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THE OSCILLATION OF CERTAIN HIGH ORDER
PARTIAL DIFFERENCE EQUATIONS

BY

JINFA CHENG AND YUMING CHU

Abstract

In this paper, some criteria for the oscillation of the high

order partial difference equations of the form
Tl(xm,n‘Hlxm—kl n—lq —bxm+k2,n+lg) = C(qu—cn =T +pxm+02,n+72)

are established, where ¢ = +1,5 € N ={1,2,3,...}.

1. Introduction

Partial difference equation are difference equations that involve functions
of two or more independent integer variables. Such equations are root in the
random walk problems, molecular orbits problems, mathematical physics
problems, and numerical difference approximation problems. In this paper,
we consider the oscillation of certain high order partial difference equations

of the form

Tz(xm,n + axm—kl,n—ll - bxm+k2yn+l2) = c(qu—ahn—ﬁ +pxm+02,n+7'2)7
(Ei7 C)
where ¢ = 1,7 € N, a,b,p and ¢q are nonnegative real numbers, k;,[;,0;,and

7j are nonnegative integer numbers, j = 1, 2.
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Now we define an operator T as follows
Tmm,n = (AI +A, +I)33m,n, All'm,n =Tm+1,n—Tm,n, A25L'm,n =Tmn+1 — Tm,n,

and Iy, = Tmp. That is to say T2 = Tmtin + Tmpt1 — Tmn, and
define T2xm7n =T(Tzmmn),---, Tixm,n = T(Ti_lxmm).

When i = 1, and a = b =p = 0, ¢ = —1, B. G. Zhang in [1-3] had

studied the oscillation of the following equations

Tm+1n + Tmn+1l — Tmn + 4Tm—on—1 = 0 (11)

and
u

Tm+1n + Tmn+1 — Tmyn + Z 9iTm—o;m—1; — 0. (12)
i=1
R. P. Agrwal and S. R. Gracel® had studied the oscillation of the fol-

lowing ordinary difference equations
ANy 4 azpm_f — bTngt) = c(qTm—o + PTnir), (1.3)

where a, b, p and g are nonnegative real numbers, and k, [, o, 7 are nonnega-
tive integer numbers. These can be regarded as a type of special situation of
Eq.(E;, ¢), some others oscillation results about one order partial difference

equation can be founded in [4,5] and the references therein.

But the oscillation of high order partial difference equations is of interest,
and the analysis of high order partial difference equations is fewer in the
past. The purpose of this paper is to establish some sufficient conditions,
involving the coefficients and the arguments only, under which all solutions
of Eq.(E;, ¢) are oscillatory. The advantage of working with these condition

is that they are explicit, and therefore easily verifiable.

It is evident that the method of monotone sequence which was con-
structed by R. P. Agarwal and S. R. Grace can’t be used in handling partial
difference equations (Fj;,c). So we must use new technique to the case of

partial difference equations. Furthermore, it will be noticed that our results
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improve all the corresponding theorems in [6] when the partial difference

Eq.(E;, ¢) are degenerated to the ordinary difference equations (1.3).

2. Main Results and Proofs

Let {f(m,n)} be double-sequence, m,n € NZ, Ny is a set of nonnegative

integer numbers. Define Z-transformation as follows

Z(f(m,n)) =F(z1,22) = »_ > f(m,n)zy 2", (2.1)

m=0n=0
suppose that (2.1) is convergence for |z;| > v;, i = 1,2.

