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SLIGHTLY m-CONTINUOUS MULTIFUNCTIONS

BY

TAKASHI NOIRI AND VALERIU POPA

Abstract

We introduce a new class of multifunctions called a slightly
m~continuous multifunction which is a generalization of both
slightly continuous functions [10] and m-continuous multifunctions
[33]. In this paper we obtain several properties of such a multi-

function.

1. Introduction

Semi-open sets, preopen sets, a-sets, and S-open sets play an important
role in generalizations of continuity in topological spaces. By using these
sets many authors introduced and studied various types of generalizations
of continuity. In 1980 Jain [10] introduced the notion of slightly continuous
functions. Nour [23] defined slightly semi-continuous functions as a weak
form of slight continuity and investigated the functions. Recently, Noiri
and Chae [19] have further investigated slightly semi-continuous functions.
On the other hand, Pal and Bhattacharyya [24] defined a function to be
faintly precontinuous if the preimage of each clopen set of the codomain
is preopen and obtained many properties of such functions. Slight conti-
nuity implies both slight semi-continuity and faint precontinuity but not
conversely. Quite recently, the first author [18] has introduced the notion
of slight B-continuity which is implied by both slight semi-continuity and
faint precontinuity. A unified theory of slight continuity is presented in [35]
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where the present authors introduced and investigated the notion of slightly

m-continuous functions.

Popa [26] and Smithson [39] independently introduced the concept of
weakly continuous multifunctions. Recently, Banzaru [5] has proved that
if a multifunction is upper/lower weakly continuous then the upper/lower

inverse of a clopen set is an open set.

In this paper, we introduce the notion of slightly m-continuous multi-
functions and investigate the relationships among m-continuity, almost m-

continuity, weak m-continuity and slight m-continuity for multifunctions.

2. Preliminaries

Throughout the present paper, (X, 7) and (Y, o) always represent topo-
logical spaces. Let A be a subset of X. The closure of A and the interior of
A are denoted by Cl(A) and Int(A), respectively. A subset A is said to be
reqular closed (resp. reqular open) if Cl(Int(A)) = A (resp. Int(Cl(A)) = A).

Definition 2.1. A subset A of a topological space (X,7) is said to
be

(1) a-open [16] if A C Int(Cl(Int(A))),
(2) semi-open [11] if A C Cl(Int(A)),
(3) preopen [13] if A C Int(Cl(A))),
(4) B-open [1] or semi-preopen [3] if A C Cl(Int(CIL(A))).

The family of all clopen (resp. semi-open, preopen, a-open, (-open)
sets in (X, 7) is denoted by CO(X) (resp. SO(X), PO(X), a(X), B(X) or
SPO(X)).

Definition 2.2. The complement of a semi-open (resp. preopen, a-
open, -open or semi-preopen) set is said to be semi-closed [6] (resp. preclosed
[8], a-closed [14], -closed [1] or semi-preclosed [3]).

Definition 2.3. The intersection of all semi-closed (resp. preclosed,
a-closed, [-closed) sets of X containing A is called the semi-closure [6]

(resp. preclosure [8], a-closure [14], B-closure [2] or semi-preclosure [3]) of
A and is denoted by sCI(A) (resp. pCl(A), aCl(A), 3CI(A) or spCl(A)).
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Definition 2.4. The union of all semi-open (resp. preopen, a-open,
B-open or semi-preopen) sets of X contained in A is called the semi-interior
(resp. preinterior, a-interior, B-interior or semi-preinterior) of A and is
denoted by sInt(A) (resp. pInt(A), adnt(A), glnt(A) or spInt(A)).

A point x € X is called a 6-cluster point of a subset A of X if CI(V)
NA # () for every open set V containing x. The set of all §-cluster points of
A is called the 6-closure of A and is denoted by Cly(A). If A = Cly(A), then
A is said to be 6-closed [41]. The complement of a f-closed set is said to be
f-open. The union of all #-open sets contained in A is called the @-interior
of A and is denoted by Intg(A). It is shown in [41] that Cly(V) = CL(V) for
every open set V of X and Cly(95) is closed in X for every subset S of X.

A subset A of (X, 7) is said to be J-open [41] if for each x € A there
exists a regular open set G of X such that x € G C A. The union of all §-
open sets contained in A is called §-interior of A and is denoted by Ints(A).
A point x € X is called a 0-cluster point of a subset A of X if Int(CL(V))
NA # () for every open set V containing x. The set of all §-cluster points of
A is called the §-closure of A and is denoted by Cls(A). If A = Cls(A), then
A is said to be §-closed [41]. For a topological space (X, 7), the family of all
d-open sets of (X, 7) forms a topology for X which is weaker than 7. This
topology has a base consisting of all regular open sets in (X, 7). It is called
the semi-regularization of 7 and is usually denoted by 75 or 7s.

