Bulletin of the Institute of Mathematics
Academia Sinica (New Series)
Vol. 1 (2006), No. 3, pp. 437-450

APPROXIMATING FIXED POINTS OF NONEXPANSIVE
MAPPINGS

BY

STEVO STEVIC

Abstract

Let D be a subset of a normed space X and T : D — X be
a nonexpansive mapping. In this paper we consider the following

iteration method which generalizes Ishikawa iteration process:

tny1 = tOTEPT( - TEE Tz, + (1 = 5820 +u) + )
+(1 =t )zn +ul) + (1= ti)zn + ul,

n=123..., where 0 <t <lforalln>1landi=1,...,k,
and sequences {z,} and {ugf)}, 1=1,...,k, arein D.

We improve several results in [2], concerning approximation
of fixed points of T

1. Introduction

Let D be a subset of a normed space X. We say that a mapping T : D —
X is nonexpansive if for all z,y € D, ||[Tx — Ty|| < ||z — y|| holds. During
last four decades many authors have investigated nonexpansive mappings
and the set of its fixed points. Browder [1] and Kirk [12] have shown that
nonexpansive mapping 1" which maps a closed, bounded, convex subset C' of
a uniformly convex Banach space into itself has a nonempty fixed point set
in C. In almost all papers authors used some iteration method for such inves-
tigations. However, in general, for arbitrary « € C the Picard iterates T"x

Received February 5, 2005.
AMS Subject Classification: Primary 47H10.

Key words and phrases: Iteration method, fixed point, nonexpansive mapping, se-
quence.

437



438 STEVO STEVIC [September

do not converge to a fixed point of T. Genel and Lindenstrauss [6] showed
that there exists a nonexpansive mapping 1" defined on a closed, bouded and
convex subset C' of Hilbert space H such that the sequence {z,} defined by
the recurrent formula x,,+; = (2, +7Txy)/2 does not converge. The sequence
defined by x,41 = (1 —ty)xn + tyTxy,, where {t,} is a real sequence whose
terms belong to interval [0, 1], has been investigated by Dotson [3], Edelstein
[4], Groetsch [8], Ishikawa [9], Johnson [11], Krasnosel’skii [13], Outlaw [16],
Senter and Dotson [17] and others. They showed that these iterative meth-
ods may be used to find a fixed point of a nonexpansive mapping 7" mainly
in a Hilbert space or a uniformly convex Banach space or a strictly convex
Banach space. This sequence is considered as an iterative process of the
type introduced by W. R. Mann [14]. Ishikawa [10] first used this iterative
method for nonexpansive mappings without any assumption on convexity of
the Banach space X. In [10] he proved the following theorem.

Theorem A. Let D be a subset of a normed space X andT : D — X be
a nonexpansive mapping. Given a sequence {x,} in D and a real sequence

{tn}, satisfying

(a) 0<t, <t<1land) > t,=o00,
(b) zpy1 = (1 —tp)zy +tyTxy, for n=1,2,3,...,

if {xn} is bounded, then ||Tx, — z,|| = 0 as n — oo.

If the sequence {z,} in D is defined by the following recurrent formula
Tnt1 =t T(spTxn + (1 —sp)xn) + (1 —tp)zpn, 1 € D, n=1,2,3...,

where {t,} and {s,} are real sequences whose terms belong to the interval
[0,1], we say that {z,} satisfies an Ishikawa iteration process (see [9]). In [2]
Deng extends Theorem A to the Ishikawa iteration process. In this paper

we consider the following iteration method:
tnst = EOTERTC T Ty + (1= )y + ) + ) (1)

+(1 =tz +u@) + (1 = tW)zy, + D),

n:1,2,3...,where0§t£f)Slforallnz1andz':1,2,...,k:.

This iteration process generalizes the Ishikawa iteration process. We
prove an analogous theorem to Theorem A and Theorem 1 in [2]. These



2006] APPROXIMATING FIXED POINTS OF NONEXPANSIVE MAPPINGS 439

theorems will be consequences of our theorem. Also we generalize other

results from [2].

2. Auxiliary Results

In this section we prove several auxiliary results which we will apply in

the last section.
One can easily prove the following lemma.

Lemma 1. Suppose that {a,} is a sequence of real numbers bounded

from below, such that
(Ve > 0)(Ing € N)(Vn > ng)(Vk € N) apir < an + €.
Then the finite limit lim,, o a,, exists.
The next lemma is an easy consequence of Lemma 1.