In domain |z| > 1 and |z > 72, (2.1) define a complex analytic func-
tion about variables z; and z5. By the property of Z-transformation and

two dimensional analytic function, we have the following important lemma:

Lemma 1.([3]). Consider the liner homogeneous partial difference equa-

tions
S1  S2

Tm+k,n+l + Z Z qi, i Tm+k—in+l—j = 07 (22)
i=1 j=1

where k,l are nonnegative integer numbers, and q; j € R, then the following
propositions are equivalent

(1) Ewvery solution of Eq.(2.2) is oscillatory;

(2) The characteristic equation of (2.2)

s1 82
N+ 37> i N =0 (2.3)

i=1 j=1

has no positive roots.
Now if 7 is odd, ¢ = %1, then we have

Theorem 1. Suppose that b >0, p >0, ¢ >0, k;l;, o5, 7, 7 = 1,2

are positive integer numbers, and assume that i < oo + T2 ko > 02, lo > To.
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If
(o9 + 190 — Z')Uz"_m_iii n (k1 +o2+ 1+ 12— i)k1+02+l1+72—i2~i
03Ty (k1 + og)F1to2 (Iy + mp)htm
and either
gip > b P2 02)*2 7% - (Iy — 1)
(k)g — 092 + lg — T + i)k2—02+l2—7'2+i
or

(k.z + O-l)k2+01 . (l2 + 7-1)124-7'12'1'

> b -
9 (/-6‘2 +o1+l+71 + i)k2+‘71+l2+7—1+’

then Eq.(E;, 1) is oscillatory.
Proof. The oscillation of Eq.(E;, 1) is equivalent to the equation

%
T ($m—027n—7'2 + ATm—ky—oan—ly—m2 — bxm-ﬁ-k’z—dzm-l-lz—‘rz)

= {Tm—01—02,n—T1—T2 +pxm7n (24)

or
Ti(.'lfm+o—17n+7-1 + axm—kl-‘ral,n—ll—‘rTl - bxm+k2+01,n+l2+ﬁ)
= 4Tm,n +pxm+02+01,n+7'2+7'1' (2'5)
Its characteristic equation polynomial is
Fop) = A +p—1)A"2u 7 +a(A+p— 1) Aoz, ~hon

_b()\ + - 1)2')\]62—02“12—7'2 — g\ T2 (2.6)

or

Fap) = A+p— l)i)\‘”/fl +a(A+p— 1)i)\_k1+alu—ll+7'1
_b()\ + - 1)i)\k2+a1'ul2+'r1 —q— p)\az-i-m,u'rz—i-n‘ (27)

For F(A,pn). (1) If A+ > 1, then

FO\p) < A+ p—=1)A7707 fa(A+p = 1)ATR7oe,mhmm —p,

When A = 22— p= 22— (A+p—1) 'A\792 7™ attains its maximum.

_ ki+o2 _ l1+72 _ iy—ki—o2,,—l1—T2
When A = g B 1= mreinmmn A H = 1) K
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attains its maximum. Therefor

(o9 + 70— i)aﬁ_m_iii (k1 +oo+ 1+ 72— Z’)k1+02+l1+7'2—iii
0-(2727—27—2 (k’l + O'2)kl+02 (ll + 7'2)114-7'2

F(\p) <

Evidently, so long as

S (o9 + 120 — i)aﬁ_m_iii a(k‘l +oo+l+1— Z’)k1+02+l1+7'2—iii
0"2727-27'2 (k1 + 02)k1+02 (I1 + 7-2)11+7'2

)

we have F(\, u) < 0.
(2) If 0 < A4 p < 1, then

F\p) < =bA 4 p — 1)iNke=ozyla=m gy

_ ko—o9 _ lo—7o _ _ 1)t \k2—0o2, la—T2
When A = Fo—oetla—moti’ H = To—oatla—mti’ A+ p=1)A K

attains its maximum. Therefor

(k‘g — 0'2)162_(72 (l2 _7_2)12—7'22'1'

F\p) < —q— b : -
( 'u) 9P+ (/-6‘2—024-[2—7'2+Z)k2_02+12_7—2+z

Provided that

(kg — 02)k2_02 (lg — Tg)l2_7—2 gt
(k2 — 09 + I — g + @)h2mo2tlamati?

qg+p>0b

we have F(\, u) < 0.
For ﬁ()\,,u), if 0 < A+ p <1, then

ﬁ(A,N) < =bA+p— 1)i)\k2+crllu12+7—1 _q

— ka+oy — la+7 _ — 1) )\k2tor Lo+
When A = Fatoithtnti H = Tavorthtmnti’ A+ p=1)A K

attains its maximum. Therefor, provided that

(kg + oq)keto1(ly 4 1)zt

> b -
9 (/-6‘2 +o1+l+71 + i)k2+‘71+12+7—1+2

we have F(\, 1) < 0.

