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THE MORSE THEORY AND THE MASLOV-TYPE
INDEX THEORY
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CHUN-GEN LIU

Abstract

In this lecture note, we give a brief introduction to the clas-
sic Morse theory, the Morse homology theory and the Maslov-type
index theory and its iteration theory. It based on some lectures
in the seminar of dynamical systems in Institute of Mathematics,

Academia Sinica, Taipei.

1. Introduction
1.1. The finite dimensional and infinite dimensional Morse theory

The topological properties of a manifold usually is global information
of the manifold. The shapes of the neighborhoods of critical points of a
Morse function defined on the manifold are usually local information of this
manifold. Morse theory connects the two aspects of analytic information
and topological information of a manifold.

The Morse theory became an important method in the studies of non-
linear analysis, specially in the studies of the closed geodesic theory on a
Riemannian manifold. It had many developments in the fields of analysis
and geometry. For example, the Morse (co)homological theory, the infinite
dimensional Morse theory(the critical group theory), and the Floer homolog-
ical theory were developed on the fundamental of the classical Morse theory.
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These theories are very useful tools today in the study of differential equa-
tions, minimal surfaces theory, harmonic maps, symplectic geometry and
symplectic topology, etc. In this lecture note, we will give a brief intro-
duction on the classical Morse theory and some of its developments. The
main material comes from the references [3]—[5], [6], [46], [47] and [52]. The
first part contains the Morse Lemma, deformation theory, and the Morse
inequalities. The second part contains the Morse homology theory and then

the infinite dimensional Morse theory, i.e., the theory of critical groups.

1.2. Morse index and Maslov-type index theory

Morse index theory has played a very important role in the nonlinear
problems, including nonlinear differential equations, such as existence, mul-
tiplicity and stability problems of closed geodesics in a Riemannian manifold.
Early in 1930’s, this index theory was developed by M. Morse in his work
on closed geodesics on Riemannian manifolds. With the iteration formula
established by R. Bott, many deep results for closed geodesics have been
obtained via Morse theory. During the past almost 30 years, the study of
existence and multiplicity of periodic solutions of nonlinear Hamiltonian has
been one of the important directions in the field of Hamiltonian dynamics.
In this period a great number of research papers have appeared in this and
related areas, and many aspects of critical point theory have been applied
to the variational study of Hamiltonian systems. It is natural to apply the
Morse theoretical method to the problems involving various solutions of non-
linear Hamiltonian systems. It is well known that all critical points of the
associated variational functional of a first order Hamiltonain system possess
infinite Morse indices. The have been a number of attempts in finding finite
representations of Morse indices for periodic orbits of Hamiltonian systems.
The so called Maslov-type index theory is one of the successful attempts.
Since 1980, two different index theories for periodic solutions of nonlinear
Hamiltonian systems have appeared. One index theory was developed by I.
Ekeland in 1980’s for convex Hamiltonian systems. A beautiful systematic
treatment of his index theory was given in his celebrated book [10]. Another
index theory is a classification of general linear Hamiltonian system with

periodic coefficients(without convexity). This index theory began with the
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work of H. Amann and E. Zehnder in [1]. They established the correspond-
ing index theory for linear Hamiltonian systems with constant coefficients.
After that many mathematicians worked on this problem (cf. [6] and [23]).

The linearized system of a nonlinear Hamiltonian system
i(t) = JH'(t,z(t)) (1.2.1)

at a solution x(¢) is a linear Hamiltonian system

Z(t) = JB(t)z(1), (1.2.2)
" 0 _In . . . .
where B(t) = H"(t,z(t)), J = I 0 and I, is n X n identity matrix.

The fundamental solution of (1.2.2) is a path in the symplectic group Sp(2n)
starting from the identity. Here

Sp(2n) = {M € GL(R*™)|MTJM = J}

and M7 denotes the transpose of M. We define the set of symplectic paths
by

Pr(2n) = {y € C([0,7],Sp(2n) [¥(0) = I2n)}

For any v € P;(2n), we define v, () = dimkerc(y(1) — I). If v (y) = 0, we
say that the symplectic path v is non-degenerate, and degenerate otherwise.

In their celebrated paper [9], C. Conley and E. Zehnder defined an index
i(y) € Z for any non-degenerate path v € Pr(2n) with n > 2, i.e., the so
called Conley-Zehnder index. For n = 1 this index was studied in [43]. The
index theory for degenerate linear Hamiltonians was established by Y.Long
in [37] and C. Viterbo in [54]. Then in [38] this index theory was further
extended to any paths in P,(2n). For any path v € P,(2n), we call the
index pair

(ir(7),v- (7)) € Z x{0,1,...,2n}

the Maslov-type index. If «(¢) is the fundamental solution of the linear
system (1.2.2), we denote the index pair of v also by (i-(B),v-(B)). It is
a classification of the linear Hamiltonian systems. If z(t) is a 7-periodic
solution of the nonlinear Hamiltonian system (1.2.1) with H(t + 7,2) =
H(t,x) for any (t,z) and B(t) = H"(t,z(t)), we denote (i(z),v,(z)) =
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(ir(B),v,(B)) in this case. In this lecture, we will give a brief introduction
to the Maslov-type index theory and its iteration theory.
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2. An Induction to the Morse Theory

2.1. Morse theory of differentiable functions on a manifold

Let M be a smooth compact differentiable manifold, f € C?(M,R). A
critical point of f is a point p € M such that df (p) = 0. The Morse index of
f at a critical point p is defined by

p(p) = number of negative eigenvalue of f”(p).

A critical piont is non-degenerate if

0% f
c%ci(‘)xj

Hf=1"(p) = (

), x = (z1,...,xy,) local coordinates at p

is not degenerate, i.e., its nullity n(p) = 0. The function f is called Morse
function, if all of its critical points are non-degenerate. We denote the level
set of f behind the value a by

fo={z € M|f(z) <a}.

Lemma 2.1.1.(Morse Lemma) If p € M is a non-degenerate critical
point of f, we can choose local coordinates (U, ) at p such that

fl@) = flp)—ai— - — i+ ap + -+ b,

r = ('xlv"'vl'n)erp:(ov"'vo)a k':,ll(p)
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Theorem 2.1.2. If df(p) # 0 for all points p € M with a < f(p) <
b, then f, and fy are diffeomorphic, i.e., fo = fy. Furthermore, f, is a
deformation retract of fy,, so that the inclusion map fo — fp is a homotopy
equivalence.

Proof. The idea of the proof is to push f, down to f, along to the
orthogonal trajectories of the hypersurfaces f =constant, i.e. along the
negative flow of f. By the condition Vf(p) # 0 for p € f~1([a,b]), we can
make a deformation via the negative gradient flow line such that any flow
line starting from the boundary of f; will intersect the boundary of f, among

a bounded time interval. See the figure below. g

Figure 2.1.1. The negative gradient flow.

Example. If M is a compact manifold and f is a differentiable function
on M with only two critical points, both of which are non-degenerate, then
M is homeomorphic to a sphere S™.

Claim. One of the critical points must be minimum and another must
be maximum. At the minimum point, say p, the Morse index u(p) = 0. At
the maximum point, say ¢, the Morse index p(q) = n = dim M. Thus M
is the union of two closed n-cells. It is easy to construct a homeomorphim
between M and S™.

- i I
Figure 2.1.2. Gluing the neighborhoods of the two critical points.

Let e, = {(21,...,2,) € R"| 22 + ---22 < 1} be the r-cell. e, =
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{(z1,...,2,) € R"| 23 + --- 22 = 1} the boundary of e,. ¢ : Je, — X a
continuous map, X is a topological space. The topological space X U, e, is
said attached e, to X by ¢ if

XUgper=XUe/~, ¢(p) ~p.

Theorem 2.1.3. Let M be a compact differential manifold. f: M — R
as defined before. If f~1([a,b]) contains exactly one non-degenerate critical

point p of index k, a < f(p) < b, then fy has the homotopy type of fo Uy, €.

Proof. We may assume that f(p) = 0. It is sufficient to prove there is a

small number € > 0 such that

Je ~ fa Uy ek
By the Morse lemma, there is a neighborhood U of p and local coordinates
Y1,...,Yn in U such that f is given by
f=—yi— =Yty +
We set
A ={ye f-nUlyi+--+yi <p}
for some small p > 0, and
fi=F\ A
then f. = A® U fZ. For suitable chosen € > 0 and p > 0, this just means
that f. is obtained from f7 by attaching a product ey x I,_ with I, =
{(z1,...,25) € R®*|0 < z; < 1}. Namely we have
Je = f2Ug (er X In_g) ~ fX Uy ex.
We can show that
2= fa

by the same method as in the proof of Theorem 2.1.1. See the figure
below. ]
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Figure 2.1.3. Make the homotopy.

347

Example. Let 72 be a 2-dimensional torus, resting on its tangent

plane. The function f : T? — R is defined by the distance of the points

on T? from the tangent plane V. It is smooth (real analytic). The set

of critical points= {s,r,q,p}. Suppose f(s) = c¢1, f(r) = c2, f(q) = c3,

f(p) = ca. Then u(s) =2, u(r) =1, u(g) =1, u(p) = 0.

