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GEOMETRIC AND APPROXIMATE PROPERTIES OF
CONVOLUTION POLYNOMIALS IN THE UNIT DISK

BY

S. G. GAL

Abstract

The purpose of this paper is to prove several results in
approximations through complex convolution polynomials with
Jackson-type rate or with best approximation rate, having the
quality of preservation of some properties in geometric function
theory, like the preservation of: coefficients’ bounds, positive real
part, bounded turn, close-to-convexity, starlikeness, convexity, spi-
rallikeness, a-convexity. Also, some sufficient conditions for star-

likeness and univalence of analytic functions are preserved.

1. Introduction

Let us consider the open unit disk D = {z € C;|z| < 1} and A(D) =
{f:D — C; f is analytic on D, continuous on D, f(0) = 0, f'(0) = 1}.

Recall that a function f € A(D) is starlike if it is univalent on D and
f(D) is a starlike plane domain with respect to 0, and is convex if it is

univalent on D and f(ID) is a convex plane domain.

Concerning the shape preserving complex approximation, firstly let us

recall the following two known results.
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Theorem 1.1 ([12]). Let

2n
(1) = (2 —) ,
(u) j (2cos 5
be the de la Vallée-Poussin kernel and let the complex convolution polyno-
mials of f of degree < n be defined as

1

oy f(ze Ny, (u)du, z=re® € D.

Pa(f)(2)= f(?‘e (2 — t)dt =

27r

If f € A(D) is starlike (convez) then the polynomials P,(f)(z) are star-
like (convex, respectively), for all n € N.

Theorem 1.2 ([14]). Let us consider the nth Cesdro kernel of order
a > 0, given by

n

Kji(u) = (A74/A7) Di(w),

k=0

.U
sin —
2

and

Ao — <m$a> B (a—l—l)-?;l-!(a—i-m)‘

Define the convolution complex polynomial

_ % /_ 7; F2™ K (w)du

If f € A(D) is convex then s&(f)(z), a >3, n € N are convezr on D.

z=re®* D, neN.

Remarks. 1) In [16], the concept of n-starlikeness, n = 0,1,2,..., is in-
troduced by the condition Reﬁ >0, z € D, where D°(f)(z ) = f(2),
DY(f)(z) = zf'(z), D""Y(f)(2) = D[D"(f)](2). For n = 0 we recapture the

usual starlikeness and for n = 1 the usual convexity, respectively. It is known
([16, Corollary 3.2]) that f is n-starlike if and only if z f/(2) is (n—1)-starlike.
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Since the polynomials in Theorem 1.1 preserve the convexity of f, reasoning

by recurrence as in [12], we immediately obtain that P, (f)(z) preserve the

n-starlikeness, for all n =0,1,2, ..., i.e.
D" (f)(2)
Re——————= >0, zeD,
Dr(f)(z)

implies

D" (P (f))(2)

Re >0, zeD.
Dr(FPa(f))(2)

2) Regarding the approximation error, in the case of Theorem 1.1 we

have only the rather weak estimate

1
- P <3 =]
) - P <3 (=)
(see [4]), while in the case of Theorem 1.2 even a worst estimate can hold.
Some related problems to Theorem 1.1 were solved in [15], but without

connection to improve the approximation rate.

On the other hand, in the very recent papers [4-5], classes of convolution-
type integral complex operators were considered and their approximation
properties regarding rates, global smoothness preservation properties and
some geometric properties were presented. Starting from Jackson kernels,
Beatson [2] constructed new trigonometric kernels about which he observed
(without proof, see [6] for a proof) that are bell-shaped. In [5], convolution-
type complex polynomials based on these Beatson kernels were introduced,
for which global smoothness preservation properties and Jackson-type esti-
mates with respect to wq ( I %)ﬁ were proved. It is also showed in the same
paper that these operators transform the convex univalent functions only

into close-to-convex univalent polynomials.

One of the main questions proposed to be solved by the present paper is
to improve the rate of approximation in [12]. It is then natural to consider

the following.

OPEN QUESTION. Let f € A(D). Can one construct a sequence of

complex convolution polynomials P,(f)(z), n = 1,2,..., with the degree of
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P, (f)(z) <n, of the form

PR = 5 [ 1eQute =0t =5 [ fe)@uu)dn

2z =re® €D, such that for some p > 1

1
1) = PN < Cay (137 )
/D
and moreover, if f is starlike on D then all P,(f)(z) are starlike on D and
if f is convex on D then all P,(f)(z) are convex on D ?

In this paper we give, among others, some partial answers to it, in the
sense that the above Open Question is solved for some subclasses of starlike
and convex functions. Thus, Section 2 contains new properties of the Beatson
kernels and of the convolution polynomials introduced by [5] and based on
them. In Section 3, we obtain many approximation results through convolu-
tion polynomials based on various trigonometric kernels (of Fejér, Jackson,
Beatson, Ceséaro, de la Vallée-Poussin mean), producing Jackson-type ap-
proximation rate or best approximation rate and preserving some properties
in geometric function theory, like the coefficients’ bounds, positive real part,
bounded turn, close-to-convexity, starlikeness, convexity, spirallikeness, a-
convexity. Also, some sufficient conditions for starlikeness and univalence of
analytic functions are preserved.