Throughout the present paper, (X, 7) and (Y, o) (or simply X and Y)
always denote topological spaces and F': (X,7) — (Y, 0) represents a mul-
tivalued function. For a multifunction F : (X,7) — (Y, 0), we shall denote
the upper and lower inverse of a set B of a space Y by F(B) and F~(B),
respectively, that is,

Ff(B)={zre€eX:F(x)CB} and F (B)={r€ X :F(x)NB#0}.

Definition 2.5. A function f : (X,7) — (Y,0) is said to be slightly
continuous [10] (resp. slightly semi-continuous [23], faintly precontinuous [24],
slightly -continuous [18]) if for each point x € X and each clopen set V
containing f(x) there exists an open (resp. semi-open, preopen, 3-open) set
U containing x such that f(U) C V.

Definition 2.6. A multifunction F': (X,7) — (Y, 0) is said to be
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(a) upper slightly continuous (resp. upper slightly semi-continuous, upper
slightly precontinuous or upper faintly precontinuous, upper slightly (5-
continuous) if for each point x € X and each clopen set V of Y contain-
ing F(x), there exists an open (resp. semi-open, preopen, (-open ) set
U of X containing x such that F(U) C V,

(b) lower slightly continuous (resp. lower slightly semi-continuous, lower
slightly precontinuous or lower faintly precontinuous, lower slightly (-
continuous) if for each point z € X and each clopen set V of Y such
that F'(z) NV # (), there exists an open (resp. semi-open, preopen, [3-
open ) set U of X containing x such that F(u) NV # () for each v € U.

3. Slightly m-Continuous Multifunctions

Definition 3.1. A subfamily mx of the power set P(X) of a nonempty
set X is called a minimal structure (briefly m-structure) on X if ) € mx
and X € mx. By (X, mx), we denote a nonempty subset X with a minimal
structure mx on X. Each member of mx is said to be mx-open and the
complement of an mx-open set is said to be mx -closed

Remark 3.1. Let (X,7) be a topological space. Then the families 7,
SO(X), PO(X), a(X) and B(X) are all m-structures on X.

Definition 3.2. Let X be a nonempty set and mx an m-structure on
X. For a subset A of X, the mx-closure of A and the mx-interior of A are
defined in [12] as follows:

(1) mx-Cl(A) =n{F: ACF,X —Femx},
(2) mx-Int(A) = U{U :U C A,U € mx}.
Remark 3.2. Let (X, 7) be a topological space and A a subset of X.
If mx =7 (resp. SO(X), PO(X), a(X), B(X)), then we have
(1) mx-Cl(A) = CI(A) (resp. sCI(A), pCl(A), aCl(A), gCI(A)),
(2) mx-Int(A) = Int(A) (resp. sInt(A), pInt(A4), alnt(A), gInt(A)) .
Lemma 3.1.(Maki [12]) Let X be a nonempty set and mx a minimal
structure on X. For subsets A and B of X, the following hold:

(1) mx-Cl(X —A) = X — (mx-Int(A)) and mx-Int(X — A) = X — (mx-
Cl(A4)),
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(2) If (X — A) € mx, then mx-Cl(A) = A and if A € mx, then mx-
Int(A) = A,

(3) mx-Cl(0) =0, mx-Cl(X) = X, mx-Int(0) =0 and mx-Int(X) = X,

(4) If A C B, then mx-Cl(A) C mx-Cl(B) and mx-Int(A) C mx-Int(B),

(5) A Cmx-Cl(A) and mx-Int(A) C A,

(6) mx-Cl(mx-Cl(A))=mx-Cl(A) and mx-Int(mx-Int(A))=mx-Int(A).

Lemma 3.2. (Popa and Noiri [32]) Let X be a nonempty set with a
minimal structure myx and A a subset of X. Then x € mx-Cl(A) if and

only if UN A # O for every U € mx containing x.

Definition 3.3. A function f : (X,mx) — (Y,0), where (X, mx) is a
nonempty set X with an minimal structure mx and (Y, o) is a topological
space, is said to be slightly m-continuous [35] if for each z € X and each

clopen set V of Y containing f(z), there exists U € mx containing x such
that f(U) C V.

Definition 3.4. A multifunction F': (X,mx) — (Y, 0), where (X, mx)
is a nonempty set X with an minimal structure mx and (Y, o) is a topological

space, is said to be

(a) upper slightly m-continuous if for each point x € X and each clopen set
V of Y containing F'(x), there exists U € mx containing x such that
F{U)cCV,

(b) lower slightly m-continuous if for each point x € X and each clopen set
V of Y such that F(x) NV # (), there exists U € mx containing = such
that F(u) NV # () for each u € U.

Remark 3.3. Let (X, 7) and (Y, 0) be topological spaces. If mx = 7
(resp. SO(X), PO(X), B(X)). Then an upper/lower slightly m-continuous
multifunction is upper/lower slightly continuous (resp. upper/lower slightly
semi-continuous, upper/lower slightly precontinuous, upper/lower slightly

B-continuous).