Corollary 1.([22]) Suppose that {a,} and {b,} are two sequences of
nonnegative numbers such that an+1 < an~+by for alln > 1. If Zzozl b, < 00,

then the finite limit lim,_,~, a, exists.

The following lemma shows that the condition lim,,_, ||a,|| = d in [2,

Lemma 2|, may be replaced with liminf,,_, [|a,|| = d.

Lemma 2. Let {a,} and {b,} be two sequences of a normed space X
and {t,} a sequence of real numbers. If the following conditions
(a) 0<t,<t<1l and Y 7 t, = o0,
(b) ant+1 = (1 —ty)an +tpb, forall n>1,
(€) Timsup, o [[bu]] < +00,

are satisfied, then limsup,,_,  ||as|| < limsup,,_, ||bnl]-

Proof. From (b) we obtain

n—1 n—1

an—aln 11—t +Z H 1—t5)

=1 j=1+1
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Thus we have

n—1 n—1
lanl| < ||a1||H (L=t + Y [T 0 —tptallbill
1= 1] i+1
n—1 n—1
= ||a1||H (1—t) +Z IT =ty =TT =)l
=1 jJ=i+1 Jj=t

From (c) we have that for each ¢ > 0 there exists n; € N such that for

n>ng

[bn]| < d+e,

holds, where d = limsup,,_, . ||bn]]-

On the other hand, from (a) we have that for each € > 0 there exists
ng € N such that for n > ng + ny

n—1

n—1 .
[Ta-t)<e ==t <,

1=n1
holds, here we use the following inequality 1 4+ = < e®, z € R.

Thus for n > ng + n; we have

n—1 n—1 n—1
STOT] a-t) - TTa—t))lll
i=1  j=i+l Jj=i
n—1 — n—1
< [1{endlloe( JT (1= 15) - H L=t))) +@d+e) (1= ] a-1)).

< 2¢|[{bn}loc + (d +©),

where |[{by }||co = sup;cn ||{bi}||- From (c) we have ||{b,}||cc < co. From all

of the above we have
lanl| < ellax]| + 2¢[[{bn }H oo + (d +€)
for n > ng + n1. Since € > 0 is arbitrary we obtain the result. O

Combining Lemma 2 and Lemma 2 in [2] we obtain the following lemma.
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Lemma 3. Let {a,} and {b,} be two sequences of a normed space X
and {t,} a sequence of real numbers. If the following conditions
(a) 0<t,<t<1l and Y 7 t, =00,
(b) ant+1 = (1 —ty)ay + tpb, for all n > 1,
(¢) liminf, o ||an|| = d,

(d) limsup,,_,o ||bn|| < d and {3, t:b;i} is bounded,
are satisfied, then d = 0.

Remark 1. Note that Lemma 3 improves Lemma 2 in [2].

Lemma 4. Let D be a subset of a normed space X and T : D — X
be a nonexrpansive mappmg with a nonempty fixed points set F(T') in D. Let

sequences {x,} and {un Y, i =1,...,k, in D satisfy the recurrent formula
(1). Then
1241 = pll < Iz = pll + D1 + [P (18 + (D DD + -

e e -t
foralln >1 and all p € F(T).
Proof. We prove this lemma by induction. Let k = 1, then we have

T + (1= ) + ulh) = p

|zne1 —pll =
§|It(1)(Tﬂfn—Tp) (1= t) (@ = )| + [[ul) ]
<t Tan = Tpl| + (1= t)|@n — pl| + [[u”]]
<t [@n = pll + (1= tQ)[@n — pl| + [[ui)]]
= ||z = pll + [[ui)|l,
as desired.

Let
Yo = EOT (- T T, + (1= 1Py +u®) + ) + (1= 12, + 2.
By the inductive hypothesis we have

lyn = oIl < llzn = pll+ [[u]] + DD+ ulD DD+ (2)
+[[ulP[[t@¢3) g (k=)
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(1)

Since Tp41 = tszl)Tyn + (1 - t7(11))$n + uy’ we have
21 = pll = [t Ty + (1= D) +ulD = pl|

IN

165 (Tyn = Tp) + (1= t0) (@0 — p)I| + [[uf)|

A

N Ty — Tpll + (1 = )]l — pl| + [Jul]|

IN

tlyn — oIl + (1= tf)llen —pll + llui].
From this and (2) the result follows. (]

Lemma 5. Let D be a subset of a normed space X and T : D — X be
a nonexpansive mapping. Let sequences {x,} and {uq(f)}, 1=1,...,k, in D
satisfy recurrent formula (1). Then
lens1 = zall < (@D + 804D + -+t )| T, — ] + [Jul)|
D+ -+ [ 4570,
n=1,2,3... .
Proof. First, let k = 1. Then

|1 —2n|| = HtS)Txn+(1_t1(11))xn+u1(11)_an < t,(ll)HTxn—an—l—Hug)H,

as desired.