2. New Properties of Beatson Kernels

Let K, ,(t) be the Jackson kernels given by

sin 28\ 2"
Kn,r(s)=< 2)

ta S
SlIl2

and ¢, chosen such that % f:r K, ,(s)ds = ¢y, and let us consider the
Beatson kernels

n t+7m/n
By, (1) /t K, ,(s)ds.

271'0”7,» —7/n

Firstly we prove the following lemma, which might be of independent

interest.
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Lemma 2.1. For alln, r € N, n, r > 2 and k € {0,1,...,2r — 2} we

have

Proof. If k =0 then

2

/ t* By (t)dt = / By (t)dt < Bpypi1(t)dt = 7.
0 0 0

Let k € {1,2,...,2r — 2}. Integrating by parts, we get

n T+7/n

iy
t*B t)dt = 7Tk+1/ K u)du
) Bt = 5ot g et ()

n
27TCn77n+1 (k + 1)

/ P 1 (t 4 7 /n)dt
0

n Tk
LR (- dt
+2wcn,r+1(k+1)/0 ra(t—m/n)
= L — I+ I

We will estimate each integral Iy, Is, I3. For this purpose, the following

relations (see e.g. [8, p.57]) are useful:

™
Cnp R n?r—1 / tkKn,r(t)dt ~ 2k,
0

Firstly we have

Is < C’n_zT/ K (= /n)dt

0
T—7/n

= C’n_zT/ (v + /)UK, 1 (v)do
—7/n
T—7/n

= C’n_zT/ (v +7/n)* K, 1 (v)do
0

0
+COn / e e e

< 2Cn_2’"/ (v + 7 /n) K, o (v)do
0

On—QT’n2(T+1)—1—(k’+1) — C?’L_k.

IN
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Secondly we obtain

T
L < Oon ¥ / PR (4 /n)dt
0

T+7/n

= Cn_%/ (v —7/n)* K, (v)do
w/n
w7 /n

< Cn_z’"/ (v + 7 /n) K, o (v)do
w/n

= Cn_2’"/ (v +7/n)* K, L (v)do
w/n

T+7/n
+COn / (v + 7 /n) 1 (0)do

T T+7/n
< C’n_%/ (v+ ﬂ/n)kHKan(v)dv—l—C’n_2T/ VP K, 1 (v)do
0 s

T+7/n
< OnF4+ C’n_Q’”/ kaKnHl(v)dv.

™

Denoting
T+7/n
Jy = C’n_zT/ kaKn,,«H(v)dv,

by the substitution nv/2 = t, we get

nm/24mw/2
Jy = Cn_%/n/ (2t/n)* 1 (sin(t)/ sin(t/n)) 2V dt
nm/2

nm/24m/2

= Cn_z’"_k_z/ "+ (sin(t)/ sin(t/n)) 2V dt.
nm/2

But for t € [n7/2,n7w/2 4+ 7/2], we have t/n € [x/2,7/2 + 7/(2n)] C [0, 7],

for all n > 2 and consequently

sin(t/n) > sin(7w/2 + 7/(2n)) = cos(w/(2n)) > cos(w/4).

From this we obtain, by noting that £k <2r —2 < 2r +1,

nm /24w /2
Jy < Cn‘QT"f—Q/ tHdt < on~' k2 (g /2 4+ 7 /2)R !
nm/2

< Cn—Qr—k—2+k+1 — Cn—Qr—l < C’I’L_k.
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As a conclusion, we get Iy < Cn~". Finally, making the substitution nu/2 =

v, we have

T+7/n
I < C’n_%/ Ky ri1(u)du
T—7/n
nm/24mw/2

= Cn_%_l/ (sin(v)/ sin(v/n))2" ) dy

w/2—7/2

nm/2
= Cn_2’"_1/ (sin(v)/ sin(v/n))2" ) dy
nm/2—m/2

nm /24w /2

+Cn 1 / (sin(v)/sin(v/n))*"Vdv =: Jy + L.
nm/2

But v € [nm/2 — 7/2,n7/2] is equivalent to v/n € [1/2 — 7/(2n),7/2], it

follows sin(v/n) > C(v/n) and

nm/2
J < Cnp~l / (sin(v)/(v/n))2C+D dy
nm/2—m/2

nm/2
= Cn/ (sin(v) /v)2 D dy
nm/2—m/2

nm/2

Cn/ (1/0)2+D gy
nm/2—m/2

Cn(1/((n — 1)x/2)2+D) < on=2~1 < on~*,

IA

IN

for all n > 2. Also, by the substitution v/n = t, we get

w/2+47/(2n)

1 = Cn~ sim(nt)/ sin

L= e [ (sin(nt),/ sin()) %+t
w/2

cn~% /W/2+W/(2n)(1/Sin(t))2(r+1)dt
w/2
Cn~2"(7/(2n))(1/sin(7 /2 + 7 /(2n)))2+Y)

< Cn 711/ cos(n/(2n))) 2T < O~ < OnH,

IN

IA

since cos(m/(2n)) > cos(mw/4), for all n > 2.