Figure 2.1.4. The function defined on the torus.
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f(p)<a<f(q)
flg)<a<f(r)
f(r)<a<f(s)

a> f(s)

Figure 2.1.5. The diffeomorphim and homotopy.

2.2. The Morse inequlities

Let M be a compact manifold, which can be built up by successively

attaching cells, in the way described in the section 2.1. Then there is a CW-

complex K, such that its cells are in dimension preserving 1-1 correspondence
with the attached cells, and the homology of K is the homology of M (with
respect to any group of coefficients). We may take R domain of coefficients.

Let

C= zn: C;
=0

the (naturally graded) vector space of chains of K.

n
Z=>"7
=0

the space of cycles,

3

the space of the boundary and

the real homology group of K. By definition, we have the exact sequence
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1) 0-z5%ckBLo
2) 0-B—Z—H—0

where § reduced the degree by 1. Setting dimC; = ¢, dimZ; =
2z, dim B; = b; and dim H; = h;. From (1) and (2), we have

C; = bi—l + z;, 2z = hi + bi.
So there holds
¢ —h;=b;+b,_1,1=0,1,..., b_1 =0. (221)

Since b; > 0, the relations lead to the following sequence of inequalities

co > ho
€1 — G > hi1—hg (2.2.2)
Cg—Cl—FCthg—hl-l-ho o

Let f be a non-degenerate differentiable function on the compact differ-
entiable manifold M. By slightly perturbation, we can assume that any pair
of critical points p,q € M of f satisfy f(p) # f(q). By Theorem 2.1.2 and
the above arguments, we have the following result.

Theorem 2.2.1. Let ¢;, © =0,1,... be the number of critical points of
index i of f, and h; the i th-Betti number of M, i.e., h; = H;(M;R). Then
there exist a sequence of non-negative integers b; such that

C; —hi :bi—l ‘|‘bi,’i :0,1,.... (2.2.3)

Therefore (2.2.2) holds in this case. We set
M(f) =) et

=0
Pu(M) = Y hit',

=0

Qu(f) = Y _bit'.
=0
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The inequalities of (2.2.2) can be written as

Mi(f) = Pu(M) = (1 +)Qi(f). (2.2.4)

Corollary 2.2.2. (Morse Lacunary Principle) Suppose that no consec-
utive powers of t occur in My(f). Then Q(f) =0. So that

M(f) = Pe(M) (2.2.5)
for any coefficient K. In particular, M is then free of torsion.

o0
Proof. It Qu(f) = Z bit' # 0, for example b; # 0, then the right should
i=0
contains the consecutive powers: ' and ¢**1. Thus M, (f) also contains this

two consecutive terms. O

Example. Consider the unit sphere

n

S = {(20,...,20) €CMY D [zP =1},
i=0
and on it defines the function
1 n
flz) =3 > Ailzl,

i=0

where A\g < Ay < --+ < A, are sequence of distinct real numbers. It is clear

that f is invariant under the S* action on S2"*!:

eV 10 (205 2n) — (emezo,. eVt

Zn).

ey

Thus the function can descends to the projective space CP™. Around the
point ¢; = (0,...,0,1,0---0), the ¢ th element is 1 and others are zero, we

have a local coordinate of CP™. Since Y . |zj| = 1, we can write

1) = 3(00 = Ml + ).
j#i
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The point e; is the critical point. f”(e;) has eigenvalues
A0 = A AL = Ay AT — A Al — by A — A
Every eigenvalue has real dimension 2. So pu(e;) = 2i and by definition
M(f) =1+ +tr 4+ 42,
The lacunary principle applies and we conclude that

Py(CP") =1+t +t* 4 ... 4 £2", (2.2.6)

Corollary 2.2.3. Let M be a compact differentiable manifold, f €
C?(M,R). If all critical points are non-degenerate, then the number of crit-
ical points of f satisfies

Yerit(f) > dim Ho(M,R) =) h;. (2.2.7)
i=0

In the general case, the number of critical points of f satisfies
“erit(f) > cup length(M), (2.2.8)
where the cup length of M is defined by

cup length(M) = max{k € N|3w,...,wx_1 € H*(M,R)
with dimw; > 0 andwy U -+~ Uwg_1 # 0}.

Proof. (2.2.7) is a direct consequence of Theorem 2.2.1 with ¢t = 1.
(2.2.8) is a Lyusternik-Schnirelmann type estimate on the critical points
of f. If there exist w; U -+ Uwy, # 0 with dimw; > 0, and f possesses
only m critical points. By the deformation lemma, one can cover M by m
open contractible sets M;, i = 1,...,m. Since dimw; > 0, one can choose
representaions of w; which come from @; € H*(M, M;). But the cup product
U Uy, € H*(M,U"M;) = 0. This is a contradiction. O
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2.3. Infinite dimensional Morse theory

In this section, we give a brief introduction to the infinite dimensional
Morse theory. Omne can see this theory is a natural generalization of the

classical finite dimensional Morse theory. All the material comes from [6].

Let M be a (infinite dimensional) Hilbert manifold, f € C'(M,R). We
say that f satisfies the (PS), condition if any sequence {x,} C M along
with f(z,) — ¢ € R and df(x,) — 6 (strongly) possesses a convergent
subsequence. We say that f satisfies the (PS) condition if it satisfies (PS),

condition for all ¢ € R.

Lemma 2.3.1.(Deformation Lemma). Suppose f € C1(M,R) satisfies
(PS). for c € [a,b].

(1) If there is no critical point in f~'((a,b]), then f, is a strong defor-

mation retract of fy.

(2) If a is the only critical value of f in [a,b), and the critical set K,
corresponding to the critical value a is only isolated points. Then f, is a

strong deformation retract of fp \ Kp.

Proof. The idea of the proof is similar to that in the proof of Theorem
2.1.1. The (PS), condition in some sense is a condition such that one can

do every things as in the compact cases. O

Definition 2.3.2.([6]) Let p € M be an isolated critical point of f with
f(p) = c. We define the ¢*" critical group with coefficient group G at p by

Oq(fa p) = HQ(fc N Up’ (fc \ {p}) N Up§ G), (2-3-1)

where U, is a neighborhood of p such that the critical point set K satisfying
Kn(fenU,) = {p}. According to the excision property of the singular
homology theory, Cy(f,p) is well defined for ¢ = 0,1,..., i.e., they do not
depend on the choice of U,.

As in the finite dimensional case, the critical group Cy(f,p) is the local
property of the critical point p. The following result says something on the

relation between the Morse index and the critical groups.
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Theorem 2.3.3. Suppose that f € C2(M,R) and p is a nondegenerate
critical point of f with index k, then

G, q=k,

0 g (2.3.2)

O‘I(fvp) :{

In general, if p is a critical point with finite Morse index k and nullity j,
then

Co(f,p) =0, q & [k, k +j]. (2.3.3)

Proof. We prove (2.3.2) here. Suppose the Hilbert manifold is modulo
on the Hilbert space H. So we can treat the local neighborhood of p in M
as the Hilbert space and write the function f in this neighborhood as

Fla) = 3 (Av.a),

where A is a bounded, invertible (by the non-degenerateness), self-adjoint
operator. We write H = Ht @ H~ with H* the positive and negative
space with respect to the spectral decomposition of the operator A. Define
P* . H — H* the orthogonal projection. By the Morse lemma, we have

£(@) = 5 (AP 20l (AP %2)?) , = € B = {la]) < <}

As the finite dimensional case, one can push the set B. N fy into the set
H= N fy. Thus

Oq(fvp) = Hq(fothE)(fO\{e})mBe)
Hl(H_ﬂBE,(H_\{G})ﬂBg)
G, g=k
0, q#k.

1

12

HQ(Bkv Sk_l) = {

(2.3.3) follows from (2.3.2) and a so call shifting theorem. See [6] for
details. O

From (2.3.2) and (2.3.3) we know that, if the Morse index and nullity at
a critical point are finite, the critical group can be calculated in some sense.
But it make no sense in study of the periodic solutions of first order nonlinear
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systems, since at every critical point, its Morse index is infinite. Recently, W.
Kryszewski and A. Szulkin [22] defined an infinite dimensional cohomology
theory and a Morse theory for this kind of ”strong infinite” functional. The
main idea of this Morse theory is to combine the critical group theory and
an index theory (it is known as Maslov-type index theory, we will give a
brief introduction in section 4 below), specially use the information from the
Galerkin approximation formulae in Theorem 4.1.11 below. They defined

the e-approximation cohomology group sequence
A(f,p) = HI(W, W)

for an admissible pair (W, W ™) of p, which in some sense is a kind of Gromoll-
Meyer pair with respect to some gradient-like vector field. ¢ is a sequence
comes from the Galerkin approximation scheme and the Maslov-type index
in Theorem 4.1.11. It is in fact the Morse indices of the functional in the

finite dimensional truncated spaces.

Bsmf()

Figure 2.3.1. The process of homotopy.

Suppose f has only isolated critical values {c;}.

Definition 2.3.4. For a pair of regular values a < b, we call

My(a,b) = Y rankHy(feses foeii G)

a<c;<b
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the ¢'* Morse type number of the function f in the interval (a,b), ¢ = 0, 1,. ...