Definition 3.5.(Popa and Noiri [36]) A multifunction F : (X, mx) —
(Y,0) is said to be
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(a) upper m-continuous (resp. upper almost m-continuous, upper weakly m-
continuous) if for each point x € X and each open set V of Y con-
taining F'(z), there exists U € my containing = such that F(U) C V
(resp. F(U) C Int(CL(V)), F(U) C CL(V)),

(b) lower m-continuous (resp. lower almost m-continuous, lower weakly m-
continuous) if for each point x € X and each open set V of Y such that
F(x)NV # 0, there exists U € myx containing x such that F'(u)N'V # 0
(resp. F(u) NInt(CL(V)) #£ 0, F(u) NCYV) # 0) for each v € U.

Theorem 3.1. For a multifunction F : (X, mx) — (Y, o), the following
are equivalent:

(1) F is upper slightly m-continuous;
(2) FH(V) =mx-Int(F*(V)) for each V € CO(Y);
(3) F~ (V) =mx-Cl(F~(V)) for each V € CO(Y).

Proof. (1) = (2): Let V be any clopen set of Y and z € F*(V).
Then F(z) € V. There exists U € mx containing x such that F(U) C V.
Thus x € U C F*(V) and hence z € mx-Int(F*(V)). Therefore, we
have F(V) C mx-Int(F*(V)). By Lemma 3.1, we obtain F* (V) = mx-
Int(F*(V)).

(2) = (3): Let K be any clopen set of Y. Then Y — K is clopen in
Y. By (2) and Lemma 3.1, we have X — F~(K) = Ft(Y — K) = mx-
Int(FH(Y — K)) = X — [mx-Cl(F~(K))]. Therefore, we obtain F~(K) =
mx-Cl(F~ (K)).

(3) = (2): This follows from the fact that F~ (Y — B) = X — F(B)
for every subset B of Y.

(2) = (1): Let z € X and V be any clopen set of Y containing F'(x).
Then x € FH(V) = mx-Int(F*(V)). There exists U € mx containing

x such that v € U C F* (V). Therefore, we have z € U,U € mx and
f(U) Cc V. Hence F is upper slightly m-continuous.

Theorem 3.2. For a multifunction F : (X, mx) — (Y, o), the following
are equivalent:

(1) F is lower slightly m-continuous;
(2) F= (V) =mx-Int(F~(V)) for each V € CO(Y);
(3) FH(V)=mx-CIFT(V)) for each V € CO(Y).
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Proof. (1) = (2): Let V€ CO(Y) and z € F~ (V). Then F(x)NV #(
and by (1) there exists U € my containing x such that F(u) NV # () for
each u € U. Therefore, we have U C F~(V) and hence x € U C mx-
Int(F~(V)). Thus, we obtain F~ (V) C mx-Int(F~(V)) and by Lemma 3.1
F=(V) = mx-Int(F~(V)).

(2) = (3): Let V.€ CO(Y). Then Y — V € CO(Y) and by (2) we have
X-Ft(V)=F (Y -V)=mx-Int(F(Y = V)) = X —mx-Cl(F+(V)).
Hence we obtain F* (V) = mx-Cl(F*(V)).

(3) = (1): Let = be any point of X and V any clopen set of ¥ such that
Fz)NV #0. Thenx € F(V)andx ¢ X — F (V) = F*(Y — V). By
(3), we have z ¢ mx-CI(F*(Y — V)). By Lemma 3.2, there exists U € my
containing x such that U N F(Y — V) = 0; hence U C F~ (V). Therefore,
F(u)NV # 0 for each uw € U and F is lower slightly m-continuous. O

Definition 3.6. A minimal structure mx on a nonempty set X is said
to have the property (B) [12] if the union of any family of subsets belonging

to mx belongs to mx.

Lemma 3.3. (Popa and Noiri [33]) For an minimal structure mx on a

nonempty set X, the following properties are equivalent:

(1) mx has the property (B);
(2) If mx-Int(V) =V, then V € mx;
(3) If mx-Cl(F) = F, then X — F € mx.

Corollary 3.1. For a multifunction F : (X,mx) — (Y,0), where mx
has the property (B), the following are equivalent:

(1) F is upper slightly m-continuous;
(2) F(V) is mx-open in (X, mx) for each V € CO(Y);
(3) F~ (V) is mx-closed in (X,mx) for each V € CO(Y).

Corollary 3.2. For a multifunction F : (X,mx) — (Y,0), where mx
has the property (B), the following are equivalent:

(1) F is lower slightly m-continuous;
(2) F~(V) is mx-open in (X,mx) for each V € CO(Y);
(3) FH(V) is mx-closed in (X, mx) for each V€ CO(Y).
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Definition 3.7. A topological space (X,7) is said to be extremally
disconnected (briefly E.D.) if the closure of each open set of X is open in
X.