Collecting all the estimates for I7, Iy and I3, we get that [y — Iy + I3 <

Cn~*, which proves the lemma. O
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As a consequence, we obtain the following:

Corollary 2.2. Let f € A(D). The convolution polynomials defined by

Paf)@) = = [ 5B =t =1 [ fe) B (uu,

z=re® €D, m = [n/r] + 1, satisfy degree P,(f)(z) < n, and for all » >3
we have

1
1)~ Pun)(e) < Cun (153 )
"/ oD
forall z€D and alln € N, n > 2.
Here
wp(f30)op = sup{|ALF ()5 |2| <7, |u] <6},
with Abg(z) = >0 _ (=1)P*(P)g(z + ku).
Proof. Let r > 3 and n > 2 be fixed. Since By, ,(t) is even, reasoning as

in the proof of Theorem 2 in [8, p.56] (see also [4, p.422]) we easily obtain

f(2) = Pa(f)(2) = /OW[2f(Z) = f(ze") = f(ze7")| Bon,r (t)dt.

By the maximum modulus principle we can get on |z| = 1, and by passing

to absolute value, (as in [8, p.56])

F@ =R <o (ri5) [Tt e 1B < Con (115)

n

where we also applied Lemma 2.1.

Indeed, for |z| = 1 by the above identity we get

1f(2) = Pu(f)(2)] =

s - sy - f(ze—it>]Bm,T<t>dt'

IN

/07r 12f(2) — f(Zeit) — f(ze_it)‘Bmm(t)dt_
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But
it —it nt
20(2) = () = £z )] < wn (i thgp =z (152
"/ o
1
< C(nt+1)%w, <f; —> ,
"/ oD
which together with Lemma 2.1 proves the corollary. U

Now, if we define, as in [5], the iterative Beatson kernels by recurrence

as By ,1(t) :== By (1),

)

n t+m/n

Bn,r,2(t) = % ) Bn,T,l(S)ds, L. ,Bn,r,p(t)
t—m/n

n t+m/n

= — By rp—1(s)d
2T St x/m nrp=1(8)ds,

p=2,3,..., then the following generalization of Lemma 2.2 holds.
Lemma 2.3. Foralln, r, p e Nwithr > 2, n>p+1and k €
{0,1,...,2r +2p — 4}, we have

/ t* By yipp(t)dt < CnF.
0

Proof. For p =1 we get Lemma 2.1. In what follows, for simplicity we

prove the case p = 2. We have

n t+m/n n2 t+mw/n  px+m/n
Bn,r,2(t) / Bn,r(s)ds =5 / / Kn,T(S)del‘.
t t T

_% —n/n (277)2Cn,r —r/n —7/n

If £ = 0 then obviously

T 21
/ t* By ryoa(t)dt < / t* By ry20(t)dt < .
0 0
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Let k =1,2,...,2r. Integrating twice by parts, by simple calculation we get

K
/ t* By, py00(t)dt
0

k+1 7.(.k+2

_ s . / e
= Bn7r+272(7r)—k ) By, 42.2(m) (k+1)(k +2)

1 k2

E B
+(k+1)(k+2)/ t nr+22(D)dt
x+7r/n

n2pkt+l T+m/n
= K, , dsdzx
) k' + 1 Cn 42 /7r w/n /m w/n +2 )

2
n27'rk+2 w27 /n -

a Koy - K,

2m)2(k + 1)(k + 2)cnry2 [/ r+2(s)ds /ﬂ_%/n : +2(8)d8]

’I’L2 ™ fo
TR T Jy 1 (i 20/) = 2K )
— I + Is.

+ Ky pio(t — 2n/n)dt] := 1)

Taking into account that

™
Crr A leT_l, / tkKnﬂn(t)dt ~ leT_l_k,
0

we immediately obtain

7’L2 T
~ 1/n2r+1, / tk+2Kn,r+2 (t)dt ~ n2r+l—k.
0

Cn,r4-2
Reasoning exactly as in the proof of Lemma 2.1 (as for I and I3 there)

from the above relations we immediately get I3 < Cn

Again, reasoning as in the proof of Lemma 2.1 (as for I; there), we

obtain Iy < Cn~F.

It remains to estimate the integral

w7 /n :c+7r/n
/ K r12(s)dsdx.

T—7/n —7/n
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By the mean value theorem, there exists £ € [r — w/n, 7 + 7/n], such that

2 E+m/n
J = il Kn,r+2(3)d5
n Je—n/n

2 3 2 Etm/n
= % / Kn77«+2(8)d8+§/ Ky ry2(s)ds
- /n 3
9 né/2
- n—g o /2[sin(t)/sin(t/n)]2<’“+2>dt

né/2+m/2
—l—i—g / [sin(2)/ sin(t/n)]?0" ) dt

£/2
= J1+ Jo.
We get
£/2
Ji = 2n [sin(nv)/ sin(v)]20+2) dv
" Je/2—m/(2n)
and
&/24m/(2n)
Jy = 2 [sin(nw)/sin(v)]?"+ 2 do.
o Jes2

But |sin(nv)] < 1 and for all 7 — n/n < & < 7 + «/n, it follows 0
/2 —7m/n < E/2—7n/(2n) <2< 7/2+7/(2n) <7, 0< 7/2—7/n
£/2<¢/24+7/(2n) <w/247/n <.

