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Abstract

This paper deals with a monotone empirical Bayes test ¢;,
for a truncation parameter distribution using the linex loss. The
asymptotic optimality of §;; is investigated. Under very mild con-
ditions, it is shown that §;, is asymptotically optimal with a rate
of order n~2/3. This rate improves the empirical Bayes test §;X°
of Xu and Shi (2004) in the sense that faster convergence rate is
achieved under conditions relatively weaker than that assumed in
Xu and Shi (2004).

1. Introduction

Let X be a random variable arising from a truncation parameter distri-
bution with a pdf f(x|0) of the following form

f(z]0) = u(z)A(O)I[6 < x < mb), (1.1)

where m > 1 is a constant, u(z) > By > 0 for some constant Bj, and
integrable over [a,b] for every 0 < a < b < oo and A(f) = | mo u(z)dz] L.
Let 6y be a known positive constant. We are interested in testing Hy : 0 < 6
against Hy : 8 > 6. Let d; denote the action deciding in favor of H;, 1 = 0, 1.
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The following asymmetric linex loss function is employed:
L(0,dy) =1(0)I(0 > 6y) and L(0,dy) =1(0)I(0 < by) (1.2)

where () = "= —b(y — @) — 1, b # 0. The constant b determines the
shape of the loss function. Varian (1975) and Zellner (1986) have discussed
the behavior of the loss function and their various applications. Huang
(1995) studied empirical Bayes tests for a one-sided truncation parameter
distribution using an asymmetric loss, and Huang and Liang (1997) investi-
gated empirical Bayes estimation problem based on linex error loss. In this

paper, we consider the case that b = 1.

Assume that the parameter 6 is a realization of a positive random vari-

able © having a pdf g over (0,00) and satisfies that

0<cp<g(f) <ecp < oo for in [0p/m,2mby]. (1.3)
Thus, X has a marginal pdf fo(z)= [ f 0)do =u(x )fz/mA(H)g(H)dH
= u(z)vg(z) where vg(x) = f;/m A(@) (9)d9.

Let x be the sample space of X. A test § is defined to be a mapping
from x into [0, 1] such that 6(x) = P{acceptingHy|X = x} is the probability
of accepting Hy when X = x is observed. Let R(G,¢) denote the Bayes risk
of a test 4. Thus,

R(G,0) = /9 {20, d0)6@) + 1 = S(@)IL6, 1)} (wl6)dG(6)da
= /Ooou(a:)é(:n)Qg(:E)d:E+cG, (1.4)

where cq = [1(0)I(0 < 6y)dG(0),

Qelx) = / 1OV 10> 00) g gy (2) A(0)(0) 0

= [ U616 <00) 1y ) A)9(6)d0
= Qci(z) — Qe2(2).
For x <6y, I1(0>00)Ijg,me @) =0. Thus Qc1()=0. So, Q@) =—Qc2@) <0.
For x>m#g, 1(0 <60)Ijgme @) =0. Thus Qe2()=0. So, Q¢ @) =Qc1(®) >0.
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For 6y < = < m#bp, under condition (1.3), Qg(x) = fél(@)A(Q)g(@)d@ -
fei?/m 1(0)A(0)g(0)dl is strictly increasing in x. Hence, we see that: Qg (z) <
0 for x < 6y, Qa(z) > 0 for > mby, and Q¢ (x) is continuous and strictly
increasing in [0y/m, 2mby]. Thus, there exists a point, say ag, between 6y
and m#by such that Qg(ag) =0, and Q¢ (z) < 0 for z < ag and Qg(z) > 0
for x > ag. Therefore, a Bayes test §g, which minimizes the Bayes risks

among all tests, can be obtained as follows:
dg(x) =I[x < ag]. (1.5)

Thus, dg is a monotone test and ag is called a critical point of the Bayes
test dg. The minimum Bayes risk of this testing problem is:

R(G,dq) = /000 u(z)oq(2)Qa(z)dx + cq. (1.6)

Note that the Bayes test d¢ heavily depends on the prior distribution
G. When G is unknown, it is impossible to implement the Bayes test dg.
Assuming a sequence of past data is available, Xu and Shi (2004) treated
this testing problem via the empirical Bayes approach. They proposed an
empirical Bayes test (5%(5 for this testing problem. However, they imposed
too strong assumptions on the unknown prior distribution G, and the ob-
tainable rate of convergence is relatively slow. Also, their paper contains

certain errors.