Theorem 3.3. Let (Y,0) be E.D. For a multifunction F : (X,mx) —
(Y,0), the following are equivalent:

(1) F is upper slightly m-continuous;
(2) mx-Cl(F~—(V)) Cc F~(CIV)) for every open set V of (Y,0);
(3) FH(Int(C)) C mx-Int(F*(C)) for every closed set C of (Y,o).

Proof. (1) = (2): Let V be any open set of Y. Then CI(V') € CO( ). By
Theorem 3.1, F~(Cl(V)) = mx-Cl(F~(CI(V))) and F— (V) C F~(CL(V)).
Therefore, by Lemma 3.1 we have mx-Cl(F~(V)) C mx-Cl(F~(Cl(V))) =
F~(CI(V)). This implies that mx-Cl(F~(V)) C F~(CL(V)).

(2) = (3): Let C be any closed set of (Y,0). Set V=Y — C. Then
V is open in (Y,0). By Lemma 3.1, we have X — [mx-Int(F*(C))] = mx-
CI{X—F*(C)) =mx-Cl(F(Y-C)) C F(Cl(Y-C)) = F (Y -Int(C)) =
X — F*(Int(C)). Therefore, we have F*(Int(C)) C mx-Int(F*(C)).

(3) = (1): Let z € X and V € CO(Y) containing F'(x). Then by (3) we
have z € FT(V) = FT(Int(V)) C mx-Int(F*(V)). Therefore, there exists

U € mx such that x € U C F*(V). Thus x € U,U € mx and F(U) C V.
Hence F' is upper slightly m-continuous. O

Theorem 3.4. Let (Y,0) be E.D. For a multifunction F : (X,mx) —
(Y,0), the following are equivalent:

(1) F is lower slightly m-continuous;
(2) mx-Cl(F+(V)) C FT(CIV)) for every open set V of (Y,o);
(3) F~(Int(C)) C mx-Int(F~(C)) for every closed set C of (Y, o).

Proof. The proof is similar to that of Theorem 3.3. U

Lemma 3.4.(Noiri [17] and Sivaraj [38]) For a topological space (Y, o),
the following are equivalent:

(1) (Y,0) is extremally disconnected;
(2)
(3) The closure of every preopen set of (Y, o) is open;
(4)

The closure of every semi-open set of (Y, o) is open;

The closure of every [3-open set of (Y, o) is open.
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Theorem 3.5. Let (Y,0) be E.D. For a multifunction F : (X,mx) —

(Y,0), the following are equivalent:

(1) F is upper slightly m-continuous;

(2) mx-Cl(F~—(V)) ¢ F~(CKV)) for every semi-open (resp. preopen, (-
open) set V of (Y,0);

(3) FH(Int(C)) C mx-Int(F'*(C)) for every semi-closed (resp. preclosed,
B-closed) set C of (Y,0).

Proof. The proof is similar to that of Theorem 3.3 and it follows from
Theorem 3.1 and Lemma 3.4. g

Theorem 3.6. Let (Y,0) be E.D. For a multifunction F : (X,mx) —

(Y,0), the following are equivalent:

(1) F is lower slightly m-continuous;

(2) mx-Cl(F+(V)) C FT(CIV)) for every semi-open (resp. preopen, [3-
open) set V of (Y,0);

(3) F~(Int(C)) € mx-Int(F~(C)) for every semi-closed (resp. preclosed,
B-closed) set C of (Y, 0).

Proof. The proof is similar to that of Theorem 3.4 and it follows from
Theorem 3.2 and Lemma 3.4. g

Remark 3.4. Let (X,7) and (Y,0) be two topological spaces. We
put mx = 7 (resp. SO(X), PO(X), 5(X)). Then Theorems 3.1—3.6 estab-
lish characterizations for upper/lower slightly continuous (resp. upper/lower
slightly semi-continuous, upper/lower slightly precontinuous, upper/lower

slightly S-continuous) multifunctions.

4. Slight m-continuity and Other Forms of m-continuity
In this section, we investigate the relationships between upper/lower
slightly m-continuous multifunctions and other related multifunctions.

Theorem 4.1. If a multifunction F : (X,mx) — (Y, 0) is upper weakly

m-continuous, then it is upper slightly m-continuous.
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Proof. Let z € X and V € CO(Y) containing F(x). Since F' is upper
weakly m-continuous, there exists U € my containing x such that F(U) C
Cl(V) = V. Therefore, F' is upper slightly m-continuous. O

Theorem 4.2. If a multifunction F : (X, mx) — (Y, 0) is lower weakly
m-continuous, then it is lower slightly m-continuous.

Proof. The proof is similar to that of Theorem 4.1. O

Remark 4.1. The converse to Theorem 4.1 is not true in general as
shown in Example 1 of [23] and Example 2.7 of [24].

Corollary 4.1.(Banzaru [5]) If a multifunction F : (X,7) — (Y,0) is
upper weakly continuous, then FT (V) is open in X for every clopen set V
of Y.