Let us suppose that statement is true for £ — 1 and let y,, be defined as

in Lemma 4. Then we have

[|[Tns1 — 2nl| = HtS)Tyn + (1 - tv(ml))xn + US) — Zn||
<t Ty — 2] + [JulV]]

IN

tD (I Ty — Tl + || Tzn — aal]) + [Juf]|

IN

tD (Wlyn — znl] + [Tz — zal]) + [[ulP]].
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By the inductive hypothesis we obtain

|Zn+1 — 2nl|
<D () 41D 4 DD )T ]
I+ 12+ (D20 5
P[P ED - D || T — zall ) + [l
= (tq(ll) + t1(11)t1(12) 4ot tgl)tff) . tq(f) Tz — 2|
I 21D + (2 4+ [0 -

This completes inductive proof. O

Lemma 6. Let D be a subset of a normed space X andT : D — X be a
nonexpansive mapping. Let sequences {x,} and {u,} in D satisfy recurrent
formula (1). Then

||T$n+1 - $n+1||
< (14 2 (D O ) [T —
20D+ D + DD + 4 ol 1D - 16D),
n=1,2,3....

Proof. Let us define y,, as in Lemma 4. Then we have

HTxn—i-l - xn—i—l”

< N Twng1 = Tan|| + [|Tzn — na|
< lzntr — zall + ||t1(11)Tyn +(1- tv(ml))$n + uq(zl) — Ty ||
< |zns1 — zall + tg)HTyn —Tap||+ (1 - t7(11))Hxn — Tap|| + HUS)H
< [@nt1 = @l + 00 — zall + (1= )T 20 — @[ + [[ul]]-
By Lemma 5 we obtain the desired inequality. O

3. Main Results

We are now in a position to formulate and prove the main results in this

paper.
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Theorem 1. Let D be a subset of a normed space X and T : D — X
be a nonexpansive mapping. Given a sequence {x,} in D satisfying the
recurrent formula (1), where uq(%) =0 for alln > 1 and for all i € {1,... k},
and real sequences {tn)} 1=1,2,...,k, satisfying

()0<t7(11)<t<1cmd221t%1):oo,

b o<tV <1,i=2..k

()Z (n)1(12)+ —I—t()(2) t(k))

(@) T (62 4 6265 14 4P .. o,

if {xn} is bounded , then ||Tx, — xy|| — 0 as n — oc.

Proof. Let us define y,, as in Lemma 4. Since {||Tz,, — z,||} is bounded,
by Corollary 1, Lemma 6 and (c) we conclude that there exists the finite
limit limy, o0 || T2y — x4||, say d. Let a, = Tz, — x,, and let the sequence
{b,} satisfy the equality a,+1 = (1 — tqg))an + t,(ql)bn, where we assume that

-1
b, =0 if t(l) = 0. Then b, = t%l) (Txpy1 —Txp) + Txy — Ty, and

bl < ¢ HTan T + || Tyn — Ty|
< t( Hxn-i-l_an"’_Hyn_an
< (1420t 4 DD )| Ty — ]|

By (d) we have limsup ||b,|| < d.

On the other hand we have

n

Z( Txip1 —Tx; + tz(l)(sz‘ —Ty;) )H

=1
n
1
< ansr =@l + Dt llys — i |
i=1
. k
1 2 2),(3
< Nznpr =zl + 3t 4 4t )| Ty
i=1

By (¢) we can conclude that the last expression is bounded. Therefore, by
Lemma 3 we obtain the result. (]

Remark 2. Theorem 1 above generalizes Theorem 1 of Deng [2]. Tt is
not only a generalization in the sense of our new iterative method, it also
generalizes this theorem in the case kK = 2 since in our theorem we have
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the weaker condition > >, Q) 7(3) < oo instead of > 07 n) < 0o which
appears in Theorem 1 [2]. This weaker condition is Supphed by Lemma
6 which provides a better estimate than the estimate from [22], which is

applied in Theorem 1 [2].