That is to say, characteristic equation F(X, 1) = 0 (or F'(\, u) = 0) have

no positive real roots, hence (E;, 1) is oscillatory. O
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Theorem 2. Assume thatb >0, 01— k1 > 1,71 —11 > 1 and ko — 09+
lo — 0 > 1, if

o flel’L.i (0'1 — kl)gl_kl(Tl — ll)n_ll . ZZ
(o1 + 71 +1)ortmti (01 — k1 + 71 — Iy + 1)1 Ftn—h+i

q>

and
(/-6‘2 + o9+ 1y — 19 — i)k2+‘72+l2_7—2_i

> b
p (]‘6'2 _ 02)k2_‘72 (12 _ 7—2)12—7'2 ’

then (E;,—1) is oscillatory.
Proof. The oscillation of Eq.(E;, —1) is equivalent to the equation

%
T (xm—ag,n—Tg + axm—kl—og,n—ll—m - bxm—i—kg—crg,n—i—lg—m)

+qTm—o1—con—11—170 T PTmn = 0 (28)
or
Ti(xm-i-cfl,n-i-ﬁ + aTm—ki+o1,n—li+m — b$m+k2+01,n+l2+7'1)
+9Tmn + DTmtor+or ntrt+n = 0. (29)
Its characteristic equation polynomial is
FOup) = A+ p= 1A 4 a(A + p— 1A hozmhem
—b(>\ + - 1)i)\k2—02'ul2—72 + q>\—01—02,u—7—1—72 +p (210)
or
FQp) = A+ p =127 4 a(d+ p = 1) Aoy, ~him
—b(A+p — 1)i)\k2+01'ul2+'r1 +q+ p)\az-i-mlu'rz-i-n. (2.11)
For F(A\, p). If A+ g > 1, then
F(Ap) > =b(A+ p— 1) A272277 g,
When A = kz—alzz-i-_lgim—i’ H= k2—0l22+_l;2—72—i’ (>\+'u_ 1)i>\k2_021u12_72 attains

its maximum. Therefor

(k2 — 09+ l2 — Ty — Z‘)kg—o‘2+l2—7'2—iz‘i

F(A —b
( 7:”‘) > (k2 _ 0.2)k:2—02 . (12 _ 7-2)l2—‘r2

+ p.
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So long as
(kg —o2+ 1o — 10 — i)k2_02+l2_7—2_i g

b
p=> (kg _ 0-2)k2—02 . (l2 _ 7-2)12—7'2 ’

we have F'(\, ) > 0.
For F(\, ). If 0 < A+ p < 1, then

Fp) > (A p = 1) A7 ™ +a(d+ p— )IA-Rtomiin 4 g,

_ o1 _ T1 _ 1)2)\01,,71 3 3 i
When A = T M= e (A4 — 1)"A% ™ attains its minimum.
W _ —ki1+oy _ —lhi+7 iy—kito1,,—lLi+7m1
hen A = “Fitorhitni—i0 BT TRitor—lLiim— (A +p—1)"A H

attains its maximum. Therefor

(—kl +01)_k1+01(—ll +T1)_l1+71ii O'irlelii

F(\pu) > — : - — . .
(A ) a(_kl+O.1_11+T1_|_Z)—k1+0'1—11+‘7'1+2 (o147 +i)ortmiti

+q.

Provided that

(—kl +01)_k1+01(—ll +T1)_l1+Tlii O'i‘lelii
(k1 +o01 -l +71 + ri)_k1+0'1_l1+7'1+i (o1 + 71 + @)ortmte’

q>a

we have F(\, ) > 0.