Proof. The proof follows from Corollary 3.1 and Theorem 4.1. O

Corollary 4.2.(Banzaru [5]) If a multifunction F : (X,7) — (Y,0) is
lower weakly continuous, then F~ (V') is open in X for every clopen set V
of Y.

Proof. The proof follows from Corollary 3.2 and Theorem 4.2. O

Lemma 4.1. A multifunction F : (X,mx) — (Y,0) is upper almost
m-continuous (resp. lower almost m-continuous) if and only if for each reg-
ular open set V containing F(x) (resp. meeting F'(x)) there exists U € mx
containing = such that F(U) CV (resp. F(u) NV # 0 for every u € U).

Theorem 4.3. If a multifunction F : (X, mx) — (Y, o) is upper slightly
m-continuous and (Y,0) is E.D., then F is upper almost m-continuous.

Proof. Let x € X and V be any regular open set of (Y, o) containing
F(z). Then by Lemma 5.6 of [24] we have V € CO(X) since (Y, 0) is E.D.
Since F' is upper slightly m-continuous, there exists U € mx containing x
such that F(U) C V. By Lemma 4.1 F is upper almost m-continuous. [

Theorem 4.4. If a multifunction F : (X,mx) — (Y, 0) is lower slightly
m-continuous and (Y,0) is E.D., then F is lower almost m-continuous.

Proof. The proof is similar to that of Theorem 4.3. U
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Definition 4.1. A topological space (Y, o) is said to be

(a) 0-dimensional [43] if each point of Y has a neighborhood base consisting
of clopen sets, equivalently if for each point y in Y and each closed set B
not containing y, there exists a clopen set containing y and not meeting
B,

(b) mildly compact [40] or slightly compact [24] if every clopen cover of YV

admits a finite subcover.

A subset A of a topological space (Y, o) is said to be mildly compact

relative to Y if every cover of A by clopen sets of Y has a finite subcover.

Theorem 4.5. If a multifunction F': (X, mx) — (Y, o) is upper slightly
m-continuous, (Y, o) is 0-dimensional and F(x) is mildly compact relative to

Y for each x € X, then F is upper m-continuous.

Proof. Let xz € X and V be any open set of (Y, o) containing F'(z). Then
by the 0-dimensionality of (Y, o), for each y € F'(z) there exists W, € CO(Y)
such that y € W, C V. Since F(x) is mildly compact relative to Y, there
exist a finite number of points, say, y1,y2,...,yn € F(x) such that Wy, €
CO(Y) for each ¢ and F(z) C U Wy, C V. Now put W = [J;_, W,,.
Then we have W € CO(Y) and F(z) C W C V. Since F is upper slightly
m-continuous, there exists U € my containing z such that F(U) C W C V.

Thus F' is upper m-continuous. O

Lemma 4.2. Let (Y,0) be a 0-dimensional topological space. If F is
closed inY andy € Y —F, then there exist two disjoint clopen sets containing

y and F, respectively.

Proof. Let y ¢ F and F be closed in Y. Then Y — F'is an open set. Since
(Y, 0) is O-dimensional, there exists a clopen set W such that x € W C X —F.
Put D =X — W, then D is clopen, F C D and DNW = {). O

Lemma 4.3. Let (Y,0) be a 0-dimensional topological space and A a
subset of Y. Then for every open set D which intersects A, there exists a
clopen set D4 such that AN Dy # () and Dy C D.

Proof. Let y € AN D, then y ¢ (X — D). Since X — D is closed in Y,

by Lemma 4.2 there exist two disjoint clopen sets U and V' containing y and
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X — D, respectively. Thusy € U, X —D Cc V,UNV =@ and U,V are clopen
sets. Put Dy = X —V,theny € Dy, AN D4 # 0 and Dy C D. O

Theorem 4.6. If a multifunction F : (X,mx) — (Y, 0) is lower slightly
m-continuous, (Y, o) is 0-dimensional, then F is lower m-continuous.

Proof. Let z € X and V be any open set of (Y, o) such that F(z)NV # 0.
By Lemma 4.3, there exists a clopen set V, such that F(x) NV, # () and
V. C V. Since F is lower slightly m-continuous and F(z) NV, # (), there
exists U € my containing z such that F(u) NV, # () for every w € U. Since
V, C V, it follows that F'(u) NV # ) for every u € U. Therefore, F is lower
m-~continuous. (]

Let (X, 7) be a topological space. Since the intersection of two clopen
sets of (X, 7) is clopen, the clopen subsets of (X, 7) may be used as a base
for a topology on X. The topology is called the ultra-regularization [18] of T
and is denoted by 7,. A topological space (X, 7) is said to be ultra-regular
9] if 7 = 7.

Theorem 4.7. If a multifunction F : (X, mx) — (Y, o) is upper slightly
m-continuous, (Y, o) is ultra-reqular and F(zx) is mildly compact relative to
Y for each x € X, then F is upper m-continuous.

Proof. The proof is similar to that of Theorem 4.5. (]

Theorem 4.8. If a multifunction F : (X,mx) — (Y, 0) is lower slightly
m-continuous, (Y, o) is ultra-regular, then F is lower m-continuous.