By the exactness of the singular homology theory, we have

Theorem 2.3.5.

m

Ho(fore fee; G) = Hu(fer fo\ Ke) 2 @ Culf, 7)), Ke = {2}y (2:34)

j=1

Thus we have

Mg(a,b) = Y _ iranqu( £, 20). (2.3.5)

a<c;<b j=1

Setting By(a,b) = rankHy(fy, fa; G), the Morse inequalities now turn

into the following form

Theorem 2.3.6. Suppose f satisfies the (PS). condition for a < c¢ < b,
and the critical points in f~1([a,b]) are isolated, a and b are regular values,
then there holds

> My(a,b)t7 =)~ By(a, bt = (1+ H)Q(t), (2.3.6)
q=0 q=0

where Q(t) is a formal series with non-negative coefficients.

Proof. By the exactness of the singular homology theory, the proof is

standard. We omit it here. One can refer [6] for a complete proof. O

The critical group theory is an important tool in studying the existence
and multiple problems of nonlinear problems. We refer the celebrated book
[6] and the references therein for various applications of the critical group
theory.

3. The Morse Homology Theory

3.1. The negative gradient flow and connecting orbits

Let M™ be an n-dimensional compact Riemannian manifold. f € C*
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(M,R) is a Morse function. We consider the negative gradient flow

Y RxM— M

(t,2)==V [t z)), ¥(0,z)=z, Yz e M. (3.1.1)

9

ot
For a critical point x € Crit(f), by definition the stable and unstable mani-
folds of x are the submanifolds of M:

Wi(z) = {pe M| lim y(t p) =z}
W(z) = {pe M| lim ¢(t p)=xz}

One can always find a generic Riemannian metric on M such that the stable

and unstable manifolds intersect transversally, i.e.,
W4 (x) b W?(y),Vz,y € Critf.
The connecting orbit of the critical points z and y is defined by
ML, =WHa) N W (y)={7: R = M|y==Vf(7),7(~00)=2,7(+00) =y}.
Claim: For x # y € Critf

(1) ML, ~ W(z) "N W*(z), by v — 7(0).

(2) Mg,y is a submanifold of M with dimension
dim M, = p(x) — p(y).

(3) The group R acts on M:J;y by v-7 =~(r + ) for any v € M;J;y and
7 € R. We denote the quotient space by

ML, =ML /R

So we have

dim MY, = () — p(y) - 1

(4) If p(z) — p(y) = 1, the manifold /\//\(;’;y is compact and hence only
finite many points. If p(z) — p(y) = 2, then ./\/l%,y is compact up to broken
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trajectories of order two. i.e.,

oMl , = | ML, xMl,
(@) —p(z)=1

x
| (
Y

Figure 3.1.1. Boundary of the moduli space.

(3.1.2)

(5) There is a coherent orientation for all moduli spaces cl(/(/l\g,y), the closure
of the space ./\//\l%y Furthermore, if p(z) — p(y) = 1, then the coherent
orientation for every connecting orbit v € M?ﬁ,y, is compatible with the
formula (3.1.2) above, and this orbit itself has a natural orientation induced
by the flow time ¢. We therefore can defined a function 7y : /\751, — {+1,-1}
by 70(v(0)) = 1 if these two orientations for v coincide, and 79(y(0)) = —1
otherwise.

Remark. The dimensional formula dim Mi,y = u(x) — p(y) follows
from the Fredholm theory. We linearized the equation in (3.1.1), and get a

linear equation

d
(Fa)0) = (5 +A0)) 20 =0, = € WHRE"), ) = (1)
It is clear that A~ := A(—o00) = f"(z), AT := A(+00) = f"(y). By some
subtle analysis and calculations, we conclude that the differential operator
F, : H"2(R,R") — L?(R,R") is a Fredholm operator, and the Fredholm

index

indF, = ker Fiy — cokerFiy = (A7) — u(A") = p(x) — u(y).
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By the transversal condition, we have cokerF4 = 0, so

dim./\/lf;y = ker Fsu = p(x) — p(y).

3.2. Morse-Witten complex and Morse homology

In this section, we still assume that M is a closed manifold with a
generical Riemannian metric, and f : M — R is a Morse function with

critical point set Critf. We denote by
Crity f = {x € Critf| u(x) = k}.

We want to explain how to prove the following classical result again for
Morse function f.
Claim: Crit,f > by, by = Hy(M,Z) for k=0,1,..., n = dim M.

For this purpose, we give a brief introduction of the Morse homology.

For the details, we refer the book [52].

The Morse-Witten complex is defined by

Cr(f) = Crityf @ Z =Y _ Nz, i € Z, x; € Crity(f)

)

with the boundary operator dy, : Cr(f) = Cr_1(f) defined by

Opr = Z n(x,y)y, Vz e Crity(f), (3.2.1)

yeCritp_1f

where n(z,y) is defined by

n(z,y)= > 70(y(0)).

'yGMi,y

Remark. If we define the Morse complex by the coefficient field Zo, we

can ignore the orientation, which is very complicated to defined, and in this
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case n(z,y) is the modulo 2 number

n(z,y) = Z T0(7(0)) mod 2.

'yE/Vlﬁ,y

Theorem 3.2.1. 9> =0, so we can define the Morse homology by

Hy(Cy(f),0) = ker O /im0y _1 .

Proof. For any = € Ci(f), without loss of generality, we assume x €
Criti f, k> 1.

82.T = Z Z n(xay)n(yvz)z

2€Critg_of yeCritp_1f

= > D @)z,

z€Crity_of (u,v)

where (u,v) is a 2 braked orbit starting from x and ending at z, by gluing
in the middle at a critical point y with u(x) — u(y) = 1. This braked orbit
is a part of the boundary of cl./\>l£,z. But by (3.1.2) we know that each
components of cl./\;lg,z contains exact two parts of the braked orbits as its
boundary since every 1 dimension manifold with boundary homeomorphic

to an interval [0, 1], see the following figure.
x

Y%

Figure 3.1.2. Boundaries of the moduli space.
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In the coefficient Zs case, the number

Z To(uw)10(V) = Z 1 =0 mod 2.
(u,v)

(uv)

In the general case, the situation is much complicated, but the idea is simple.
We know that the braked orbit (u,v) occurs in pair, and by the coherence
orientation, the pair of braked orbits possesses opposite orientations. Thus

the summation

> mo(w)mo(v) =0
(u,)

still holds in the coefficient Z case. This proves that 9 = 0. O

The Morse homology is defined by the generic choice of the function and
Riemannian metric, but it is independent of these choices essentially. We

have the following result.

Theorem 3.2.2.

H.(C.(f),8) = H.(M, 7).

Remark. The details of the proof of the theorem is not so simple
to give here. The idea is that the homology theory is the unique one to
satisfy some axioms (Eilenberg-Steenrod Axioms: the existence of a long
exact homology sequence; the homotopy axiom; the excision axiom; and the
dimension axiom) and the functorial properties. So in order to prove this
theorem, one should verify the Morse homological theory possesses these
axioms. We refer the book [52] for details. We remind that the coefficient

group Z can be replaced by Zs or other domain.

This theorem tell us something between topology and analysis. The left
side of the above equality come from critical points of a Morse function which
belongs to the analytic category, and the right side of it belongs to topology
category. It give a direct proof of the above claim about the relation of the
number of critical points and the Beti number of the manifold. Namely we

have the following result.



2006) THE MORSE THEORY AND THE MASLOV-TYPE INDEX THEORY 361
Corollary 3.2.3.

"Crityf > by, = rankHy, (M, Z).
This result is exactly that in Morse inequalities.

3.3. Cup product

Next we choose three functions f, g, h on M such that f — g, g— h and

f — h are Morse functions. We are going to define a map

For this end, let p € Crit(f — g), ¢ € Crit(g — h) and r € Crit(f — h), we

consider the following moduli space

M(p,q,r)

= {(11712713)

Namely we consider the moduli space of the following configurations:
p

i ==V(f—g)lo=-V(g—h),ls=-V(f —h), }
11(0)=12(0)=13(0), l1(—00) =p, lo(—00) =q, I3(+00) =T

q

Figure 3.3.1. Cup product: an element in the moduli space.

Claim: If f, g and h and the metric are generic, then M(p,q,r) is a

manifold with

dim M(p,q,7) = p(p) + pu(q) — p(r) — n. (3.3.1)

Here the number n is the dimension of M. Using the moduli space M(p, ¢, ),

we have the following definition.
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Definition 3.3.1. We defined a map ny : Cr(f — ¢g) ® Ci(g — h) —
Chy1-n(f — h) by

n(p®q) = > "M(p, q,7)r,¥p € Crity(f —g), q € Criti(g—h).

wu(r)=p(p)+u(g)—n
(3.3.2)

Remark The moduli space can be compactified such that
h

OM(p,q,m) = U/Vlf 7 X M q,r UMg ' x M(p,d'r)

UUMf o M(p,q,7"). (3.3.3)

Figure 3.3.2. Boundary of the moduli space.