Therefore, for n > 3, |1/sin(v)| is bounded for both integrals J; and Js,
which immediately implies J; < Cn™2, Jo < Cn~2.

But

<
<

’I’L2 ,n.k—i-l

J
(27)2 (k + 1)en rto
< Cn—2n—2r—1 — Cn—2r—3 < C"Il_k,

I =

because k < 2r < 2r + 3.

As a conclusion we get the statement of Lemma 2.3 for the p = 2 case.
For general p, the proof is similar, reasoning by recurrence and integrating
p-times by parts the integral fow thner,p(t)dt. O

As an immediate consequence, we obtain the following.
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Corollary 2.4. Let f € A(D) and p € N be fired. The convolution
polynomials defined by

Pn,r,p(f)(z) = = ’ f(zeiu)Bm,r,p(u)duy

z €D, m = [n/r]+ 1, satisfy degree P, ,,(f)(z) <n, and moreover, for all
m,r>p+2, z€D, we have

F(2) = Parp(F)(2)] < Cy < P %)

oD

Proof. 1t is similar to the proof of Corollary 2.2, taking into account
Lemma 2.3 and the fact that B, , ,(u) are even. O

3. Approximation Preserving Geometric Properties

In this section, we consider approximations that preserve geometric
properties of analytic functions, like the coefficients’ bounds, real part posi-
tivity, bounded turn, close-to-convexity, starlikeness, convexity, a-convexity,
spiralikeness and some sufficient conditions of starlikeness and univalence.
The rates of approximation are of Jackson-type or of best approximation
kind.

Concerning the coefficients of convolutions, we have the following

Theorem 3.1. (i) If f(z) = Zzo Oakzk is analytic on D and O, (t) =

2+ 0 pron cos(kt), then for Py(f)(2) = 2 [T f(ze")O,(t)dt, we have
Po(f)(2) = a0+ Y axprn®
k=1

If f(2) = 2+ 22720 %, 0 < |2| < 1 is meromorphic, then

Mn
appp,
Po(f)(2) = p1nz + a0 + Zl pz;m'
p:

(ii) If On(f) = 5 + 34 prncos(kt) >0, Vt € [0,7] and 2 [T O, (t)dt
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=1, then

lpen| <1, forallke{l,...,m,.}

i nt 2
iii) Let F,(t) = £ e 2 be the Fejér kernel, V,(t) = 2F5,(t) — F,,(t
2n \ sin i
2

the de la Vallée-Poussin kernel,

the Jackson kernel, and

n t+m/n
Braa(t) = Bppa(t) = —/ Jn(t)dt,
t

2m —7/n
n t+m/n
B”72,P(t) = 2_ Bn,2,p—1(t)dt, p= 2, 3, ey
™ Jt—m/n
the Beatson kernels. We have:
F,(t) = = Z cos (kt),
1 n 2n .
Vo(t) = 3 + » cos(kt) + Z - cos(kt),
k=1 k=n+1
In(t) = 1 z_: cos(kt), where
n - 2 s kn
An3 — 612 3 _ 9
— n® — 6k“n 4+ 3k°> — 3k + n’ iF1<k<n,
’ 2n(2n2 + 1)
(k —2n) — (k—2n)®
Ak = : <k<2n-2,
" 2n(2n% + 1) ifn "
and forp=1,2,...,
1 2n—2 n »
By op(t) = 5 + [E sin(km/n)| - Agncos(kt),

B
Il

1

where Ny, are the coefficients in J,(t).
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Proof. (i) Reasoning exactly as in the proof of Theorem 1, (ii) in [4],

the analytic case is immediate.

For the meromorphic case, we have

o m
. r. a . 1 X
f(zeMO,(t) = |ze + Z Z—k . e"kt] [5 + Z Pp.n COS(pt)]
) k=0 p=1
Mn
_ ze”+Zak —zkt]{ +prn,_ zpt+e—ipt]}

ze

_ ze”+Zak —zkt]{ prﬂewt_i_ prme Zpt}

Mn
Z it R it(p+1) t(1— ag o ikt
=3¢+ 5D Ppane Y pr,nez (=) Z 5

p:]_ k 0

_'_% i % ak:zp]f,n ez‘t(p k) Z Z ak:pp,n —zt k+p)

k=0 p=1 k: 0p=1
Integrating from —m to m and reasoning as in [4, Theorem 1, (ii)], we

immediately get

1 " it o i appp,n
= | S0t = praz o+ a0+ 3 ).

™ =
(ii) We have

1 s
—/ cos(jt)Op (t)dt = pjn, forall j € {l,...,my},
T

—Tr

which implies

1, (™ 1 (" 1 /™
lpinl= ;\ cos(jt)On (t)dt| < - / | cos jit| Oy (t)dt < - Oy (t)dt = 1.