Proof. The proof is similar to that of Theorem 4.6. (]

5. Some Properties of Slight m-continuity

Definition 5.1. A nonempty set X with a minimal structure myx,
(X,mx), is said to be m-connected [25] if X cannot be written as the union
of two nonempty sets of mx.

Theorem 5.1. Let F: (X, mx) — (Y,0) be a upper/lower slightly m-
continuous surjection. If (X, mx) is m-connected, mx has the property (B)
and F(z) is connected for each x € X, then (Y, o) is connected.
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Proof. Assume that (Y, o) is not connected. Then there exist nonempty
open sets U and V such that UNV =0 and UUV =Y. Since F(z) is
connected for each z € X, either F(x) CU or F(z) C V. Ifx € FH(UUV),
then F(z) € UUV and hence z € FT(U) U F™(V). Moreover, since F' is
surjective, there exist z and y in X such that F(z) C U and F(y) C V;
hence z € F™(U) and y € F* (V). Therefore, we obtain the following:

(1) FHU)UF+H(V) = Fr(UUV) = X;
2) FHU)NF+HV)=FHUNV) = 0;
(3) FH(U) # 0 and F+(V) # 0.

Next, we show that F*(U) and F* (V) are mx-open.

(i) Let F' be upper slightly m-continuous. By Corollary 3.1 F*(U) is
mx-open since U is clopen in (Y,o). Similarly, F* (V) is mx-open.
Consequently, (X, mx) is not m-connected.

(i) Let F be lower slightly m-continuous. By Corollary 3.2, F*(V) is
mx-closed since V' is clopen in (Y, o). By (1) and (2), F™(U) is mx-
open. Similarly, F'*(V) is mx-open. Consequently, (X, my) is not
m-connected. O

Remark 5.1. By Theorems 4.1 and 4.2, every upper/lower weakly m-
continuous multifunction is upper/lower slightly m-continuous. Therefore,
if mx = 7 (resp. SO(X), PO(X), (X)) and F : (X,mx) — (Y,0) is
upper/lower weakly m-continuous, the results established in [27] and [39]
(resp. [20], [21], [34]) are obtained.

Definition 3.2. A nonempty set X with a minimal structure my,
(X, mx), is said to be m-compact [33] if every cover of X by sets of mx has
a finite subcover.

Theorem 5.2. Let F' : (X,mx) — (Y,0) be an upper slightly m-
continuous surjection such that F(x) is mildly compact realtive to (Y, o) for
each x € X. If (X,mx) is m-compact, then (Y, o) is mildly compact.

Proof. Let {V; : i € I} be any clopen cover of Y. For each x € X,
F(z) is mildly compact realtive to (Y, o) and there exists a finite subset
I(z) of I such that F(z) C Uepy) Vi- Set V(@) = Uiesy) Vi, then V()
is clopen and F(x) C V(z). Since F is upper slightly m-continuous, there
exists U(x) € mx containing = such that F(U(z)) C V(x). The family
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{U(x) : x € X} is a cover of X by sets of mx. Since (X,mx) is m-
compact, there exist a finite number of points, say, =1, xo,...,z, in X such
that X C U{U () : o € X,1 < k < n}. Therefore, we obtain

Y CUW{FU(z)) zpe X,1<Ek<n}CUWV;:iel(x),l <k<n}.
This shows that (Y, o) is mildly compact. O

Definition 5.3. A multifunction F' : (X,mx) — (Y,0) is said to
have an m-clopen graph if for each (z,y) € (X xY) — G(F), there exist

U € mx containing x and a clopen set V of Y containing y such that
(UxV)NG(F) =0.

Lemma 5.1. A multifunction F : (X,mx) — (Y,0) has an m-clopen
graph if and only if for each (x,y) € (X xY) — G(F), there exist U € mx
containing x and a clopen set V of Y containing y such that F(U)NV = (.

Definition 5.4. A topological space (X, 7) is said to be ultra- Hausdorff
[40] if for each distinct points x,y € X, there exist U,V € CO(X) containing
x and y, respectively, such that U NV = 0.

Theorem 5.3. If F : (X,mx) — (Y,0) is an upper slightly m-conti-
nuous multifunction such that F(z) is mildly compact relative to (Y, o) and
(Y, 0) is ultra-Hausdorff, then G(F) is m-clopen.