In a word, characteristic equation F(\, ) = 0 (or F(X, 1) = 0) have no

positive real roots, then (FE;, —1) is oscillatory. 0
Next if 4 is even, ¢ = +1, then we have

Theorem 3. Suppose thatb > 0, o1—k1 > 1, 71—1l1 > 1, and o9+70 > 1,

if
- ottt ta (o1 — k)7t Fi(r — )l
9 (0'1 + 7+ Z')JH'TFH (0'1 —ki+1 -0+ ’L')Ul_kl"'n_ll'“
and
N (o9 + 9 — i)02+72_iii n (k1 +o09+ 11 + 710 — i)k1+02+l1+72_i gl
a
0(2727';2 (k‘l —|—O‘2)kl+02(l1 —I—Tg)l1+72 ’

then (E;, 1) is oscillatory.

Proof. Just the same as in the proof of Theorem 1. The oscillation
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of Eq.(E;, 1) is equivalent to Eq.(2.4) and (2.5). Its characteristic equation
polynomial is (2.6) or (2.7).

For F(A, ), if A+ p > 1, then

FOup) <A +p =120 g\ +p— 1)iIxFmoz,~h=m

When A = 024(:722—2'7:“ = 02+T§2_2., A+ — 1HA77247 ™ attains its maximum.

_ k1+0'2 _ ll+7'2 _ —k1—0'2 —l1—T2 _
When A = por B 1 = B AT 0= 1A K at

tains its maximum. Hence

(0'2 + 1 — i)g2+72_iii (kl +oo+1l+10— i)k1+02+l1+72_i.ii

R 2 DI
So long as

- (09 + T —4)o2F T2 N a(kzl + o9+ 1y + 1o —d)rtoethtn—i i

05772 (k1 + o9)krto2(ly + p)litm2 ’
we have F(\, 1) < 0.
For F(A, ). If 0 < A+ 1 < 1, then
FAp) <A+ p— 1) A7 0™ + a(X + p— 1)A7Fm—h — g,

When A = —ZL— = —F—, (A + p — 1)IA71 4l attains its maximum.
When A = Ul—kcil‘f‘_Tllel"ri’u = Ul_kzﬁr;lll_hﬂ, (A4 —1)PA71 =k m=h attains

its maximum. Therefor, provided that

O_clnTInZ-i (0_1 _ kl)o'l_kl (7.1 _ ll)Tl_llzL'i

- . a - -
(Ul +7m+ Z)UH—TH-Z (0-1 —ki+m -1+ Z)Ul—k’l-i-ﬁ—ll-i-l’

q>

We have F(\, ) < 0.
That is to say, characteristic equation F(\, ) = 0 ( or F(\,pu) = 0)

have no positive real roots, hence (F;, 1) is oscillatory. O

Theorem 4. Assume that b >0, o9 — kg + 719 — Iy > 1, if

(ko + a1)k2to1(ly + 1)tz tmg

>b |
17 My + 01+ b + 71 + i) torthitnti
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and
0o —ko+179 — 1o —1 02—k2+‘r2—12—i2'i
2 2+ 72—l
(09 — kg)o27k2(1p — Ip)™2 2 7

p>b
then (E;,—1) is oscillatory.

Proof. Just the same as Theorem 2. The oscillation of Eq.(E;, —1)
is equivalent to Eq.(2.8) or (2.9). Its characteristic equation polynomial is
(2.10) or (2.11).

For F(A\,p), if A4+ p > 1, then
F()‘v :u') > _b()‘ +u— 1)i)\_(02_k2)u_(72_l2) +p.