—Tr

(iii) The representation for F,(t) is well-known (see e.g. [3, p.339]).
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Va(t) = 2F5,(t) — Fa(t)

2n n

= 2 [% + Z 2n2; i cos(kt)] - [% + Z o ; i cos(kt)]

k=1 k=1

n 2n

= % + Z [2nn— k_n ; k} cos(kt) + Z 2nn— K cos(kt)
k=1 k=n+1

2n

1 < 2n —k
= §+kz_lcos(kt)+ Z - cos(kt).

k=n+1

Concerning the Jackson kernel J,,(t), by [9, Lemma 7, p.25-26], we have

sin\* 1 2
@2 (T2) = Frant 3 rcosti)
2 k=1

where

2
Tkn = z:(—l)’“rl <2 f 1/) (k—vn+1)(k —vn)(k —vn—1),

v=1

if 0 <k <n,and

Thm =—(k—=2n+1)(k —2n)(k—2n—1), ifn<k<2n-2.

By (k—vn+1)(k—vn)(k—vn—1) = (k—vn)3— (k—vn) and a simple

calculation we have

sin 2t \ 4 o 2 Tk
2 7n 7/rL
=— 4+ —— cos(kt),
<sin ! > 6 Z 3 (kt)

n k=1

where 1o, = 2n(2n? + 1), 75 = 4(k — n)3 — (k — 2n)3 — 3k + 2n = 4n? —
6k?n + 3k3 — 3k +2n, if 1 < k < mn, and r, = (k—2n) — (k — 2n)3 if

n<k<2n-—2.
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Finally, by [6, relation (3.2) and Lemma 3.3,(i)] it follows

Bn72,1 o

M |

[— sin( } Ak,n cos(kt),

=

and by iteration,

N

+ ::_2 [— sin 7] Ak,n cos(kt),

1
Bn72,p = 9

—_

which proves the theorem. O

Remark. Note that while the kernels F},(t), J,(t) and By, 2 ,(t) are > 0,
the kernel V,(t) is not nonnegative on [0, 7], but satisfying = [* V, (k)dt =
1. However, by Theorem 3.1, (iii), it easily follows from the expression of

Vo(t) = & + % pgn cos(kt), that we have 0 < ., < 1.

Also, if
t-‘rl TLt 27‘
n n sin &
Bura(t) = Bus(t) = o / Crr < B > dt,
T Ji-x sin 5

t 1 (7 sin 7L\ 2"
Bn,r,p(t)Z% / Bpyp_1(t)dt, where — / cn< f) dt =1,

—z T J)_n sin 5

then By, ,p(t) = 3+ > 00" )\/,(fq)1 cos(kt) > 0and 2 [T B, ,,(t)dt =1,i.e. by
Theorem 3.1, (ii), |)\,(€pq)l| <1, forall k€{0,...,nr —n},p>1.

Concerning the preservation of coefficients’ bounds, we present

Theorem 3.2. Let f(2) = Y 22 ak(f)2* be analytic in D.

(i) If On(t) = 34+ 31 prpcos(kt) > 0 and L [T O, (t)dt = 1, then for
R =+ [ it Zak 3

we have |ap(Po(f))| < |ar(f)|, for alln € N, k € {0,...,my}.



2006] CONVOLUTION POLYNOMIALS IN THE UNIT DISK 323

(ii) Denoting

Va(£)(z) = — ﬂw zyk ,

where V,,(t) is the kernel in the statement of Theorem 3.1, (iii), we have

larx (Vi ()] < |ax(f)], for all n € N,k € {0,...,2n}.

Proof. It is immediate from Theorem 3.1,(i),(ii) and the Remark after
the proof of Theorem 3.1. O

Remark. We recall that according to [4], for f € A(D) we get

1f = V)l < 4Bu(f)in = 1,2,...,

while for O, (t) = Ju(t),n € N, or O,(t) = By rp(t),n,r > p+2,p € N, (see
Lemma 2.3) denoting P,(f)(2) = £ [T f(2€")O,(t)dt, we have

Hf—P(ND<CmﬁlbD,

where C' > 0 is independent of f and n.

Now, let us denote by S1 = {f : D — C; f(2) = 2z + a22% + ..., analytic
in D, satisfying Y po, klag| < 1},

So ={f :D — C; f(2) = a1z + a2z + ..., analytic in D, satisfying
lax| > 37525 laxl}.

According to e.g. [10, p.97, Exercise 4.9.1], if f € Sy then |Zf (z) _ 1] <
1,z € D and therefore f is starlike (univalent) on D.

Also, according to [1, p.22], if f € Sy then f is starlike (and univalent)in
D. Therefore S1,. S, C S*(D) -the class of univalent starlike functions on D.

The next theorem shows that some approximation convolution polyno-

mials preserve the classes S1 and Ss.

Theorem 3.3. (i) Let O,(t) be J,(t),n € N, in Theorem 3.1,(iii) or
Bprp(t), n,r > p+2,p € N, (see Remark after the proof of Theorem 3.1)
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and denote P, (f)(z) = [5 Qu(t)dt, Qu(z) = L [T f'(2e™")Oy(t)dt. Then
f €871 implies Pn(f) € 51, and if, in addztzon, f' is continuous on D, then

17 = PPl < Coonl 5 o

where C > 0 is independent of f and n.