Proof. Suppose that (zg,y0) € (X xY)—G(F). Then yg ¢ F(xg). Since
Y is ultra-Hausdorff, for each y € F(xg) there exist clopen sets V(y) and
W (y) in Y containing y and yp, respectively, such that V(y) N W(y) = 0.
The family {V(y) : y € F(xz9)} is a clopen cover of F(zy). Since F(x)
is mildly compact relative to (Y, o), there exist a finite number of points
Y1,Y2s - -, Yn I F(20) such that F(xg) C Uy V(yi). Put V=, V()
and W = (_; W(y;). Then V and W are clopen sets, F'(zo) C V,yo € W
and VNW = (). Since F is upper slightly m-continuous, there exists U € mx
containing x( such that F(U) C V. This implies that F(U)NW = @) and by
Lemma 5.1 G(F') is m-clopen. O

Definition 5.5. Let X be a nonempty set which has a minimal structure
myx and A a subset of X. The mx-frontier of A [35], denoted by m x-Fr(A),
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is defined by mx-Fr(A4) = mx-Cl(A)N mx-Cl(X — A) = mx-Cl(4) - [mx-
Int(A)].

Theorem 5.4. Let X be a nonempty set with a minimal structure
mx and (Y,0) a topological space. The set of all points v € X at which
a multifunction F : (X,mx) — (Y,0) is not upper slightly m-continuous
(resp. lower slightly m-continuous) is identical with the union of mx-frontiers
of the upper (resp. lower) inverse images of clopen sets containing (resp.

meeting) F(x).

Proof. Suppose that F' is not upper slightly m-continuous at x € X.
Then there exists a clopen sets V' of Y containing F'(x) such that U N (X —
F*(V)) # 0 for every U € mx containing x. By Lemma 3.2 z € mx-
CI(X — F*™(V)). On the other hand, we have x € F*(V) C mx-Cl(F*(V))
and hence x € mx-Fr(FT(V)).

Conversely, suppose that F' is upper slightly m-continuous at z € X
and let V be a clopen set of Y containing F'(x). Then there exists U € mx
containing x such that U C F*(V); hence x € mx-Int(F*(V)). Therefore,
x & mx-Fr(FT(V)) for each clopen set V of Y containing f(x). The case of

lower slightly m-continuity is similarly shown. O

Remark 5.2. By Theorems 4.1 and 4.2, every upper/lower weakly m-
continuous multifunction is upper/lower slightly m-continuous. Therefore,
if mx = 7 (resp. SO(X), PO(X), a(X), 5(X)) and F : (X,mx) — (Y,0) is
upper/lower weakly m-continuous, the results established in [29] (resp. [28],
[30], [34], [31]) are obtained.

6. New Varieties of Slight-continuity

Let A be a subset of a topological space (X, 7). A point x of X is called
a semi-0-cluster point of A if sSCL{U)NA # () for every U € SO(X) containing
x. The set of all semi-f-cluster points of A is called the semi-0-closure [7] of
A and is denoted by sCly(A). A subset A is said to be semi-0-closed if A =
sClg(A). The complement of a semi-f-closed set is said to be semi-8-open.

A subset A is said to be semi-reqular [7] if it is semi-open and semi-closed.
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Definition 6.1. Let (X, 7) be a topological space. A subset A of X is
said to be
(1) b-open [4] if A C Cl(Int(A)) UInt(Cl(A)),
(2) 0-preopen [37] if A C Int(Cl5(A)),
(3) 0-semi-open [25] if A C Cl(Intz(A))).

The family of all b-open (resp. d-preopen, d-semi-open, semi-f-open) sets
in (X, 7) is denoted by BO(X) (resp. PO(X), 65SO0(X), SOO(X)).

Lemma 6.1. (Noiri and Popa [22]) For a subset A of a topological space
(X, 1), the following properties hold:

(1) If A is a semi-open set, then sC1(A) is semi-regular,
(2) If A is a semi-reqular set, then it is semi-6-open,
(3) If A is a semi-0-open set, then it is 0-semi-open,
(4) If A is a §-semi-open set, then it is semi-open.

In [25], it is shown that openness and J-semi-opennes are independent.
And it is also shown in [22] that the concepts of §-preopen sets and semi-
preopen sets are independent of each other. We have the following diagram.

DIAGRAM 1
d-open  — open —  @q-open — preopen — d-preopen
A \: A

semi-f-open — d-semi-open — semi-open — b-open — semi-preopen

Lemma 6.2. (Noiri and Popa [22]) For a subset A of a topological space
(X, 1), the following properties hold:
(1) A is d-semi-open in (X, 7) if and only if A is semi-open in (X, Ts),
(2) A is d-preopen in (X, T) if and only if A is preopen in (X, Ts).

Definition 6.2. A multifunction F': (X,7) — (Y, 0) is said to be

(1) upper slightly super-continuous (resp. upper slightly semi-0-continuous,
upper slightly b-continuous, upper slightly §-precontinuous, upper slightly
d-semi-continuous, upper slightly a-continuous) if for each € X and
every clopen set V of (Y, o) such that F(z) C V, there exists a d-open
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(resp. semi-f-open, b-open, J-preopen, d-semi-open, a-open) set U of
(X, 7) containing x such that F(U) C V,

(2) lower slightly super-continuous (resp. lower slightly semi-0-continuous,
lower slightly b-continuous, lower slightly §-precontinuous, lower slightly
d-semi-continuous, lower slightly a-continuous) if for each z € X and
every clopen set V of (Y, o) such that F(x) NV # (), there exists a J-
open (resp. semi-f-open, b-open, d-preopen, d-semi-open, a-open) set U
of (X, 7) containing x such that F(u) NV # () for each u € U.