When \ = 22k noly (N g — 1)iA (o2 k) = (ralo)

oy oy P oy T g
attains its maximum. Hence

(0-2 _ k2 + 71— l2 _ ,L')O'Q—kz-i-Tz—lz—iZ'i

F(\, > —b ’
( lu) (0.2 _ k2)o'2—k2 (,7-2 _ lz)TQ—lg +p
provided that
— k —lo—1 oo—ko+To—la—1i,1
p>b(a2 2E T2 Qk J 7 Z,
(02 _ k2)02— 2(7—2 _ l2)7'2— 2
we have F'(\, ) > 0.
For F(\, pu). If 0 < A+ pu < 1, then
F(\ p) > —b(A + p — 1)iaketeor ot g
When A = k2-I-cr]?-l:iig—liﬂj—i—i’'u = k2+crl12-:2;rﬂ+i’ (/\ - 1)i>\k2+01 'ulQ—H—l attains
its maximum. Hence
- k kato1 (] la+T1 i
FOup) > b 2t R E Ry

(k2 +o1+la+1m + Z')k2+0'1+l2+7'1+i

So long as

(kg + O-l)k2+01 (l2 + 7-1)12-1-7'11‘2'
(ko + o1 + o + 71 + @)ketortlatnti?

qg>b

we have F'(\, p) > 0.
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In a word, characteristic equation F'(\, ) =0 (or F(A, ) = 0) have no
positive real roots, hence (F;, —1) is oscillatory. O

3. Some Remarks

1. It is remarkable that our results are also valid if we define operation
Txmm = (1A + sAgy +t1),

where Alxm,n = Tm+1,n — Tm,n, A2$m,n = Tmmn+1l — Tm,n, Imm,n =
Tmn, S,t>0,andr+s—t>0.

As an example, we verify the equations (E;, 1). Its characteristic equa-
tion polynomial is
FO\p) = [rPA+su—(r+s—t)Ao2u ™
+alrA + sp— (r+s — ) Aoz T
BN+ spu— (5 — (AR oo

or

F\p) = [rA+spu—(r+s—t)]Au™
+a[rA + sp — (r + s — t)]PA"FTor, mhAmn
—b[rA+spu— (r+s— t)]i)\k2+01,ul2+71 —q— p)\02+cr1,u72+‘r1‘

(1) If rA+ sy >r+s—t, then

Fop) < [rA+sp—(r+s—0t)\N%2u ™
tafrA + sp — (r 4+ s — t)PATFmozmhem g

_ r4s—t___ o2 _ r+s—t T2 _ _ A\]E)\—02,,—T2
When A = M=t 22—y = Bl [rA - sp— (r+ s — )]'AT )
. . . ro2572 (02 +7‘2—i)‘72+7272i1
attains 1ts maximum T Te—tyeata T2 .
_ r4s—t k1+oo _ r+s—t i+ _
When )\ —_— r k1+02+11+72—i’ ,u - r k1+02+l1+T2—i7 I:TA—'—S,U/

(r+s—t)PAF=o2,= =7 attains its maximum

rkitoa gli+m (kl Yoo+l +m— Z‘)k1+02+l1+72—i2‘i
(r+s—t)ltorthtn—i (k1 + o9)krto2(ly + o)t
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Therefor
72572 (09 + o — 1)72F 27040
F(\p) < (r +5—t)oetmi 0527_;2
rkitoz gli+m (k‘l Yoo+l +1— Z')k1+az+l1+'rz—iz'i
—i—a(r + 5 — t)kitorthtn—i (k1 + og)k1to2 (1) 4 )litm — D
Evidently, so long as
- ro2g7 (g + o — 1)72F 27040
p (r+ s — t)o2tm=i 0527
rkitoz gli+m (k‘l +og+l+10— Z')k1+02+l1+'rz—iii
a . ,
(7‘ + s — t)k1+cr2+l1+‘r2—2 (k‘l + 02)k1+02 (ll + 7—2)l1+72
we have F(\, 1) < 0.
2Q)f0<rA+su<r+s—t
I
(I) If 7 is odd, then
F\p) < =blrA+su—(r+s— 15)]14)\]“2_"2,1/2”2 —q—p.
_ r+s—t ko—o _ r+s—t lo—T
When A\ = 52— a2 = P e —[PA s — (1 s —