(i) If Vo(f)(2) = 2 [T f(ze")V,,(t)dt, where V,(t) is the kernel in the
statement of Theorem 3.1, (iii), then f € Sy implies V,,(f) € Sy, for alln € N

and if, in addition, f is continuous on D, then
1f = VPl < 4Bu(f)in = 1,2,.....

(iii) For V,(f)(z) defined above, f € Sy implies Vy,(f) € Sa, for all
n € N.

(iv) If the meromorphic function f(z) =z 4+ -, a’ﬂz(kf) is univalent on
{|z| > 1}, then for

Pu(f)(z) = ~ _W F(2e")0, (t)dt = py nz+ao+zp7)ppv,

ZP
p=1
where

1| &
On(t) = 5t Z Pp,n cOs(pt)

p=1

is any from J,(t), Vo (t),n € N or By, ,,(t),n,r > p+2,p € N we have,

Y k- lan(Pe())P < 1, with ap(Pu(f)) = ax(f) - pn-

Proof. (i) Firstly, obviously P,(f)(0) = P.(f)(0) — 1 =0 and by [4] we
get (see also Lemma 2.3, for B,, ,,(t))

F(2) = Pa(f)(2)] = / )t — / Qut)it

<2l I = Qullg < If' = @ully < Cwa(f'; )am -
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Let On(t) = 3 + Y0 prncos(kt) and f(z) = z + azz® + -+ +, ie.
f'(2) = 1+ 2a22 + 3a32® + --- + . By Theorem 3.1 we have Q,(f)(z ) =
1 + 2a9p1nz + 3azpenz® + -+, which implies P, ( fo Qn(t)dt =
2+ agp1n2? +azpanzd+- -+, therefore ag(P,(f)) = ak(f)pk_lm. Therefore,

S ke (Pal = Sk - Jax()] - sl < 3 Klan(F)] < 1
k=2 k=2

k=2
(because |pg—1,,| < 1), which implies that P,(f) € Si.

(ii) Firstly and obviously V,,(f)(0) = 0. Let f € Sy, f(2) = z+a22’+.. ..
By Theorem 3.1, (i) and (iii), we get V,,(f)(z) = z + A22% + -+ -+, (here
Ay =ayifn>2)ie V)(f)(0)=1.

By the Remark after the proof of Theorem 3.1, we get

2n
> klar(Va( |<Zk‘|ak )<1
=2

ie. Vo(f) € Sy

By [4], for f continuous on D we have

1f = ValH)liy < 4Ea()-

(iii) Let f € Sa, f(2) = 3232 aw(f)2*, where a1 (f)] > 3325 lar(f)].
By Theorem 3.1 we have

Val£)(2) = ar(£)z+ Y prnan(f) 25,0 < ppn < 1,
therefore
> ae(Va(NI =D law( /)] |pkn|<2|ak )| < lar(H) = ar(Va (1)),
k=2 k=2

which proves V,,(f) € Ss.

(iv) By the Area theorem (see e.g. [7]) we have for f, >3 klag(f)[><1.
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Then,

D ke lax(Pa(F)P =D k- lan(F)IP - lornl® <D k- lar(HP <1,
k=1 k=1

k=1

which proves the theorem. O

Let us denote by P = {f : D — C; f is analytic on D, f(0) = 1,
Re[f(2)] > 0, z € D}, S3 = {f : D — C; f is analytic on D, f(0) =
f(0)—1=0,|f"(2)]<1,z€D} and by R ={f : D — C; f is analytic on
D, f(0) = f'(0) —1 =0, Ref'(z) >0, z € D}.

It is well-known that P is the class of analytic functions with positive
real part and R is called the class of functions with bounded turn (because

f € R is equivalent to |arg f'(z)| < §, z € D). It is also known that f € R

implies the univalency of f on D.

Also, by [11] it follows that f € S3 implies that f is starlike, univalent
on D.

Regarding the preservation of the classes P, R and S3 through convolu-
tion polynomials, we present

Theorem 3.4. Let O,(t) be Ju(t), n € N or By, ,(t), n,r > p+ 2,
p e N.

(i) Denote
Po(f)(2) = /0 "0 (D)t On(2) :% _ﬂ F(2eM 0, (1)t

We have P,(R) C R, P,(S3) C S3 and if, in addition, f' is continuous
on D, then

1f = PPl < Cuon(f's o |

n
where C > 0 is independent of f and n.

(ii) Denoting
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we have P,,(P) C P and if, in addition, f is continuous on D, then

IF = PalPliy < Coont 5 aw

where C' > 0 is independent of f and n.

Proof. (i) The error estimate follows as in the proof of Theorem 3.3,
(i). Also, we immediately get P,(f)(0) = P.(f)(0) —1 = 0. Let f(z) =
U(rcost,rsint) + iV (rcost,rsint), z = re € D.

By f'(z) = %g (rcost,rsint) —1—2 (r cost,rsint), the hypothesis implies

%—g(r cost,rsint) > 0, for all z = re’ € D.