In this paper, we shall study this testing problem through the empirical
Bayes approach. The paper is organized as follows. In Section 2, a monotone
empirical Bayes test 0; is constructed. We study the asymptotic optimal-
ity of 4, in Section 3. It is shown that under certain mild conditions, 9,
achieves a rate of convergence of order n~2/3 where n is the number of past
data available when the current testing problem is studied. Examples are
provided for demonstrating the performance of §);. Comparison between the
58

performance of §; and is also made. The theoretic proof of asymptotic

optimality is given in Appendix.

2. Construction of A Monotone Empirical Bayes Test

In the empirical Bayes framework, we let (X;,0;), j=1,2,... be iid
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copies of the random vector (X, ©), where X are observable, but ©; are not
observable. At the present stage, say stage n+ 1, let X (n) = (X1,...,X,)
denote the n past data and X = X,, 11 stands for the present random obser-
vation. Let 6,11 be a realized value of the present random parameter O, .
We are interested in testing Hy : 6,11 < 0y against Hy : 6,41 > 6y using the
linex loss L(0,11,d;) of (1.2).

An empirical Bayes test J, is a probability function defined on the
presently observed value X = X,;; = x and the past data X (n) , such
that d,(z) = §,((x, X (n)) is the probability of accepting Hy : 0,41 < 6p.
Let R(G,6,|X (n)) denote the Bayes risk of an empirical Bayes test §,, con-
ditioning on X (n), and R(G,d,) = E, R(G,0,|X (n)) the Bayes risk of d,,
where the expectation FE,, is taken with respect to the probability measure
generated by X (n).

The minimum Bayes risk R(G, dg) would be achieved if the prior dis-
tribution G were known and the Bayes test dg had been applied. Thus,
D(G,d,) = R(G,6,) — R(G,¢) > 0 for all n. This non-negative difference
D(G,é,), called as the regret of the empirical Bayes test d,, is often used as
a measure of performance of J,. &, is said to be asymptotically optimal, rel-
ative to the prior distribution G, at a rate O(e,,) if D(G, 0,,) = O(e,,) where
{en} is a sequence of positive, decreasing numbers such that lim,,_,o, €, = 0.

Note that as the concerned testing problem is a monotonic decision
problem, the class of monotone tests is essentially complete. Thus, one
desires that the concerned empirical Bayes tests be monotone. For this
purpose, we need an estimator for the critical point ag. Assume a, is an
estimator of ag. Then we may define a monotone test §,, as follows:

on(z) = I(x < ap). (2.1)

Note that ag is the point such that Qg(ag) = 0. Also, ag can be
expressed as:

mbo
ag =6+ /6 I[Qc(x) < 0]dx. (2.2)

0
The form (2.2) provides us a motivation for the construction of an estimator

for ag. Thus, we need to find an estimator for Q¢ (x) first. For this purpose,
we consider an alternative expression of Qg(z).
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An Alternative Expression of Qg(x)

From Xu and Shi (2004), A(0)G(0) = —>_72, dvg(m?6)/df. For 6y <
x < mby, substituting this relation into Qg1(x) and Qg2(x), and applying

the integration by part technique, we can obtain:

Qc1(2) :/90[00 ' (00— 0) 1] - f:di (mi0)] do

® miz [1 _ eeo—t/mﬂ]

= o aOml fa(t)dt

= Wila) =) Ba);
j=1

Qaa(z) =

\%

e _ (8, —9—1[ i::di mjﬁ}

m7 0y [1 _ 660 t/mﬂ]
/m ch‘(t)dt

-1 t)ymJ

a/m

I
Mg

=1

<
Il

[ —(8g — x/m) — log(m/~ ")

Mg

+
1

aj(z) + Y (),
j=1

»—AMg <.