t)]PAF2=o2 12— attains its maximum

(T 15— t)k2—02+l2—7'2+i (kg _ 02)k2—02 (l2 _ 7-2)12—7'22‘%'
rka—o2gla—72 (k2 —09+1ls — 19+ i)k2—02+12—‘r2+i'

b

Hence

(r+3_t)k2—02+l2—7'2+i (k2 _ 0-2)k2—02 (12 _ 7-2)12—7'22‘%'
rko—02 gla—72 (k2_UQ_HQ_7-2_|_Z‘)k2—02+l2—‘r2+i'

F(A\p)<—q—p+b

Provided that

(7» 15— t)k2—02+l2—7'2+i (kg _ 02)k2—02 (l2 _ 7-2)12—7'2 g

qg+p>b rko—o2 gla—T2 (ky — o9+ 1o — 10+ Z‘)kz—az-i-lz—m-i-i’

we have F(\, u) < 0.

For F(\, 11). We have

FV(/\, N) < —b[r>\ + Sp — (r + s — t)]i)\kz-l—al,ulﬁ-ﬁ _q
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_ rts—t ko401 _ r4s—t lo+T1 _ _ _
When A = v Fatortlatnitic M T T s FatorHatniti’ [T)\-i- SH (7’ ts

)P ARz o112+ attains its maximum

(r+ s — t)ketortletnti (L) 4 g )ketor(y 4 opp)letmg
rkato1 gla+m (k;2 +o1+lb+m+ Z’)k2+01+l2+‘r1+i'

Therefor provided that

(T +s5— t)k2+01+l2+ﬁ+i (k2 + O-l)k2+01 (lg + 7-1)124-7'12'2'
rketoi gla+m (k;2 +o1+l+1+ Z’)k2+01+l2+71+i’

qg>b

we have F(\, ) < 0.

(IT) If ¢ is even, then

1“:'()\,,&) < [T‘)\ + su — t]i>\01lu'r1 + a[r)\ + sy — t]i)\m—kllu—rl—ll —q.

When \ = Hs=t__a1 po= et n [rFA + sp — t]PA7 !t attains

r  o1+Ti+i’ s ortTiti?
(r4s—t)71+71+7 oyt /i When \ — rts=t o1—ks
TolsT1 (o147 +i)o1Tmites € T or oi—kitmi—hL+d

__ r4s—t T1—l _ liyo1—k1,,m1—l . . .
p= " e s [PA s — A 1 attains its maximum

1ts maximum

(T +s— t)Ul—k1+T1—11+i (Ul _ k»l)o'l_kl (7-1 _ ll)ﬁ—hii
ro1—kign—i (Ul —ki+7m =1+ Z’)Ul—kl-i-ﬁ—ll-i-i’

Therefor, provided that

¢ > (T_|_S_t)01+7'1+2 Ui‘lel’L'Z
7‘0'1 87_1 (0'1 + 1 + i)0'1+71+7z
o (T 15— t)Ul—k1+Tl—l1+i (0-1 _ kl)ol—kl (7-1 _ ll)TI—llz‘i
ro1—ki gri—h (01 —ki+1 =1+ 2‘)01—k1+71—l1+i’

We have F'(\, 1) < 0.

From the above discussion we can obtain

Theorem 5. Suppose that b >0, p >0, ¢ >0, kj, lj, 05, 75, (j =1,2)