But
PAE) = Qul):) =+ [ )0y
e ZU(TCOS(IH—u) rsin(t + u)) Oy (w)du
+z% /_7; g—‘;(r cos(t + u), rsin(t + ) Op(u)du,
which implies
RelP.(f)(2)] = % _: g—Z(r cos(t + u), rsin(t + ) - Op(w)du > 0,

because O, (u) > 0 for all u € [—7, 7] excepting a finite number of points.

Also, [PY(f)(2)] = 2| [T " f"(2e")On(t)dt] < + [T _|f"(2e")|Oy(t)dt
Sl,zED,forfESp,.

(ii) For f = U 4 iV, we easily get

1 /7 ,
RelP,(f)(z)] = — / U(rcos(t 4+ u),rsin(t + u))Oy, (u)du, z = re’ € D,

which by the hypothesis U(r cosu,rsinu) > 0, for all z = re’* € D, implies
Re[P,(f)(2)] >0,z € D,

The error estimate is immediate by [4] for the J,,(¢) case and by Lemma
2.3 for By, rp(t). O
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Remarks. 1) Theorem 3.4,(i) can be restated as follows : if |arg f(2)| <
5,2 € D, then

jarg P,(f)(2)] < 5,2 €D

(and P,(f)(z) is univalent on D).
2) The convolution polynomials V,,(f)(z) based on the kernel V,,(¢) do

not satisfy Theorem 3.4, because V,,(t) is not nonnegative on [0, 7].

Now, let M > 1 and denote Sy; = {f : D — C; f is analytic on D,
f(0)=f(0)—1=0, |f(2)] <M, z € D}.

According to e.g. [10, p.111, Exercise 5.4.1], f € Sj; implies that f is
univalent on Dﬁ ={z€Clz| < 37}

Concerning the preservation of the class Sy, we present

Theorem 3.5. Let O,(t) be J,(t), n € N, or By, ,(t), n,r >p+2, peN.

Denote

Po(f)(z) = /0 ) Qut)dt,  Qn(z) = = _ﬂ f(ze™)O, (t)dt.

™

We have P,(Sy) C Sy and if, in addition, f' is continuous on D, then

17 = PPy < Coal 5 1o

Proof. We have P, (f)(0) = P/ (f)(0) —1=0,

D@ =1 [ £eetouvil < - [ 17En(0ud: <

™ —T
zeD,if |f'(2)| < M,z € D. O

The next result concerning the convergence of the derivatives of convo-

lution polynomials is useful.

Theorem 3.6. Let

1 =
On(t) =5+ > prncos(kt) > 0,t € [0, 7],
k=1
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LT O,(t)dt =1 and let us denote Po(f)(z) = L [T f(2e")O,(t)dt. If f
is analytic on D with f' and f" continuous on D, respectively, then

1" = (D)l < Con (s (1 = pr) g+ I Ig - 11 = prmls €N

and

1F" = By (Nl < Can(f"; (1= pr) g+ 1"l - 11 = panl, m €N,
where C' > 0 is a constant independent of f and n.

Proof. We have

PG =+ [ ey -0,

—Tr

where

l/ O, (t)dt = l/ cos tOy, (t)dt = p1

L - T -
(see the proof of Theorem 3.1, (ii)).

Reasoning as in the proof of Theorem 1, (i) in [5], we get

PUNGE) — £ = IPAAE) — pad () + puaf (2) ~ F(2)
= 1 [ 0,01 (") ~ @t + o~ 1]

—T

1 (" i
< — | Ou@If'(ze") = f(2)ldt +1If Il - 11 = prnl
< Con(fs (1= pr)/Dg + 1 Iy - 1L = praly 2 € B.
Also, by
1 (7 .
PG =+ [ 0,0 1 (e
and
L™ it L ["
— e Op(t)dt = — cos(2t)Oy, (t)dt = pap,
T J) T )
we get

P ()(2) = "(2) = B(f)(2) = pant"(2) + panf”(2) = f"(2),
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and reasoning as abowe, we arrive at

1P7(F) = iy < Con(f"; (1 = pra) /)y + 1l - 11 = p2al- 0

Remarks. 1) Let O, (t) be the Jackson kernel J,(t), for example.

Then, by Theorem 3.1, (iii), we get

4n3 — 4n m2—2 3
Pin = 2 = 2 71_/)1,71: R
2n(2n?2+1) 2n2+1 2n +1
and
4n3 — 22n + 18 24n —18 12n—9
P2m = —F5 74 5 1 1T P2n =

2n(2n? + 1 T Adton 2B +n)
i.e. the order of convergence to zero of |1 — p1 | and |1 — pa | is #

Similar estimates of |1 — p; | and |1 — p2 | hold for the Beatson kernels

B, p(t),n,r > p+2 (see [6, Lemma 3.3]).