So the summation (3.3.2) is well defined, and by (3.3.3), we have
Onz = 0.

i.e., the map 79 is a chain map. Thus 75 induces a cup product of the Morse

homology
(m2)« + Hp(Cu(f — 9)) @ Hi(Ci(g — b)) = Hyp1—n(f — 9)-
By Theorem 3.2.2, we have

(m2)« + He(M,Z) @ Hy(M,Z) = Hpy1—n(M,Z)
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and there holds
(m2)«(z @ y) = PD(PD(z) U PD(y)), (3.3.4)

where PD is the Poincaré duality.

By a map 73 defined in [13], we can see that this cup product is asso-

ciative, namely, there holds

(772)*((772)*(1’ ® y) ® Z) = (7]2)*(1’ ® (772)*(?4 ® Z)) (335)

(3.3.5) can also follow from the Poincaré duality relation (3.3.4).

Using the gradient flow of the Morse function f to replace the negative
gradient flow as in section 3.2, we can get the Morse cohomology theory and
the cup product structure.(c.f. [13] and [14]).

Following the basic ideas of the definition of the Morse homology and
combining the Gromov psudo-holomorphic theory, Floer constructed a so
called Floer (co)homological theory for compact symplectic manifolds, and
ultimately conduced to the proofs of the Arnold conjecture about the number
of fixed points of a Hamiltonian diffeomorphism (non-degenerate cases) on
closed symplectic manifolds. Unfortunately, we do not have enough space
to explain this beautiful theory here. We refer the papers [11], [12], [15],
[36], [50] and the references therein for details. One can apply the Morse
homology theory to the study of degenerate Arnold conjecture(the general
cases). For this topic, we refer the papers [53], [27] and the references therein.

4. The Maslov-Type Index Theory

4.1. The definition of the Maslov-type index for a symplectic path

We first recall some properties of the symplectic group.

Let (R?", w) be the linear symplectic space, where w = Som dx Ady; is
the standard symplectic form. A map ¢ : R?* — R?" is called symplectic if
p*w = w. The matrix M corresponding to a linear symplectic map is called
symplectic matrix. Any symplectic matrix M should satisfy MTJM = J.
For any symplectic matrix M € Sp(2n), we have the following results.
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(1) If X € o(M), then A\, A=t and A1 € o(M) with the same multiplicity
of A.

(2) det M = 1, i.e., the any symplectic map ¢ preserving the the “area”
in R?".

(3) There exist unique orthogonal symplectic matrix U and positively
definite symmetric symplectic matrix P such that M = PU. We call it the
polar decomposition.

(4) A positively definite symmetric matrix P € £(R?") is symplectic, if
and only if it has the form

1 1
P=exp(@Q =1+Q+ 5@+ + Q"+,

A B

where Q) = <B 4

), A and B are symmetric n X n matrices.

(5) An orthogonal matrix U € £(R?") is symplectic, if and only if it has

A -B

where AT B is symmetric, and AT A + BT B = I. These conditions are also
the necessary and sufficient conditions such that A + +/—1B are unitary

the form

matrices.

(6) The space Sp(2n) is path connected and its fundamental group
7m1(Sp(2n)) = Z. So for any closed path in Sp(2n) there is a natural way to
defined an integer as its index.

Claim. For a proof of the result (1), we notice that the coefficients
of the characteristic polynomial fy;(A) = det(M — AI) are all real, so if
A € o(M), then X € o(M). Thus we need to show that A™! € o(M). By the
condition MT JM = J we know that (det M)? = 1, in fact by the result (2),
there holds det M = 1, thus

far(\) = det M det(I —AJ M7 J)=0= det(I — AMT) =0.

It implies

A (ATh =0.
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If we using det M = 1, the characteristic polynomial can be written in the

symmetric form

n

) =AY ap(W + A7), a4, =1, ap R
k=0

The proof of the result (2) follows from the definition ¢*w = w and
Ww" = w A -+ Aw is the volume form of R?". The reason is that ¢*(w") =
det M - w" = w™.

We now give a proof of the result (3). Since M M7 is a positive definite

matrix, we define a symmetric positive definite matrix
P= (MM,
and set
U=P'M.
We have
vUt = p MMt = pip?pTl =
so U is orthogonal.

If M possesses two polar decompositions M = PiU; = PyU,, then
MT =Ul'P, = Ul'P,. Thus

P} = PLULUL Py = MMT

and
P} = PUUT Py = MMT.
So P = P, and so Uy = Us.
Since M = J~YMT)~1J, we have

M=JYurp)ty=JtPptys Y whty = pU;
is a polar decomposition. Thus we have

Jpty=p, YU T =U.
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It implies that P and U are symplectic.

Proof of the result (4).

Necessity. Since exp(Q) = P is symplectic,
exp(Q) = J Hexp(Q)) 1T = exp(=J1QJ).

Since Q and —J~'QJ are symmetric, by the uniqueness, we have Q =
A B
C D
we have B = BT and A = AT

—J71QJ. Setting Q = ,wehave D= —Aand B=C. By QT = Q,

Sufficiency. P = exp(Q) with @ as defined above, it only need to invert
the above computations.

Proof of (5).

The sufficiency follows from direct computations.

Necessity. By the given conditions it holds that UT KU = K with K = I
or J. Thus it also holds for K = I + +/—1J. Let

(1)

Lﬂk]+—¢iTJﬂJ::<_véjj'ViT[>.

Then

Comparing both sides we obtain
E*E=F‘F =1, E'F =+-11,

where £ = A+ +/—1C and F = B + +/—1D, E* denotes the complex
conjugate of ET. This implies

E*(E++v—-1F)=0.
But E* is non-singular. Thus F + /—1F = 0. This implies

D=A, C=-B.
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The symmetry of AT B and AT A+ BT B = I follow from the orthogonality
of U.

The second part of the result (5) is easy to prove.

The result (6) follows from the results (4) and (5). We can write
Sp(2n) = U(n) x (positively definite symmetric symplectic matrices).

It is well known that 1 (U(n)) = 71(S1) = Z. The space of positively definite
symmetric symplectic matrices is contractible, this follows from that any

P = exp(Q) as defined in (4) can be deformed in this space to the identity
I by exp(tQ), t € [0,1].

In the particular case n = 1, the orthogonal symplectic matrix U €

Sp(2) N O(2) has the form

cosf —sinf
Ug) = .
() <sin9 cos@)

The positively definite symmetric symplectic matrix has the form

T

P(T7Z): <r lfz2> y T>O, z e R.
Z—

Thus any symplectic matrix M € Sp(2) possesses the polar decomposition

ro oz cosf —sinf
M = M(r,0,z) = <Z 14;”_22) (sine cos )

We can take (r,6,z) € Rt x R xR as the coordinates of the space Sp(2).
Thus Sp(2) = R3 \ {the z axis}. We denote by Sp(2n)* = {M € Sp(2n) :
det(M — I) # 0}, and Sp(2n)° = Sp(2n) \ Sp(2n)*. The following is the

figure of Sp(2)°.
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=
A

Figure 4.1.1. The surface Sp(2)°.

We now turn to the definition of the Maslov-type index for a symplectic

path starting from the identity.

A 7-periodic solution of a nonlinear Hamiltonian system is a solution of
the following problem
() — T
2(0) = 2(7),
where H € C?(R x R?"R) with H(t,2z) = H(t+T,z) for all (¢,2) € R x R?",
H'(t, z) is the gradient of H with respect to the 2n-dimensional variable z.
The linearized system of the above system (4.1.1) at a 7-periodic solution

z(t) is the following linear Hamiltonian system

y(t) = JB(t)y(t), (4.1.2)

where B(t) = H"(t,2(t)) is a symmetric 2n x 2n matrix function. The

fundamental solution v(t) is a 2n x 2n matrix function satisfying

It is well known that the fundamental solution = of a linear Hamiltonian

system is a symplectic path starting from the identity. We denote the set of
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all the symplectic paths starting from the identity by
Pr(2n) = {y € C([0,7],5p(2n)) : 7(0) = I}.
We denote the unit circle in the complex plane by U = {z € C: |z| = 1}.

Definition 4.1.1. For w € U, 7 > 0, v € P-(2n), we define
v, (y) = dimg kerc(y(7) — wl).

A path v € P-(2n) is called w-degenerated if v; () > 0, otherwise it is
called w-non-degenerated.

Definition 4.1.2. For w € U, given two paths v, and v2 € P-(2n), we
say 1 and 79 are w-homotopic on [0, 7] and write 71 ~, 72, if there exists
amap 0 € C([0,1] x [0,7],Sp(2n)) such that §(0,-) = y1(-), d(1,:) = y2(-),
d(s,0) = I and v, (d(s,-)) is constant for s € [0, 1].

71

Yo I

Sp(2n)¢ Sp(2n)9 = {M € Sp(2n) | dimc kerc(M —I) = k}

Figure 4.1.2. A case of homotopy of two symplextic paths.

4.1.1. Non-degenerated paths in Sp(2n)

We denoted the subset of w-non-degenerated paths in P (2n) by Py, (2n),
and PY (2n) = P-(2n) \ Pi,(2n). We recall that D(a) = diag(a,1/a) for
a # 0 and define M, = D(2)°", M7 = D(—2)oD(2)°(=1). For two symplec-

tic matrices M; = (C- D, € Sp(2n;) with A;, B;, C;, D; € L(R™ R™)
(] (2
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the set of n; x n; matrices, i = 1,2, we recall that the symplectic direct sum

(or o-product) of M; and Ms are defined by

Ay 0 By O
0 A2 0 DBy

Ci 0 D; O
0 Co 0 Dy

M1 <>M2 =

We denoted by M©°F the k-fold symplectic direct sum M o M o --- o M.
Note that the symplectic direct summation of two symplectic matrices is
still symplectic matrix. The two symplectic matrices M= defined above are
located in the different connected components of Sp(2n) = {M € Sp(2n) :
det(M —wI) # 0}.

