy,(2) < %egcu_ <vs (C is Euler constant). Hence it follows

that

n—1
ZdQ <1+ZV 3<1+/ V_%dl/:1+3(n—1)%. (11)
0

v=1
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We obtain from (9), (10), (11) and (8) that

n 1
kwﬁn§2n%(§:%4wﬁ2u+30r—n%ﬁ. (12)

v=1
For n > 4, the right-hand of (12) is decreasing. This gives that

4 1
WPl < (L +6) (43 <a 0

v=1

Lemma 5. Let f(z) € S, fi(z) = %(zk) =32 pik) v+l g =

2,3,..., b(()k) =1 and Ryp(2) = > 02, b v+l Let 2| = {Vﬁ-
Then for n> 3 one has |R;, ;(z1)] < 0.004 and |z, R ; ()] < 0.07.

Proof. Write t = t, = |z;,|F. We see for k =2,3,... that t, <ty = %. It
is clear that

i(y+1)tu_i > 5tt— 445
Cdtl—t (1—t)2

v=4

By Lemma 4, we obtain for n = 3 that

2015
2_ <0.004. (13)

R () <Y (kv +DpF e <4y (w+ )t < —2—
R ()] <> ( )b > w+1) Tty

v=4 v=4

It is clear for &k = 2,3,... that kit < % By Lemma 4, we obtain for n = 3
that

o d o
Z < 1 (k’) I/<4 el 1 v
|2 Rl (2k)] < ;;;ku(ku—+ Yo [ < ktdtggg(u—% )t

2m3+w#—&ﬂ 40t3 20t5
1—1t (1—t)3 11—t (1—t2)

< 2 5 < 0.07. (14)

From the proof of (13) and (14), we see easy that the conclusion is true for
n > 3. (|

Proof of Theorem 1. It is enough to prove the inequalities

28,(2)

s7.(2)

I =1+ Re{ }1>0 (15)
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in |z| = §. The inequalities (15) are identical with the inequalities
J = Re{z8l(2)5, ()} + |5, () = 0. (16)

We consider two cases respectively. (A) Case n = 2. In this case, we obtain
that s(2) = 2z + agz?. Tt follows that

J = Re{(1 + 2a32)2a22} + |1 + 2a22|? = 1 + 2|2a22|> 4+ 3Re(2a22). (17)

Write 2a2z = x + iy. Since |ag| < 2, |2| = §, we obtain that 2% +y? < 1. It
follows from (17) that

J=142(2>+y?) + 3z > 1+ 3z +22° = Ji(z).

It is clear that Ji(z) > Ji(—3) = 0 for |z| < 1. This gives that so(2) is
convex in |z| < . For Koebe function, we obtain that sz(z) = z + 222. The

J =0 when z = —%. Hence we see that the radius % is sharp.

(B) Case n> 3. Since f(z) = s,(2) + Ry(2), by (15), we have

f”} | 7 HR%HIZRZ\
1] = Rl

> 1+ Re{ (18)

We shall prove that I > 0 for |z| = 5. By (1)-(4), by a simple calculation,
1
8

we obtain following inequalities for |z\ that

2f" 1 164 34

< G5+ 3 — 55 <06 (19)

|+ Re{ f”}_(— 3%)%2%205 (20)

Ry < Go(g) =16(3)%(2)* = 15 < 0.05, (21)
|R§;|§Gg(%):(§)2x§+(;) x32—j—§+%_1.1. (22)
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By the distortion theorem, we get that for |z| = r = %

l-r _ 78
(1+7)3 89

1f'(2)] > )? > 0.6. (23)

Hence it follows from (21) and (23) that
If'(2)] — |R.| > 0.6 — 0.05 = 0.55. (24)
Combining (19)-(24), we obtain from (18) that
0.6 x 0.05+0.125 x 1.1

I1>05— 0.5—0.31 > 0. 25
= 0.55 > > (25)

Combining (A) and (B), we have proved Theorem. O

Proof of Theorem 2. First we consider the case n = 2. We assume,

without loss generality, that as = a > 0. We see easy that sp = 2z + ﬂ;l
Write s = 2, Re(s) =z and t = t}, = m It follows from (16) that
1 1)2 .2
J = Re[a(kz—i— 2R+ %Ek)] + ‘14— wzk
2(k+1)2 1 2
= %(Eﬂ)xua(kﬂ)(gﬂ)xﬂ:Ax2+B:c+1.
It is clear that
—t>—£:— k(k+2)
= 24 2a(k+1)?
and
2k 1 a 2
AP —Bt+1 = —— " (= 1) - Zi+1
MR Ty A A s A s
2—a
= —— [Pk +(4-— 2—a)l >0.
4<k+1)2[k: + ( k+(2—a)] >0

Hence we obtain for |s| < t that J > 0 and J = 0 if and only if a = 2.
It follows that tj is best. Now we consider the case n > 3. By a simple
calculation, we get

2fi(2)
f(2)

sf'(s)
f(s)

sf"(s)
f'(s)

1+ = (k—1) k(1 + ). (26)
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We write
Ru@l RO
T - N~ Trer=1m,en ~ e
From (19), we obtain for f = fj, that
sf"(s) 3l
I> hRdl+-f%s)]+(k )R 76
e 1y S L
()| (k= DIEE KL+ 255 1] = buaa)
Write
_ psfs) o sf'(s)
Il = R f(S) nk| f(S) |7
sf"(s) sf"(s)
I, = k|:R6(1-|— f’(s) )—ank|1+ f’(s) ‘] — Qn — bk

We estimate I; and I respectively. It is well know that

1—s] < |3;’(s)| < 1+ |s]

L+|s| =7 f(s)  — 1—|s|
Since ty, < to = % and k = 2,3, ..., we obtain for |s| = t; that
/ sfl(s) fe(z), _1—lIs|, 1 21—t
= > > — > 0.72.

By Lemma 5 and (28), we get for |z|* = ;, that

0.004

< .
ankl2) < g —og0s < 0006,
0.11
< - .
bur(2) < G o002 < 010

where k > 2, n > 4. Golusin proved ([3]) that

sP(s), . 14]s)
) | SETTR

|arg

89

(28)
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By this inequality, it follows for |s| = ¢} that

n >

>

1 —|s]
14 ]s]
1—1t9
cos
1+19

1+ |s] 1+ |s]
] — 0.006
Tl 1—|s|
1+t9 1419
— 0.006
Ogl—tg 1 —1t9

8 10 10
> —coslog — —0.006 x — > 0.79 — 0.007 > 0.

10

8 8

By Lemma 1, Lemma 2, (29) and (30), it follows for |s| = ¢} that

1-4 2 144 2
L > k(ﬂ - O.OOGM) —~0.006 — 0.16
1—|s[? 1—|s]?
1 — 4ty + t3 1+ 4ty + t3
> h(— 2 - 000622 ) 0,166
118

- k(@ — 0.006 x —) ~0.166 > 0.

80

80

Combining (31), (32) and (27), we get that I > 0 in |z| < ,’“/m.
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