The following theorem, analogous to the Theorem 1, refers to the case

when the sequence {u,} is not zero.

Theorem 2. Let D be a subset of a normed space X and T : D — X be
a nonexpansive mapping. Given sequences {x,} and {uq(f)}, i =1,...,k,
in D which satisfy recurrent formula (1) and real sequences {t,(f)}, i =
1,2,...,k, satisfying
(a) 0<a<t(1)<b<1,
(b) O<tn <1, i=2,...,k,
o) 00 (£ o 1D t(k))<oo
) limoo(1 Dt 4t 1) =,
() Yooy llul|| < o0, i=1,....k,

if {xn} is bounded , then ||Tz, — z,|| — 0 as n — oo.

Proof. Let us define y,, as in Lemma 4. Since {||Tz,, —z,||} is bounded,
by Corollary 1, Lemma 6, (¢) and (e) we conclude that there exists the
finite limit lim, oo ||T%y, — xy|| = d. Let a,, = Tx,, — x,, and suppose the
sequence {bn} satisfies the equality a,+1 = (1 — t% ))an + t% )b + u(l) Then
b, = (1) (Tan Tz, — u,(l )) + Tz, — Ty, and

—1
1ball < 5 ||T$n+1 Tl + [Ty — Tanl| + 50 |[ul]|

IN

IN

0 Nt = @l + llyn = 2l |+ D]
< (1t et ot [Ty — ]+ 60 ([l

n

D 4. +Hu M[ED32) . g1y

—~

@D + | |ul D

HED + D)+ +t$3’t<3) T en — |
a2l + a2 N[+ + [ulf IIff(2 £y (’“‘1)+a‘1llu(1)ll
< (L4204 4ot @ )T — |+ 2 Zuu

By (d) and (e) we obtain limsup,,_, . ||b.|| < d.
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On the other hand we have

ot
=1

= H zn:(Tl’Hl —Tx; — Uz(l) +t§1)(T33i —Tyi) )H
i=1

n n
1 1
< Nlnsr — 2l + Sty — ||+ (1Y)
i=1 i=1

<o — |+ DBV 4ot ) Ty |
=1

g 1 2 3 2 k 2),(3 k— - 1
28 (P o P 6570 ) 3

(1),(2) 2) k)
<umn+1—x1u+z D ekt ) Tl +30 3 )L

=1 j=1

By (c) and (e) we can conclude that the last expression is bounded. There-

fore, by Lemma 3 we obtain the result. O

Theorem 3. Let D be a closed subset of a Banach space X, and T :
D — X be a nonexpansive mapping from D into a compact subset of X. If
{z,} is as in Theorem 1 or Theorem 2, then {x,} converges to a fized point

of T.

Proof. Since {z,,} is a subset of the set {z € X | d(z, conv(T'(D)U{z1}))}
< H{US)}HOO}, which is compact by well-known theorem of Mazur, we know
that {x,} containes a subsequence {z,, } which converges to some p € D
since D is closed. By Theorem 1 (Theorem 2) we have ||T'z,, — xp,|| — 0
as k — 0o. On the other hand

HTp—pH < |‘Tp—Txnk+Txnk_xnk+xnk _pH < 2Hp_xnk”+”Txnk_xnkH7

since T' is nonexpansive, which implies that p € F(T).
By Lemma 4 we have

k

leng1 = pll < llwn —pll+ D [[uld] (3
i=1

~—
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for all n > 1. By Corollary 1 there exists lim,_o ||z, — p|| = d. Since
limy o0 ||2n, — p|| = 0 we have d = 0, as desired.

In [17] Senter and Dotson introduce the following definition:

Let D be a subset of a Banach space X. A mapping T : D — X with a
nonempty fixed points set F(T") in D will be said to satisfy Condition I, if
there is a nondecreasing function f : [0, 00) — [0, 00) with f(0) =0, f(r) >0
for r € (0,00), such that ||z — Tz|| > f(d(z, F(T))) for all x € D, where
d(z, F(T)) = infepqry |1z — 1. 0

The following theorem generalize Theorem 2 in [10] and Theorem 4 in

[2].

Theorem 4. Let X, D and {z,} be as in Theorem 3. Let T : D — X
be a nonexpansive mapping with a nonempty fixed points set F(T) in D. If
T satisfies Condition I, then {x,} converges to a member of F(T).