It is well known that every M € Sp(2n) has unique polar decomposition

Uy —u

M = AU with A = (MMT)Y/2, U = >) and u = uy + —Tuy is

Uz U1
a unitary matrix. If v(¢) = A(t)U(t), t € [0,1] is a continuous symplectic

path starting from the identity, there exists a continuous real function A(t)
satisfying detu(t) = exp(v/—1A(t)). We define A, (y) = A(1) — A(0) € R
which is depends only on 7. Particularly, if v(7) C {M,F, M, }, we have
1A (y) €2

Lemma 4.1.3.([41], [39]) If vo and v1 € Pn(2n) possess common end

point Yo(7) = 71(7), then Ar(v0) = Ar(1) if and only if vo ~w 1 on [0,7]
with fixed end points for some w € U.

For any w € U, and v € P; ,(2n), we can connect (1) to M, or M,
by a path §:[0,7] — Sp(2n)’,. The adjoining path [~ is defined by

[y, te0,1/2],
() = { Bet—1), tell/21].

It is easy to see that the integer k = LA, (8 x+) is independent of the choice

of the path g.
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M ¢~

Sp(2)" b7+ Sp(2)’

Figure 4.1.3. The adjoint symplectic path.

Definition 4.1.4.([41], [39]) For 7 > 0, w € U and v € P;,(2n), we
define

irw(1) = k=~ AL (7).

We call the number i, ,(7) the w-index of v. Particularly, we call the number
ir () == ir1(y) (with w = 1) the Maslov-type index of the symplectic path
.

4.1.2. Degenerated paths in Sp(2n)

For a degenerated symplectic path v € PB’M(2n), we can choose a non-
degenerated symplectic path By € P;M(Zn), sufficiently C%-close to v in
P-(2n) such that

irw(Bo) =inf{ir o (8)| BE€ P;,(2n), B is sufficiently CV-close to v in P, (2n)},

and we can also choose a non-degenerated symplectic path 4, € Py, (2n),
sufficiently C?-close to v in P, (2n) such that

irw(B1)=supli-w(8) | BE€ Pr,(2n), Bis sufficiently CP-close to v in P,(2n)}.
In this case, we have the following result.

Lemma 4.1.5.([41], [39]) With the above notations, there holds

ir,w(ﬁl) - Z.T,w(BO) = VT,W(’Y)‘
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Definition 4.1.6.([41], [39]) For any 7 > 0, w € U, v € P2 (2n), we
define

irw(y) = inf{ir,(B) | B € Py, (2n), is sufficiently CPloseto v in P (2n)}

For any symplectic path v € P-(2n), w € U, the index pair

(trw(¥),vrw(v)) € Zx{0,1,...,2n}

is well defined. We call the index pair the index function of v at w. We also
call i, () the w-index of v, and v, ,(y) the nullity of v. If w = 1, the index
pair is simply denoted by (i-(7), v, (7)), which is the so called Maslov-type

index of ~.

For a linear Hamiltonian system
§(t) = TB(t)y(D), y € R (4.1.3)

with B(t) the symmetric 7-periodic 2n x 2n continuous matrix function. Its
fundamental solution vp is a symplectic path, i.e., yg € P-(2n). In this
case, we denote the index function of the linear Hamiltonian system (or of

the matrix function B) by

(irw(B), Vrw(B)) = (irw(VB): Vrw(VB))- (4.1.4)

As usual, the eigenvalues of vg(7) are called Floguet multipliers of the linear
Hamiltonian system (4.1.3)(or B).

Let H € CY(R/(7Z) x R?™,R). Suppose z is a T-periodic solution of the

Hamiltonian system

i(t) = JH'(t,z(t)), (4.1.5)
such that H is C? along the orbit x(R) of z. The associated symplectic
path of x is defined to be the fundamental solution ~, = g of the linearized

Hamiltonian system (4.1.3) with B(t) = H"(t,x(t)) for all t. In this case,

we define the index function of the periodic solution = by

(irw(@), Vrw(7)) = (irw(Va)s Vrw(Va))- (4.1.6)
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As usual, the eigenvalues of the symplectic matrix v,(7) are called Floquet
multipliers of the periodic solution x of the Hamiltonian system (4.1.5).

4.1.3. Properties of the index function

Lemma 4.1.7.(Symmetry)([41], [39]) For any w € U and v € P-(2n),
there holds

(iT,w (7)7 VT,w(/Y)) = (ir,w(V), VT,(D(’Y))‘ (417)

Theorem 4.1.8.(Symplectic additivity)([41], [39]) For any w € U, sup-
pose v; € Pr(2n;) for i =0,1, then vo oy € Pr(2n9 + 2n1) and

(irw (70071), Vrw(10071)) = (ir,w(70), Yrw(70)) + (irw (11), Vrw(71)). (4.1.8)

Theorem 4.1.9.(Homotopic invariant)([41], [39]) For any w € U, sup-
pose o and 1 € Pr(2n) satisfying o ~ Y1. Then there holds

(ir.0(10), vrw(0)) = (irw(1), Vrw(h))- (4.1.9)

Theorem 4.1.10.(Local constant)([41]) The index function (ir.(7),
Vrw(7)) is local constant. The discontinuous points appear only at the w
which is the eigenvalues of ¥(7), i.e., at the points of Floquet multiplier of

y.

For the monotonicity of the Maslov-type index, we have the following
result. We denote by L4(R?") the set of symmetric 2n x 2n matrices.

Theorem 4.1.11.(Monotonicity)([28]) For any two matriz functions
Bj € C(SY, Ls(R*™)) with By(t) < By (t) for all t € R, we have

i(B1) —i(Bo) = I(Bo, B1),

where I(Bo, B1) = > scp01) V(1 —5)Bo+sB1), and v((1 — s)By + sB1) =
dimker(vs(1) —1I), vs(t) is the fundamental solution of the linear systems
2 = JBg(t)z with By(t) = (1 — s)Bo(t) + sBi(t). Particularly, there holds
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By noting that i(By) = —n and v(By) = 2n for By = 0, it implies that for
any symmetric positively definite (convexr case) matriz function B(t) > 0,
there holds i(B) > n.

4.1.4. The relation of Maslov-type index and Morse index:

Galerkin approximation

We consider the following problem

{ ig?;il(ﬂg)(t,w(t)) (4.1.10)

In the following, we always suppose that the Hamiltonian function H satisfies

the following conditions:

(H1) H € C?*(R x R?™,R) and

H(t+7,2)=H(t,z), Y(t,z) € R x R*™, (4.1.11)
(H2) There exist constants a > 0 and p > 1 such that

|H" (t,2)| < a(l + |z|P), V(t,z) € R x R*". (4.1.12)

Recall that W = WY/22(R/Z,R*") is the subspace of L*(R/Z,R?")

which consists of all elements

z(t) = Zexp(katJ)ak, ay € R*™,

keZ
satisfying
2 2
12117 /,2 = Z(l + |k])|ak|” < +o0.
keZ
This space is a Hilbert space with the norm || - ||; 25 and the inner product

(*;+)1/2,2- We define an operator A : W — W such that

(Az,y) = /OT(—Jx'(t),y(t))dt, Ve, ye W. (4.1.13)
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A is a bounded self-adjoint operator with finite dimensional kernel N, and

the restriction A|y . is invertible. Define the functional on W by

f(z) = = (Az,z) — /OT H(t,x)dt, Yo € W. (4.1.14)

N =

Then f € C?(W,R) and a critical point of f corresponds to a solution of the
problem (4.1.10). If x = x(¢) is a critical point of f, the second variation of
f at x is given by

(f"(x)h,h) = /T[(—Jh, h) — (H"(t,x)h,h)]dt = (A — B)h,h) Yh e W,
" (4.1.15)
where B : W — W defined by

(Bz1,22) = /T(B(t)21(t),22(t)) dt, V21, z2 € W B(t) = H"(t,z(t)).
’ (4.1.16)
It is well known that both the dimensions of the positive and the negative
eigen-subspaces of the quadratic form (4.1.15)(i.e., the Morse index of —f
and f at z) are infinite. Let W, = Y7L exp(2kntJ)R?", and P, :
W — Wy, the projection operator. Then the sequence I' = {P,, |[m € N}
is a Galerkin approximation scheme with respect to A, i.e., it satisfies the

following three conditions:
1° W,, = P,,WW is finite dimensional space for all m € N.
2° P, — I strongly as m — oc.
3° [Py, A] :== P,A— AP, =0.

With this I' = {P,, | m € N}, we get a finite dimensional approximation
P,,(A — B)P,, of the operator A — B. The domain of the operator P,,(A —
B)P,, is W,,. For this finite dimensional approximation operator, we have

the following result.