<
Il

where

miz 1 _ eeo—t/mj
R ey

mify u(t)mj

mJ 0o _ Oo—t/mi
o) = [ e

mi—lg u(t)ymJ

Bi(x) = [e*7" — (6o — ) — Lvg(mz),
ni(z) = [e072/™ —(8y — x/m) — vg(m!~'z).
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Thus,
Qa(z) = Y vi(@) = > aj@) = > Bi(x) =Y _n;(@)
Jj=1 Jj=1 j=1 j=1
= Ya(r) — ag(r) — Ba(z) — ne(z). (2.4)

Empirical Bayes estimation of Qg (x)

Let h = n~ /3. For each | = 1,...,n, j = 1,2,... and z in [fy, mfy],
define

[1— e9o—Xl/mj]

Vi) = W[[m]po < X; <miz,
1 — fo—Xu/m’ . )
apj(z) = W][mj ly < X; < mify),

Buij(x) = [e%7% — (6g — x) — 1]/ (u(X)h)I[m?z < X; < miz + h),
ij(x) = [€°7™ — (60 — /m) — 1]

J(w(X)h)I[m!te < X; < m? Lz + Al

n

Ynl@) = 301 (),

=1 1=
an(r) = i%ianu(l’),
=1 1=
) = 335 ),
M(z) = i%inmj(az),
Qn(z) = ZZ):nlilﬁ) ljloén(x)—ﬁn(ﬂf)—nn(x)- (2.5)

We use Qn(x) to estimate Qg(z).

Monotone empirical Bayes test J;,

Motivated by the form (2.2) and based on @, (z). we define an estimate
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a; for ag as follows:

mbo
a, =6 +/€ I[Qn(z) < 0)dx. (2.6)

0

Accordingly, we propose a monotone empirical Bayes test d;; as follows:
o (x) = Iz < ay). (2.7)

The Bayes risk of ¢ is:

R(G,5) = /0 (@) Bt (1) Qo) dz + e (2.8)

3. Asymptotic Optimality

We assume the following assumptions hold:

[Al] u(xz) > By for all z > 0, and u(z) < By for = in [0y, mby).

[A2] The prior pdf g satisfies 0 < ¢y < g(0) < ¢1 < oo for 6 in [fg/m, 2mby)].

[A3] 227, vE(miz) < M < oo and >0 vg)*(mjm) <M < oo for all z in
[007 meO]

where v, (7) =supg<, <1 va(r+hy), and ’U(Gl)* (z) =supg<,<1 |U(Gl)(ac—|—hy)|.

We shall investigate the asymptotic optimality of the empirical Bayes
test 0 under the [A1]—[A3] conditions. By (1.5)—(1.6) and (2.7)—(2.8), the

regret of 67 can be written as

a¥

D(G,8*) = En[ / "u(a;)QG(a;)dx] (3.1)

aG

By [A1],

B / " Qolw)ds < / " (2)Qa(x)dx < By / " Oo@)dr.  (32)

ag

Since Qg (ag) = 0, by taking Taylor’s series expansion of order 2,

a*

" Qo(@)de = QY (@*)(af — ag)?/2 (3.3)

ag
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for some value z* between a; and ag, where

QY (x) = l(a) A(x)g(x) + U(x/m) Az /m)g(x/m) /m.
Under assumptions [A1]-[A2],

Qg) = inf{Qg)(x)\Ho <z <mbp} >0 and

Qg)* = sup{Qg)(:E)wo <z <mby} < 0.
Combining (3.1)—(3.4) yields that
BIQWE,(a% — ag)?/2 < D(G,5%) < BoQY) En(a —ag)?/2.  (3.5)

The inequality of (3.5) provides an equivalence in convergence rates be-
tween the empirical Bayes testing problem and the problem of estimating
the critical point ag. Thus, it suffices to study the asymptotic behavior of

En(a; — a(;)Q.