Proof. By Lemma 4 we have (3) and consequently

d(xni1, F(T)) < d(zn, F(T)) + Z [

Further, by Corollary 1 we can conclude that lim,,_, o d(x,, F(T')) = r exists.
By (3) we easily obtain

n—1 k
[l < oy —pll+pl+> > [[uf’ H<|\x1—p\|+|\pl\+ZZHuU || < oo,
i=1 j=1 i=1 j=1

hence, {z,} is bounded and consequently, by Theorem 1 ( Theorem 2 ),
limy, o0 ||2r, — Txy|| = 0.

From that and Condition I, we have
0= lim ||z, — Tzy|| > lm f(d(x,, F(T)))
n—oo n—oo

which implies that » = 0. Let us show that {z,} converges to a member of
F(T). Since

o~ k
lim d(z,, F(T)) =0 and Y |luf’|| < oo,

n—oo
i=1 j=1



448 STEVO STEVIC [September

for any positive integer ¢ there exists N; > 0 and p; € F(T) such that
oo k .
o, —pill <276D and Y ST [jul]] < 276D,
i=N; j=1

which implies from (3) that ||z, —p;|| < 277, for all n > N;. We may suppose
that N;,11 > NV; for all i > 0. Thus we have

N

Hpi_ij = le - xNi+1H + H‘TNz‘+1 - pi-HH + sz’—i-l - ‘TNz‘+2H
+ o+ pj-1 — 2Nl + [[zn; — sl
< 2749 (42 4 o= (i41) L o=(iH3) 4 .. 4 9= (=1) 4 o= (G+]) L o= (i-1)

which implies that {p;} is a Cauchy sequence. Thus there exists p* € F(T),
such that lim,, s p, = p*, since F(T) is closed. Since ||z, — p;|| < 27¢, for
all n > N;, we have lim,,_,, x, = p*, completing the proof. O

By Theorem 1 or by Theorem 2 and the fixed point theorem of Gillespie
and Williams [7], as in [2], it is easy to prove the following theorem. This
theorem generalizes Theorem 1.8 of Veeramani [23] and Theorem 5 in [2].

Theorem 5. Let D be a closed, bounded, conver subset of a Banach
space X, and T : D — D be a nonexpansive mapping on D such that for
some a > 0 and for all x,y € D

1Tz = Tyl| < a(lz — Tl + [ly — Tyl)-

If {x,,} is as in Theorem 1 or Theorem 2, then {x,} converges to the unique
fized point of T.

Recall that a Banach space X satisfies Opial’s condition [15] if for each
sequence {z,} in X, the condition x,, — xo weakly implies lim inf, e ||z, —
$0|| < liminf, ||ZL'n — y|| forally € X,y 7£ Zg.

Theorem 6. Suppose X is a Banach space that satisfies Opial’s con-
dition and D is weakly compact, and let T and {x,} be as in Theorem 1 or
Theorem 2. Then {x,} converges weakly to a fized point of T.

Proof. Since D is a weakly compact, there exists a subsequence {z,, }
of {z,,} which converges weakly to a p € D. By Theorem 1 or Theorem 2
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we have ||T'z, — x,|| = 0 as n — oco. From that and the nonexpansivity of
T we have

liminf||z, — p|| > liminf||Tz, — Tp|| = lim inf||x,, — Tp||.
n—00 n—00 n—oo

Thus from Opial’s condition we have Tp = p. Suppose that {z,,} does not
converges weakly to p. Then there are subsequence {z,, } of {z,} and ¢ # p
such that z,,; — ¢ weakly and T'q = ¢q. By Lemma 4 and Corollary 1 we
obtain that there exist finite limits

lim ||z, —p|| and  lim ||z, —¢||.
n—00 n—oo

From that and Opial’s condition we have

Jim [, —pl] = lim |z, —pl| < Um [len, —q]
= lim ||z, — gl < lm [|zm, —pl| = lim ||z, - p|],
J—00 J—00 n—00
which is a contradiction. Hence the result follows. O

Remark 3. Iteration process (1) appeared for the first time in an earlier
version of this paper titled ” Approximating fixed points of nonexpansive
mappings by a new iteration method” which was accepted for publication
in the Far East Journal of Mathematical Sciences in 2002, and has already
been cited in papers [18, 19, 20, 21]. However due to page charges the paper
was not published.
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