Theorem 4.1.12.([16], [39]) Let {P,,} be a Galerkin approzimation

scheme with respect to A. Then there exist d > 0 sufficiently small and
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mg > 0 such that for all m > my,

dimm; (Py,(A— B)Py) = m+n —i.(B) — v(B),
dim mY(P,,(A — B)P,,) = v,(B), (4.1.17)
dimm (Pn(A - B)P,) = m+n+i.(B).

where mj(-), my(-), mY(-) denote the eigenspaces corresponding to the
eigenvalue X belonging to [d,+00), (—o0,d] and (—d,d) respectively.

4.1.5. The relation of Maslov-type index and Morse index: the

saddle point reduction

Let S' = R/(7Z). We equip the Hilbert space L = L?(S*,R?") with the

usual norm
T 1/2
follie = ([ le(R) ", voe 2
0
In the Hilbert space L we define an operator A by
T
(Az,y)L = / (—Ji,y)dt, Yz, y € L. (4.1.18)
0

Then the domain of A is domA = W12(S1 R?"). The range of A is closed
and the resolution of A is compact. The spectrum of the operator A is
o(A) = 2xZ. Tt is a point spectrum, i.e., it contains only eigenvalues, and
the multiplicity of every eigenvalue is 2n. The eigen-subspace of A belonging
to the eigenvalue 2k is

By = exp(2kntJ)R*™ = ((cos 2knt)I + (sin 2kmt).J)R?",

Especially, ker(4) = R?". We consider the Hamiltonian systems (4.1.10)
with the condition (H1) in the above subsection 4.1.4 and

(H3) There exists a constant C(H) > 0 such that
|H" (t,z)| < C(H), Y(t,z) € [0,7] x R*". (4.1.19)

Define a functional on the space L by

g(z) = /0 " H( 2(1)) dt. (4.1.20)
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By the conditions (H1) and (H3), we have g € C*(L,R), and
d(x) = H'(t,z). (4.1.21)
¢'(x) is Gadeaux differentiable, its Gadeaux derivative is
dg' (x)y = H"(t,z(t))y, (4.1.22)
and there exists a constant ¢(H) > 0 such that
ldg' @)l equy < o(H). (4.1.23)
Define the action functional by
flx) = %(Aa:,a:),; —g(x), Yz € domA = Wh?(St R™), (4.1.24)

Under the conditions (H1) and (H3), f € C*(W,R), f’is Gadeaux differen-
tiable. The critical points of f are solutions of the problem (4.1.10).

Let Py : L — Ey = R?" be the projection map. Define
Aor = Az + Pox, Yoz e W. (4.1.25)

Without loss of generality, we suppose the constant in (4.1.23) satisfies
c¢(H) ¢ o(Ap) and ¢(H) > 1. Denote by {E\} the spectral resolution of
the selfadjoint operator Ay, we define the projections on the Hilbert space
L by

c(H) 400 —c(H)
P= / dE\, PT = / dE\, P~ = / dE). (4.1.26)
c(H) c(H) —00
Then the Hilbert space L possesses an orthogonal decomposition
L=L"eL &2, (4.1.27)

where Z = PL is a finite dimensional space, and L* = P*L. With standard

arguments as in [39], [1] and [6], we have the following result.

Theorem 4.1.13.([1], [6]) Suppose the function H satisfies the condi-
tions (H1) and (H3). Then there exists a functional a € C*(Z,R)and an
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injection map uw € CY(Z,L) such that v : Z — W satisfies the following

conditions:
1° The map u has the form u(z) = w(z) + z, where Pw(z) = 0.
2° The functional a satisfies
a(z) = f(u(2))
d(2) = Az — Pg'(u(2)) = Au(z) — ¢ (u(2)),
a’(z) = (AP — Pdg'(u(2)))u/ (2) = [A = dg' (u(2))]u/(2).
And a' is globally Lipschitz continuous.
3° 2z € Z is a critical point of a, i.e., a'(z) =0, if and only if u(z) is a
critical point of f.
4° If g(u) = (Bu,u)p = [j (B(t)u(t),u(t))dt, u € L, then a(z) =
%((A — B)z,2)p,.
5° dimker a”(z) = v7(v), where v is the fundamental solution of the

linear Hamiltonian systems y = JH" (t,u(2)(t))y.

Particularly, for the symmetric matrix continuous function B(t) satisfy-

ing B(t + 7) = B(t), we define a symmetric operator B on L by

(Bx,y)L =/ (B(t)z(t),y(t)) dt, Vz,y € L (4.1.28)
0
and define
1
f@) = (A= B)z,2)1, YeeW. (4.1.29)
The critical points of f are solutions of the following problem
. _ 1B
&= JB(0)e (4.1.30)
z(1) = z(0).

By Theorem 4.1.13, we obtain a subspace

Z ={z|x(t) = Z exp(2knt)ay, aj € R*}
|k|<ko

with a sufficiently large kg € N, an injection map u € C*°(Z,L), and a
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smooth functional a € C*°(Z,R) defined by
a(z) = f(u(z)), VYze€Z (4.1.31)

Let 2d = dim Z. Note that the origin of Z as a critical point of a corresponds
to the origin of L as a critical point of f. Denote by m* for x = 4,0 and
— the positive, null, and negative Morse indices of the functional a at the
origin respectively, i.e., the total multiplicities of positive, zero, and negative
eigenvalues of the 2d x 2d matrix a”(0) respectively. We have the following
result.

Theorem 4.1.14.([9], [43], [37]—[41]) There hold

m~ =d+i.(B),
m® = v, (B), (4.1.32)
m*t =d—i,(B) —v.(B).

We consider Problem (4.1.10) with H satisfying condition (H1) in sub-
section 4.1.4 and (H3) above. Recall that the functional f(x) is defined
in (4.1.24). By Theorem 4.1.13, there exist the corresponding functional
a: Z — R and an injection u : Z — L such that a(z) = f(u(z)). Suppose
z = z(t) € Z is a critical point of a. Then =z = z(t) = u(z)(t) is a solution of
problem (4.1.10). Suppose m*(z) with * = 0, £ are the Morse index of a at
z. We have the following result.

Theorem 4.1.15. Under the above conditions and notations, there hold

m(2) = d+ ir(2),
m®(2) = v, (z), (4.1.33)
mt(z) =d —i;(z) — v (2).

4.1.6. The relation of Maslov-type index and Morse index: the

second order Hamiltonian systems

We consider the following problem

(4.1.34)

i+ VV(t,z)=0,
z(7) = x(0), () = #(0),
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where V € C?(R x R™,R) satisfying V(¢ + 7,2) = V(t,z) for all (t,z) €
R x R™. Let W = W12(S1 R") with the inner product
1
@ = [ (0.9 + G0 5O)] .

We define a functional F': W — R by

L1
F(z) = /0 (5@ (). 4(8) = V(ta(t)] dt, Vo e W. (4.1.35)

The critical points of F' are solutions of problem (4.1.34). Suppose z € W

is a critical point of F'. The Hessian of F' at x is given by

1
(F"(z)y, 2) :/0 [(9(2), 2(2)) — (AV (¢, x())y(t), 2(2))] dt. (4.1.36)

The linearized system of (4.1.34) at x is given by the linear second order

systems
g+ AV (t,z(t))y = 0. (4.1.37)

We rewrite this systems into a first order linear Hamiltonian systems

t=JB(t)z, z€R™, (4.1.38)
where z = (7,9)7 and B(t) = -1 0 . Suppose v, = (t) is
’ 0 —AV(t,x(t))

the fundamental solution of (4.1.38). Then the index (i (7z), V- (7z)) is well
defined. We denote the Morse index and nullity of F' at by m™(x) and
mO(z), i.e., the total multiplicities of all the negative eigenvalues and zeros

of F"(x) respectively.

Theorem 4.1.16.([2], [39]) Under the above conditions, there hold

m™(z) = ir(Vz)s mO(:L,) = vr(V2), (4.1.39)

We refer the paper [34] for the Morse index theory and its iteration
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theory of the closed geodesics on Riemannian (Finsler) manifolds.

4.1.7. Calculate the index by dual variational methods

Let B € C(S', L4(R?)), where S! = R/Z, and L4(R?") be the set of

symmetric 2n X 2n metrics. Consider the linear Hamiltonian system
3= JB(t)z, z € R™.

We first give a brief introduction to the dual Morse index theory of the above
system. Let W12 = WH2(S1 R?"), and L = L?(S',R?"). The embedding
j: W2 — L is compact. Both W12 and L are Hilbert spaces with inner
product (-,-) and (-,-)2 respectively. We define an operator A : L — L
with domain W12 by Az = —J %. The spectrum of A is isolated. In fact
o(A) = 27Z. Let k ¢ o(A) be so large such that B(t) + kI > 0. Then the
operator A, = A + kI : WH? — L is invertible, and its inverse is compact.
We define a quadratic form in L by

1
Q,p(v,u) :/0 [(Cr(t)o(t), u(t) — (A v(t), u(t)] dt, Yv,u € L,

where Cy(t) = (B(t) + kI)~!. Denote Q1. 5(v) = Qf p(v,v). Then

1
<Ckv,v>2:/0 (Cr(t)v(t),v(t))dt

define a Hilbert structure in L. C;’ lAgl is a self-adjoint and compact op-
erator under this inter product. By the spectral theory, there exists a basis

ej, j € Nof L, and an eigenvalue sequence A\; — 0 in R such that

(Creisej)a = dij,

(Aj_lej,v>2 = (CkAjej,v)2, Yv € L.