We have the following theorem.

Theorem 3.1. Suppose that assumptions [A1]—[A3] hold. Then

(a) En(ay, —ag)? = O(n™?/*), and
(b) The empirical Bayes test 0} is asymptotically optimal and D(G,0}) =
O(n=2/3).

Proof. Under [A2], Qg(0y) < 0 = Qalag) < Qa(mby). So, for suffi-
ciently large n, there exist points ag1(n) and age(n) such that 6y < agi(n) <
ag < agz2(n) < mby, and Qg(agi(n)) = —4hey and Qg(aga(n)) = 4hey,
where ¢4 = 2e%M. From (2.2) and (2.6), the difference a’ — ag can be

expressed as:

ag1(n) ag
o —ag = —/9 1[0 (x) > 0lda —/ 110w (x) > 0]da

o agi(n)

aga(n) mbg
+/ 1[Qn(z) < 0lda +/ T1Qu) < O

ac aga(n

—Al(n) — AQ(TL) + Ag(n) + A4(TL)
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Thus,
4
En(a}, —ag)? <4 E,Al(n). (3.6)
i=1
Hence, we need to evaluate EnAi(n) for each j = 1,2,3 and 4. From Ap-
pendix, we have:

dq
n2p4’
doh?,

E,A%(n (
(
dyh?, (3.
3

E,A3(n
E,A3(n
(

A

IN

dy
nZh4’

)
)
)
)

E,A3(n

IN

where d; and dy are some finite positive values defined in Appendix. Com-
bining (3.6)—(3.10) leads to

2d

* 2 1 2 _ —2/3Y o _ o —1/3

E,(a;, —ag)” < n2h4—|—2d2h = O(n~%3) since h = n~Y/3,

The result of part (b) also follows immediately. O

4. Examples and Comparison

We use the following examples to demonstrate the performance of the

empirical Bayes test 0.

Example 4.1. Let f(z]|0) = 070 < = < 26], g(0) = 0e 1[0 > 0].
Thus, u(z) = 1, A(@) =61, § > 0. Then, vg(z) = e %/2 — 77, |v(Gl)(ac)| <
2¢~%/2. We can verify that for each 6y > 0, assumptions [A1]-[A3] hold.

Thus, by Theorem 3.1, the empirical Bayes test 4 is asymptotically optimal
and D(G,8%) = O(n=%/3).

Example 4.2. Let f(z|0) = u(z)A(0)I]0 < x < 20|, where By = u(0) >
0 and u(z) is an increasing function of z for > 0. g(#) = 6=2I[0 > 1]. Thus,
0 _
A0) = [ [, u(w)dz) ! < .
x v 1 1.5
va(z) A(0)g(0)do < /x/m N do B

x/m
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v ()] < A(X)g(X) + A(X/2)g(X/2)/2 < Bl19563

It is easy to verify that for each 6§y > 0, assumptions [Al]-[A3] hold. Thus.

by Theorem 3.1, the empirical Bayes test d; is asymptotically optimal and
D(G,6) = O(n=2/3).

Example 4.3. f(z]6) = u(x)A(0)I[0 < = < mb], where u(z) = [x + 1]
and [y] denotes the largest integer not greater than y. For each 6y > 0, the
prior pdf g satisfies that 0 < ¢y < ¢(f) < ¢1 < oo for 6 in [fy/m,2mb]
and g(f) = 0 for 6 > kb for some k > 2m. Thus, vg(z) = 0 for = > k.
Hence, we see that assumptions [A1]-[A3] hold. Thus, by Theorem 3.1, the
empirical Bayes test 0% is asymptotically optimal and D(G, 6%) = O(n~2/3).