Remark 6.1. Let F': (X,7) — (Y,0) be a multifunction and my = 7
(resp. SAO(X), BO(X), 6SO(X), 0PO(X), «(X)). Then an upper/lower
slightly m-continuous multifunction F' : (X,mx) — (Y, o) is upper/lower
slightly super-continuous (resp. upper/lower slightly semi-6-continuous, up-
per/lower slightly b-continuous, upper /lower slightly d-semi-continuous, up-

per/lower slightly d-precontinuous, upper/lower slightly a-continuous).

The families 75, SOO(X), BO(X), SO(X), dPO(X) and a(X) have the
property (B). Especially, 75 and «(X) are topologies for X. Therefore, we
can apply all results obtained in Section 3—5 to these new multifunctions.
The following theorem is the typical characterizations.

Theorem 6.1. For a multifunction F : (X,7) — (Y,0), the following
properties hold:

(1) F is upper slightly super-continuous (resp. upper slightly semi-0-conti-
nuous, upper slightly b-continuous, upper slightly §-semi-continuous, up-
per slightly d-precontinuous, upper slightly a-continuous) if and only if
for every clopen set V of Y, FT(V) is §-open (resp. semi-0-open, b-open,
d-semi-open, 0-preopen, a-open) in X,

(2) F is lower slightly super-continuous (resp. lower slightly semi-0-conti-
nuous, lower slightly b-continuous, lower slightly §-semi-continuous, low-
er slightly d-precontinuous, lower slightly c-continuous) if and only if for
every clopen set V of Y, F~ (V) is d-open (resp. semi-0-open, b-open,

d-semi-open, d-preopen, a-open) in X.
Proof. The proof is obvious from the definition. O

By Theorem 6.1 and DTAGRAM I, we obtain the following diagram:
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DIAGRAM II

u/ls. super-C — u/ls. C — u/ls. a-C — u/ls. p-C — u/ls. §-p-C

i i i
u/ls. s-0-C — u/l's. §-s-C = u/ls. s-C — u/ls. -C — u/ls. g-C

In the diagram above, we abbreviate as follows: u/l = upper/lower, s. =

slightly, C' = continuous, p = pre and s = semi.

Theorem 6.2. For a multifunction F : (X,7) — (Y,0), the following
properties hold:

(1) F is upper slightly super-continuous if and only if F : (X,75) — (Y, 0)
1s upper slightly continuous,

(2) F is lower slightly super-continuous if and only if F': (X, 7s) — (Y,0) is
lower slightly continuous.

Proof. This is obvious by Theorem 6.1. O

Theorem 6.3. For a multifunction F : (X,7) — (Y,0), the following
properties hold:

(1) F is upper slightly §-semi-continuous (resp. upper slightly §-preconti-
nuous) if and only if F : (X,15) — (Y,0) is upper slightly semi-conti-
nuous (resp. upper slightly precontinuous),

(2) F is lower slightly §-semi-continuous (resp. lower slightly §-preconti-
nuous) if and only if F: (X,75) — (Y,0) is lower slightly semi-conti-
nuous (resp. lower slightly precontinuous).

Proof. This is an immediate consequence of Lemma 6.2. (]

Theorem 6.4. For a multifunction F : (X,7) — (Y,0), the following
properties are equivalent:

(1) F is upper slightly semi-0-continuous;

(2) For each point x € X and each clopen set V of Y containing F(z), there
exists a semi-open set U of X containing x such that F(sCl(U)) C V;

(3) For each point x € X and each clopen set V of Y containing F(z), there
exists a semi-reqular set U of X containing x such that F(U) C V.
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Proof. (1) = (2): This is obvious from the fact that for any semi-
f-open set G and each x € @, there exists a semi-open set H such that

xe€ H CsCl(H) CG.

(2) = (3): By Lemma 6.1, sCI(H) is a semi-regular set for each semi-
open set H.

(3) = (1): Let V be any clopen set of Y and z € F* (V). Then there
exists a semi-regular set U of X containing = such that F(U) C V. By
Lemma 6.1, every semi-regular set is semi-f-open. Therefore, F' is upper
slightly semi-@-continuous. O

Theorem 6.5. For a multifunction F : (X,7) — (Y,0), the following
properties are equivalent:

(1) F is lower slightly semi-0-continuous;

(2) For each point x € X and each clopen set V of Y such that VN F(z) # 0,
there exists a semi-open set U of X containing x such that F(u) NV # ()
for each u € sCl(U);

(3) For each point x € X and each clopen set V of Y such that VNOF (z) # 0,
there exists a semi-reqular set U of X containing x such that F(u)NV # ()
for each uw e U.

Proof. The proof is similar to that of Theorem 6.4. g
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