For any v € L with v = 3722, {;e;, there holds

o0

1
Q,p(v) = —/0 (A o(t), 0(8) = (Cr(tyo(t),v(t) dit =Y (1= Aj)E

J=1
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Define

L;(B) = {Zg]e]|g]_o it 1-2 >0}
=

(e}

LB { gieil& =0 if 1-) ;éo}
1

J

8

LiB) = { > el =0 if 1-x <o),

—_

<

Observe that L; (B), LY(B) and L (B) are @}, g-orthogonal, and L= L; (B)
®LY(B)® L (B). Since Aj — 0 as j — oo, both L; (B) and LY (B) are finite
dimensional subspaces. We define the k-dual Morse index of B by

it(B) = dim L (B), vj(B) = dim LY(B).

We have the following result for the relation of k-dual Morse index and the
Maslov-type index.

Theorem 4.1.17.([28]) There hold
ok . k *
it(B) = i(B)+n+2n|3=|, vi(B) = v(B).

where [a] = max{j € Z|j < a}.

The Maslov-type index defined by spectral flow was studied in [45]. The
Maslov-type index theory with Lagrangian boundary condition was studied
by the author in [29], and that with other non-periodic boundary condition
was studied in [30] recently.

4.2. Iteration theory of the Maslov-type index

In this section we consider the iteration theory of the Maslov-type index.
Namely, we will give brief introduction to the theory which related the iter-
ated indices (ipr(Y¥), vpr(7F)) for the iterated symplectic path v* € Py, (2n)
of v with the index (i-(7),v-(7)) of the symplectic path v € P-(2n), where
the k-th iterated path v* of v is defined by

AR #) =yt — kr)y(0)F, Vir <t < (k+1)r. (4.2.1)
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To understand this iterated path, we consider a 7-periodic solution z : ST =

R/(77Z) — R?" of the nonlinear Hamiltonian system
(t) = JH'(t,2(t)). (4.2.2)

Here we suppose H is C? along the orbit 2(R) and 7-periodic in time t. We

define the iteration of the 7-periodic function z by
2h(t) = a(t—jr), jr<t<(+Dr 0<j<k-1.

Then z* becomes a kr-periodic solution of the system (4.2.2). But geomet-
rically it is the same as z. We set By(t) = H(t,z"(t)) for k € N. Then

7k € Py-(2n) is the fundamental solution of the linearized system

y(t) = JB(t)y(t). (4.2.3)

Definition 4.2.1. The mean index of a symplectic path v € P.(2n) is
defined by

. k
i(y) = lim A7) (4.2.4)
k—o00 k

From Theorem 4.1.10, we have the following definition.

Definition 4.2.2. For any M € Sp(2n) and w € U, the following

number

S]:E[(w) = lim Z.T,exp(:te\/—il)w(/y) - Z.T#U(/y)

e—0t

with v € P, (2n) satisfying v(7) = M do not depend on the choice of . We
call it the splitting number of M at w.

4.2.1. Precise iteration formulae

With the index function defined in section 1, we are able to introduce

the following Bott-type formula.
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Theorem 4.2.3.([41], [39]) For any v € P-(2n) and m € N, there hold

Zmr(’ym) = Z Z‘T,W(’Y)J
wm=1
(4.2.5)
er(’Ym) = Z V‘r,w(’Y)‘

A direct consequence is the following formula, which tells us that the

mean index is well defined.

Corollary 2.4.2.([41], [39]) For any v € P(2n), there hold
. 1 2T
ZT('.Y) = %/0‘ Z’7'7exp(\/__19) (’Y) do. (426)

For the hyperbolic case, the following iteration formula is very simple.

Corollary 4.2.5. For any v € P-(2n), if o(y(7)) NU =0, in this case
we call v hyperbolic, and there hold

~

ir(7) = i:(7), imr(Y™) = mir(y), Vm €N, (4.2.7)

The splitting numbers are determined by the end matrix (7), so the
following iteration formula tells us that the iteration properties are only

dependent on the matrix M = (7).

Theorem 4.2.6.([44], [39]) For any v € P-(2n), let M = (7). Then

for any m € N we have
imr (V") =m(iz (v) + i (1) — C(M))+
r2 ¥ B(5) sule ) - sk can). 43I

Here E(a) = min{k € Z |k > a} and C(M) is defined by

C(M)= > Syl
0e(0,27)
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4.2.2. Tteration inequalities

Theorem 4.2.7.([31], [32]) For any v € P-(2n) and w € U \ {1}, it
always holds that

ir(7) + vr(7) =1 <irw() <ir(y) + 1 — vrw(). (4.2.9)

Theorem 4.2.8.([31], [32], [39]) For any v € P;(2n) and m € N, it
always holds that

Mir(7) =1 < ir (V") < Mir(y) + 1 — Ve (V™). (4.2.10)

Theorem 4.2.9.([31], [32], [39]) For any v € Pr(2n) and m € N, it
always holds that

m(iz (V) +vr (V) —n)+n—vr(y) < imr(7") < miz(V)4n) = @Wmr (V") —v2 (7))
(4.2.11)

Remark. All the estimates (4.2.9)—(4.2.11) are optimal in the sense
of the left equality and the right equality can be achieved by some suitable
symplectic paths v € P;(2n). For the iteration formulae of Morse index
theory of closed geodesic on a Riemannian (or Finsler) manifold, we refer
the readers to the paper [34]. For the further applications of the iteration
theory of Maslov-type index theory, we refer the readers to the papers [16],
[24]—[26], [32]—[33], [35], [37]—[41, [43] and [44]

4.3. Application to nonlinear Hamiltonian systems

We will give two examples to explain how to apply this index theory
to the study of the nonlinear Hamiltonian systems. One is the study of
Rabinowitz conjecture about the existence of the minimal periodic solution
for some nonlinear Hamiltonian systems. The reason we choose this problem
is that it is easy to explain and in some sense, the calculation is not so
complicated. Another is the multiplicity problems of closed characteristics
on some hypersurfaces in R?". The latter is complicated to explain it clearly,
so we only state some results and give some references for details.
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4.3.1. The minimal periodic problems

We now apply the results obtained above to autonomous Hamiltonian

Systems

—Ji = Bx + H'(z), r € R™, (4.3.1)

where n € N and H € C?(R?*,R), and B is a 2n x 2n symmetric semi-

positively definite matrix whose operator norm is denoted by || B]|.

Theorem 4.3.1. Suppose B € L(R?") is a symmetric semi-positively
definite matriz, and the Hamiltonian function H satisfies the conditions:
(H1) H € C?*(R?*™,R). (H2) there are constants u > 2 and ro > 0 such that

0<pH(z) < H'(x) -z, V|z|>r.

(H3) H(z) = o(|z|?) at = 0. (H4) H(z) >0 Va € R,

Then for every 0 < 7 < ﬁ, the system (4.3.1) possesses a non-constant
T-periodic solution x satisfying

ir(z) <n+1. (4.3.2)

Moreover, suppose this solution x further satisfies the following condition:
(HX) H"(z(t)) > 0 Vt € R and [; H"(x(t))dt > 0. Then T is the minimal
period of x.

Proof. Fix 7 € (0, %T”) By conditions (H1)—(H4), we can find a non-
constant 7-periodic solution z of (4.3.1) via the saddle point theorem such
that (4.3.2) holds. For reader’s convenience, we sketch the proof here and
refer the reader to Theorem 4.3.5 of [24] or Theorem 4.23 of [51] for details.

In fact, following P. Rabinowitz’ pioneering work [48], choose K > 0
and y € C*(R,R) such that x(¢) =1ift < K, x(t) =01if t > K + 1, and
X'(t) <0ifye (K,K+1). Set

A~

1
Hg(z) = §Bz -z + Hg(2),

with

Hi(2) = x(|2) H(2) + (1 = x(|2])) Rrc| [,
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where the constant Ry satisfies

H(z)
K > max .
K<|z|[<K+1 |z]*

Let E = WY/22(R/(77Z),R*") be the Sobolev space with the usual norm.
Define a functional fx on E by

Frclz) = % /0 (G Js— () dt, Vs € E. (4.3.3)

For m € N, define E0 = R?",

" 2kt
E,, {z€E|z :Zexp—Jak,akeRzn},

k=—m

2k:t
E* = {zEE\z = i

+k>0

ak, a € Rzn},

and B}, = E,NEY, E, =E,NE". We have E,, = E,, ® E' ® E.. Let
P,, be the projection P, : E — E,,. Then {E,,, P} men form a Galerkin
approximation scheme of the operator —Jd/dt on E. Denote by fx ., =
fxle,. Set Qum = {re:0<r <nr}@®{B,(0)N(E, ®E%)} with some
e € OB (0)NE};, for large 1 > 0 and small p > 0. Then 9Q,, and B,(0)NE;},
form a homologically link (cf. P.84 of [6] or p.167 of [18]). By the definition
of 7, we obtain a constant 6 = §(K) > 0 such that

frm(2) >6>0, Vz € 0B,(0)NE},

and
fK,m(Z) <0, Vz € 8Qm

It is well known that fx satisfies the usual (P.S)* condition on E, i.e. a
sequence {x,,} with z,, € E,, possesses a convergent subsequence in F,
provided fi . (zm) — 0 as m — oo and |fk m(zm)| < b for some b > 0
and all m € N. Thus by the saddle point theorem (cf. [49]), the Galerkin
approximation method, and Theorem 4.2.1 of [51], we obtain a critical point
xx € E of fg such that 0 < cx = fr(xx) < M, where M; is a constant
independent of K and there holds i, (zx) < n+ 1.
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Now the arguments in the section 6 of [49] yields a constant Mj inde-
pendent of K such that ||zx||c < M;. Choose K > M. Then = = zk is a
non-constant 7-periodic solution of the system (4.3.1) satisfying (4.3.2).