Xu and Shi (2004) have studied the same testing problem via the em-
pirical Bayes approach. They proposed an empirical Bayes test 57)53 and
studied its associated asymptotic optimality. Under certain stronger con-
ditions, they showed that 6:X° is asymptotically optimal at a rate of order
O(n=2%/s+1)) where 0 < & < 1 and s in an integer pertaining to their as-
sumptions. It should be noted that X is not a monotone test. When s
5X5

is small, the obtainable rate of is slow, and the best possible rate is

O(n=5/?), which is obtained when s tends to co. Therefore, we see that our

5XS

proposed empirical Bayes test d;; improves in the sense of a faster rate

O(n~2/3) under weaker conditions.

One of the assumptions required in Xu and Shi (2004) is that the
marginal pdf fg(x) be s-times differentiable. In Example 4.3, the marginal
pdf fg(x) is not a continuous function. Thus, the condition that “fg(x) is
s-times differentiable” is not satisfied. Therefore, the empirical Bayes test
65 cannot be applied. However, in such a situation, our proposed empirical
Bayes test ¢; remains working well.

Appendix

We first investigate certain properties relating to the estimator @ (z).
Foreachl=1,...,n, let

in Z %z] anlj(x) - /Bnlj(x) - nnlj(x)]'
7=1
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Note that Q,;(z) is a random function of the random variable X;. Thus,
Qni(z) are iid. We have:

1 n
Qn(@) =~ Qu(x). (A1)
=1
Since
[1 — efomXi/m] ig j
() — _ <
Yy (x) (X)) Im’6y < X; < mlx],
[1 _ 690—Xz/mj] - .
: = ————— —“Jm/! X <m!
anl]($) mJ’LL(X[) [m T< A S M 90]7

Buij(x) = [P — (6p — x) — 1]/ (u(X) W) I[m?z < X; < mIz + h),
ij(z) = [*7%™ — (6 — x/m) — 1]
J(w(X)h) I/ e < X; < m? ™ + ),

we can obtain:

| 3252 Yt ()] < 1/Bu, | 3052 amj(x)| <€ /Bu, | 3252, Buj ()| < e /[hB1]
and | 272 npj(2)] < % /[hB1]. Thus, |Qu(z)| < 4e% /[hB;] and

|Qui(@) = EnQui(x)| < 8™ /[hB1] = c3/h, (A.2)
where c3 = 8¢% /B;.

Lemma A.1. Under assumptions [A1]-[A3], the following results hold.

(a) Enwnlj(l') = T[)](:L')

(b) Enan;(z) = aj(z).

(©) | Enfuts () = B5(x)| < hevg)” (mi), where v (4) = sup{log ()]
y<t<y+h}

(d) [t (@) = ()] < hePooly)” (mi~La).

(€) [EnQu(r) — Qa()] < 2helo Z(;il U(Gl)* (mi~1lz) < 2he® M = hey, where
cy = 2¢% M.

(f) [EnQn(z) — Qa(z)| < hey.

Proof. We provide proof for part (c) only. Parts (e) and (f) are the
results of parts (a)—(d) and an application of [A3].
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By the definition of 3,;;(x) and B;(x),

mIz+h _
|EnBij(z) — Bj(z)] < efo /m]-x [vG(t)Tdet‘

- /mjac+h ‘ (t o a:)vg)(t*)
S € _ f
mlx

dt < he® 218)* (m’z)

where t* is some value between x and t. O
Lemma A.2. Under assumptions [A1]—[A3], the following results hold.

(a) Enlvh;(x)

(b) Enlog;(x)

(©) Eulf2,(2)] < X0t (mi) /(hBy], where vy (y) = sup{ua(t);
y<t<y+h}

(d) Enlnpy;(2)] < P (m? ") /[hB1],

(e) Var (Qni(x)) < ¢5/h, where c5 = 28;OM 88200 E] 1 mi

(f) Var (Qn(x)) < ¢5/(nh).

1/[m% B3.