are positive integer numbers, and assume that i < oo + To, ko > 09, lo > T9,
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and
- ro2sT2 (g + o — 1)72F 27040
p (r+ s — t)o2tm—i 0527
N rkitoz gli+m (k‘l +og+li+10— Z')k1+02+11+'rz—iii
a(r + 55— t)k’1+02+11+7'2—i (k‘l + 0-2)k1+02 (ll + 7-2)11-1-7'2
If
b(r +s— t)k2—02+l2—72+i (]‘6'2 _ Uz)k’z—dz (12 _ 7-2)l2—‘r2 i
q+p=> ko—02 gloa—T2 ko — lo — \k2—o2+lo—To41
r s (kg — o2+ 1o — T2+ 1)
for i is odd and
. (T + s — t)01+'r1+i 0_?1 7.171 Z'i
ro1gTi (0'1 + T + Z')0'1+7'1+2
(T 15— t)ol—k1+7'1—l1+i (0-1 _ kl)o'l—kl (7-1 _ ll)TI—llz‘i
a To'l—klsTl—ll (0-1 _ kl +Tl _ ll _|_Z’)0'1—k1+7'1—11+i

for i is even, then Eq.(E;, 1) is oscillatory.

If double-sequence z,,, is degenerated to single-sequence z,,, that is
to say, when the partial difference equations (E;, 1) is degenerated to the

ordinary difference equations

Az(xn +aTm— — bxn—i—l) = c(qu—a +pxn+r)a

(In fact, at this moment, Iy =lo =73 =7 =0,and r = 1,s =t =0 in

Eq.(E;, 1)), then from Theorem 5 we can easily obtain

Corollary 1. Suppose that o9 > i, ko > 09,b > 0, and

L (o2 — i) (bt oy —d)F e
p O_¢272 (k.l +O-2)k1+0'2
If
ko — ko—o2 | ;i
g+p>b (ks = o) ! for m is odd

(kg — 09 + i)kQ—JQ'H
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and

01, T1;:4 o1—k1 ;1
ot (01 — k1) 7

- a -
(0'1 + 7+ Z')‘71+71+Z (0'1 — k1 + Z')UH'Z

q > for m is even,

then Eq.(E;,—1) is oscillatory.

Since
(o0 — 1)727 1! L gkLtor— i)krtoa—ii a4 )(02 — )72
R R A RS
and
0'(1717'{12%' (0'1 —kl)ol_klii < (1+ ) (0'1 —kl)gl_klii
. . a ,
(0'1 + 7 —|—i)‘71+ﬁ+l (0'1 —kl —|—i)‘71+2 (0'1 —kl +i)01+z7

hence Corollary 1 is essentially new, which improve Theorem 1 in [6].

Making use of the same discussion as above we can obtain

Corollary 2. Let b > 0, 09 > ko + 1, 01 > k1, and

ii(dg _ ]{72 _ Z‘)og—kg—i

>b
P (09 — kg)o2—h2
If
O'Ul,l’i (0.1 —]{fl)al_kl ZZ
1 ..
q> (o1 1 )71+ a(al )Rt for i is odd
and

(k‘g + O‘1)k2+01ii ..
>b . or 1 18 even,
q (ks + 01 + d)katorti f

then Eq.(E;,—1) is oscillatory.

Since

0—;7121' (0_1 _ kl)m—k’l X

“ (01 — k‘l)al_kl -4l
(0'1 + i)aﬁ_i (0'1 — k1 + i)gl_k1+i

(01— + ) —RFt’

<(l+a)

therefor our Corollary 2 is essentially new, which improve Theorem 2 in

[6]. Making use of the same discussion as above we can improve some other
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theorems in ordinary difference equation theory, such as:

Ai(azn + axpy—k — brpyi) = c(qTm—0o + PTptr),

Ay — aTpy—t, — bTnt1) = c(@Tm—o + PTnir)
and

ANy + axp_p + bTpy)) = c(qTm—g + DTngr).

We omit the details here.
2. It can be extended to operation
Ty n = (rA] + sAL 1),

_ h _ _
where Aflilnm,n = Tm+g,n — Tmn, AQx'm.n = Tmn+h — Tm,n; Imm,n = Tmn-
s,t >0, and r + s —t > 0. Here we omit the details.

3. Using the same technique and method, it is remarkable that our
results are still valid for Eq.(E; c) if p =0 or ¢ =0 (but not p = ¢ = 0) and
provided that ab = 0. The details are omitted.
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