Denote the minimal period of this solution x by 7/m for some m € N.
By the condition (HX) and B being semi-positively definite, using (9.17) of
[39], we obtain

ir/m(T) >N (4.3.4)

Since the system (4.3.3) is autonomous, we have
Vem(T) > 1. (4.3.5)

Therefore, by (4.3.2), (4.3.4), (4.3.5), and Theorem 4.2.9, we obtain m = 1
and complete the proof. O

Remark. If B =0, Theorem 4.3.1 holds for every 7 > 0.

The following corollary gives more accessible sufficient conditions for the

existence of solutions with prescribed minimal period.

Corollary 4.3.2. Under the conditions of Theorem 4.3.1 except (HX),
which is replaced by the following two conditions: (H5) H”(x) > 0 for all
r € R™. (H6) The set D = {x € R™|H'(x) # 0, 0 € o(H"(z))} is
hereditarily disconnected, i.e. every connected component of D contains only

one point.

Then the system (4.3.1) possesses a T-periodic solution x with minimal period

T.

Proof. Since conditions (H5) and (H6) imply the condition (HX) holds
for every non-constant periodic solution of (4.3.1), the corollary follows from
Theorem 4.3.1. 0O

Similarly, we consider the existence of non-constant periodic solutions
with prescribed minimal period for the following autonomous second order

Hamiltonian systems

i+ V'(z) =0, x € R", (4.3.6)
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where n € N and V : R” — R is a function. In this paper, we consider the

following conditions on V:
(V1) V € C*(R™,R).

(V2) There exist constants > 2 and 9 > 0 such that
0<uV(z) <V'(z) -z, Vx| > ro.
(V3) V(z) > V(0) =0 Yz € R™

(V4) V(z) = o(|z|?), at z = 0.

(V5) There exist constants b > 0 and r; > 0 such that

V(z) < =|z®, V|z| < r.

| o

(V6) V"(z) >0, Vz €R.
(V7) D = {z € R"|V'(z) # 0, 0 € o(V"(x))} is hereditarily discon-

nected.

Theorem 4.3.3. Suppose V' satisfies the condition (V1)—(V4), (V6)
and (V7). Then for every T > 0, the system (4.3.6) possesses a non-constant

T-periodic solution with minimal period T.

Proof. For the system (4.3.6), we consider the following functional
1
vle) = [ GIaP - Vi), o€ WHR/(Z).RY),
0

By using the saddle point theorem (cf. Theorem 4.4 of [49], here we choosing
E=WYR/(7Z),R"), X =R", Y = L, = {z € E|z(0) = 0}), under the
conditions (V1)-(V4) it is well known that there exists a crictal point x € £
of 9 such that its Morse index satisfying m™(z,7) < n + 1. From [1] and

[54], we know the Morse index m™(x,7) of  is just the Maslov-type index
I 0

ir(B) of the matrix B(t) = <O Vi (t))) Thus we have
x

ir(x) =ir(B) <n+1. (4.3.7)
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When z further satisfies (V6) and (V7), denote the minimal period of = by
7/m for some m € N. By (V6), (V7) we have

ir/m(T) = ir ) (B) = n. (4.3.8)
Note that the system is autonomous, we have

Therefore, by Theorem 4.2.9 we have m = 1. U

By the same argument as above, we have the following result whose
proof is omitted.

Theorem 4.3.4. Suppose V satisfies the conditions (V1)—(V3) and
(V5)—=(V7). Then for every0 < 7 < 21t/\/b, (4.3.6) possesses a non-constant
T-periodic solution x with minimal period T.

In his pioneering work [48], P. Rabinowitz proposed a conjecture: whe-
ther a superquadratic Hamiltonian system possesses a periodic solution with
a prescribed minimal period. This conjecture has been deeply studied by
many mathematicians. We refer to [9], [16], [32], [39], and references therein
for survey of the study on this problem. Our Theorem 4.3.1 and Theorem
4.3.3 follow the idea of [39], generalize corresponding results in [10] and are
different from that of [16].

For Rabinowitz’ conjecture on the second order Hamiltonian systems,
similar results under various convexity conditions have been proved (cf.
[10] and reference therein). In [32] and [39] under precisely the conditions
(V1)—(V4) of Rabinowitz, Y. Long proved that for any 7 > 0 the system
(4.3.6) possesses a T-periodic solution x whose minimal period is at least
T/(n+1).

We refer the papers [9], [16], [24]—[26], [31]—[34], [35], [37]—[42], [43] and
[44] for further applications of the Maslov-type index theory to the study of
periodic solutions for nonlinear Hamiltonian systems. In the follow, we list
some recent development in this direction.
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4.3.2. The fixed energy problems for autonomous nonlinear Hamil-

tonian systems

We consider a compact hypersurface ¥ in R?*. For z € ¥, let Ng(z) be
the outward normal vector of 3 at . We consider the given energy problem
of finding 7 > 0 and an absolutely continuous curve z : [0,7] — R?" such
that

{ #(t) = JNs(z(t)), z(t) € 3, Vt € R, (4.3.10)

(1) = 2(0),

0 —1I,
I, O
being the identity matrix in R™. We call any such curve x solving the

where J = is the standard symplectic matrix on R?" with I,

above problem with minimal period 7 > 0 the closed characteristic on X.
Any two closed characteristics 1 and z9 on X are geometrically distinct if
z1(R) # z2(R). Let J(X) be the set of all closed characteristics on X, [(z, T)]
be the set of all closed characteristics on 3 which are geometrically the same
as (z,7), and J(X) be the set of all geometrically distinct ones on ¥. For
any C? function H : R*" — R satisfying H!(1) = ¥ with VH(x) # 0 for
all x € ¥, we can turn the problem (4.3.10) into the following nonlinear
Hamiltonian system with fixed energy

i(t) = JVH(x (1)),
H(z(t)) =1, (4.3.11)
x(1) = z(0).

For a periodic solution x with period 7 > 0 of any Hamiltonian system, we
linearized the Hamiltonian system at z, and get a linear Hamiltonian system

2(t) = JB(t)z(t), B(t)is symmetric for all ¢ € [0, 7]. (4.3.12)

Suppose v;(t) is the fundamental solution of the linear Hamiltonian system
(4.3.12), i.e., v;(t) solves the equation (4.3.12) with 7,(0) = Ia,. It is well
known that 7, (¢) is a symplectic matrix for all ¢t € R.

We call the eigenvalues of matrix v;(7) the Floguet multipliers of (x, ).
If all Floquet multipliers of (x, 7) lie on the unit circle U = {z € C||z| = 1},
we say that the closed characteristic (z, 7) is elliptic. If no Floquet multiplier
lies on the unit circle except 1, and the algebraic multiplicity of 1 € o (v, (7))
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is 2, we say that the closed characteristic (x,7) is hyperbolic, otherwise,
(x,7) is non-hyperbolic. About the multiplicity of closed characteristics on a
convex hypersurface, we introduce the following surprised results. We denote
by J(X) the number of geometrical distinct closed characteristics lying on
3.

Theorem 4.3.5.([44]) For any convex C? hypersurface ¥ in R*", there
holds

J(X) > [n/2] + 1.

Furthermore, if J(X) < oo, there exists at least one elliptic closed charac-
teristic.

Theorem 4.3.6.([35]) For any centrical symmetric convex C? hyper-
surface ¥ in R?", there holds

J(X) > n.

For a star-shaped hypersuface, we introduce the following results.

Theorem 4.3.7.([33]) For a star-shaped hypersurface ¥ in R*", either
there exist infinitely many closed characteristics, or there exists at least one
nonhyperbolic closed characteristic, provided every closed characteristic on
Y. possesses its Maslov-type mean index greater than 2 when n is odd, and
greater than 1 when n is even.

Theorem 4.3.8.([21]) A non-degenerate hypersurface ¥ in R®™ pos-
sesses at least two geometrically distinct closed characteristics for n > 2.
Moreover, for n = 2, such a hypersurface 3 either possesses infinitely many
closed characteristics, or possesses at least two geometrically distinct elliptic
closed characteristics.

Here we mean that a hypersuface Y is non-degenerate if all closed char-
acteristics and their iterations are non-degenerate. We mention that in [19]
and [20] the results in Theorem 4.3.7 and Theorem 4.3.8 have been extended
to a somewhat more general cases.
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