] <
] < 6200/[m2jB2]
]

Proof. We provide proof for part (e) only. Let p,;; and gy, be any two
of the functions vy;, oy, Buij and 1,5 We see that py;(2)gn(z) = 0 if
j # k. Thus,

(@) = b (@) — i (@) = B () — npij ()]

j=1

< Z nl] + anl]( ) + Bgl](‘r) + 77721”(95)]
Hence,

Var (Qu(z)) < En[ ()]

42 nl/}nl] +E a’l’Ll]( )+Eﬂ ’I’Ll]( )+Enn12Ll](x)]

IN

0 0 260 2626'0 0

1 e .
4 o %+4j 1 o %—i— 1B, : OvG(m x)

J=1

IN
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o 0 e \f

<
- 8, m?% B? * hB
J=1

2€2€0M+86290 =1
Bl B% = m2j'

< ¢5/h, where c5 =

Lemma A.3.
(a) ac — ag1(n) < 4hey/QYL; (b) aga(n) — ag < 4hey/QL,
where QSE = inf{Q(Gl)(x)\Ho <z <mby} > 0.

Proof. We provide proof for part (a) only.

By the definitions of the points ag and agi(n), and an application
of mean-value theorem, 4hcy = Qg(ag) — Qalagi(n)) = Q(Gl)(a:*)(ag -
ag1(n)) for some value x* between ag and agi(n). Thus, ag — agi(n) =
heyJQW (%) < 4heyJQL. O

Lemma A.4.

(a) For x in [0y, ac1(n)], EnQn(z) < Qa(x)/2 < 0.
(b) For z in [ag2(n),mby], EnQn(x) > Qa(x)/2 > 0.

Proof. We provide proof for part (a) only. From (A.1), Qg(x) — hes <
E,Qn(x) < Qa(z) + hey. Since Qg(x) is increasing in x and Qg (agi(n)) =
—4hey, for z in [0y, ag1(n)],

EnQu(z) < Qa(x)/2+ Qa(x)/2 + hes < Qa(x)/2 + Qalagi(n))/2 4 hey
= Qqg(x)/2 —4hes + hey < Qa(x)/2 < 0.

Proof of (3.7). By Holder inequality,

ag1(n) I1[Qn(z)>0] 1/2
o = { ], [—Q%(rr)]Q(G”(rr)dx}

ag1(n)
A [ 100 205108 (we}

0
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where

o) I[Qu(@) 20 1ot Qple)
/eo [—Q%(:c)]QS)(x)d = [ngpf Q@]

1 1
<

< T )
QU2Q2 (ac () ~ [QW16¢2h2

Thus,

ag1(n)
By A2(n) < ——- / Po{Qu() > 0}~ Q% (2))dQa ().

[Q ]216Cih2 )
By Lemma A.4, (A.1)—(A.2), an application of Bernstein’s inequality

and Lemma A.2(e), we can obtain: for each z in [0y, ag1(n)],

Po{Qn(z) 2 0} < Po{Qn(2) — EnQn(z) > —Qc(2)/2}
n|Qc(x)/2]*/2
< ex
< ewl- Var (Qu(x)) + § * \QG;W}
N 6nh é(w)
o p{ 8 6hVar (Qui(x)) + e3|Qa ()| }

IA

6nh QG( x)
eXp{_ 8 6h x = + c3Qalw )|}

6nh Qé(w)
eXp{ 8 "6t C3IQG(90)|}

exp{—nhTQ%;(x)}

IN

IN

1
X Bestos MaxX(1Qc (00)],Qc (mbo)) -

where 7 =

ool

Therefore,

agi(n)
/9 Po{Qn(x) > 0}~ Q% (2)]dQo(x)

agi(n) 1
< /9 exp{—nh7Q(2)}H-Q%(2))dQa(2) < — .
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Hence,

1 1 1
= dl where dl = (1)—
[QG*]216T2C?1

E,Al(n) < =
1(n) < Q16202 X2 T A

g
Proof of (3.8). By Lemma A.3(a), Aa(n) = ["¢ ) 1[Qn(x) > Oldz <

agi(n

ag—ag1(n) §4h04/Q82. Hence, E, A3(n)<dyh?, where dg= 16ci/[Q82]2. O

Proofs of (3.9) and (3.10). The proofs of (3.9) and (3.10) are similar to
that of (3.8) and (3.7), respectively. The details are thus omitted. O
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