2) It is easy to show that P,(f)(0) = 0, while P, (f)(0) = p1 5. Supposing
p1,n # 0, the new polynomials,

Ru()(2) = —— Pa(N)z) = — L [7 faeontya

Pln Pin T J_r

have obviously the properties R, (f)(0) = R (f)(0) —1 = 0. Also, for 2 € D
and f € A(D) we have

Ba(1)(2) ~ FE)] = [ Pal)=—— () —— () (2)
PLin Pin Pln
! 1
< o 1) = Flg+ W1 = 1

In the case when O, (t) is J,(t), we obtain

m2+1 m2+1

1Ba(f) = flp < 53— If = Bl + If pl52— — 1
9 1 3
< 5 Owelfs Do + Iy 52—

1 1
< Clwa(f; E)am) + ||f||@' m]vn > 2,
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Le [[Rn(f) = flig < Clwa(f: Dyop + 1l - 5], where C' > 0 is independent
of f and n.

Similar estimate holds when O, (t) is

Bnrp(t),n,r >p+2,p €N,

3) Note that for O, (t) = V,(t), Theorem 3.6 does not hold because V,, ()
is not nonnegative.

Now, let us recall some classical definitions in geometric function theory.

Let

S*(D)={f : D — C; f is analytic on I, f(0) = f'(0) — 1 =0,
zf'(z)

e
K(D)={f:D — C; f is analytic on D, f(0) = f'(0) — 1 =0,
zf"(2)

e
C(D)={f :D — C; f is analytic on D, f(0) = f'(0) — 1 =0,

| >0,Vz € D},

]+1>0,Vz € D},

/
and there exists h € S*(D) such that Re[Z}{(S)] > 0,Vz € D},

My(D)={f:D — C: f is analytic on D, f(0)= f'(0)—1 f(z)zf/(z);éO,

2f'(z) (=)
Vz € D and Re[(1 — «) B + a(z 7o) +1)] >0,Vz € D},

where o € R, and
S,(D)={f:D — C; f is analytic on D, f(0) = f'(0) — 1 =0, f(z) #0,
—-T T
5):

/!
Vz € D and Re[ewm] > 0,Vz € D}, where v € (— 575

f(2)
It is well-known that S*(D), K(D),C(D), M, (D) and S, (D) are called
the classes of starlike, convex, close-to-convex, a-convex and ~y-spirallike

functions, respectively. Note that all are subclasses of univalent functions.

In what follows we consider preservation by convolution polynomials, of
the corresponding subclasses
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We present:
Theorem 3.7. Let O,(t) = 5 + 1" pr,ncos(kt) be Jy(t),n € N or

Bprp(t),n,r > p+2,p€N.

(i) For f € C(D), let us define

PANE) = 7 [ 1000t Ral 1)) = ~=Pu(H(C)
Then
1B () = fligs < Clioal s 2o + 1l =1

where C' > 0 is independent of f and n and there exists ng = no(f), such
that R, (f) € C(D) for all n > no.

(ii) For f(z) = zg(z), let us define

P.(f)(2) :z-%/ 9(26)0, ()t

—T

Then,

1 1
1Pa(f) = iy < ConlFs s+ g5+

and there exists ng = no(f) such that for all n > ny we have

P,[S*(D)] € §*(D), Py [Mq(D)] € Mo(D) and P,[S.(D)] C S, (D).

Proof. (i) Let f € C(D). By Remark 2 of Theorem 3.6, we get R,,(f)(0) =
R/ (f)(0) — 1 =0 and the error estimate of ||f — Ru(f)l-

There exists h € S*(D), i.e. univalent on D, such that

2f'(2)
h(z)

Re| ]>0, VzeD.

Denote g(z) = hé). Because h(0) = 0 and h is univalent, it follows h(z) #
0,Vz €D,z # 0 and g(z) is analytic on D (with g(z) # 0,Vz € D).
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Therefore, g(z) is continuous on D, which implies that there exists M > 0
with |g(2)| < M,Vz € D.

But by Theorem 3.6 and by p1,, — 1, it follows that R, (f) — f/,
uniformly on D, i.e. g(2)- R, (f)(2) — g(z)f'(z) uniformly on D. This implies
that

Re[g(2)R,, (f)(2)] = Relg(2)f'(2)] > 0,

uniformly on D, i.e. there exists ng = ngo(f), such that

Relg(2)R,,(f)(2)] > 0,
for all n > ny, i.e.
R, (f)(2) € C(D),

for all n > nyg.

(ii) Let f € S*(D). Because f(0) = 0 and f is univalent on D, it follows
f(z)#£0,forall z€ D,z #0,ie f(z) =z g(z),z €D, where g is analytic
in D and g(z) 75 0, for all z € D.

Denote Qy,(9)(2) = = [7 On(t)dt and P, (f)(z) = 2Qn(9)(2)-
By [5, Theorem 1] and by [13] we get

Pa1)() = 1) = 12Qul9)(2) — 29()] < [@n(0)(2) — 9(2)
< Cui(g; (1= p1a)?)p < Cwr(g; %)aﬂ)

:Csup{\%zll) - %'ZQ)L |21 — 22| < %7 21| = [22] = 1}

= Csup{Jz2f (1) — 212l 21 — 22l < 7 Jaal = [zl = 1)

< Csup{|za| - | f(21) = f(22)[+ |21 — 22| - | f(22)]; |Z1—Z2|§%7 |21 = 22| =1}

< Con(f; Don + If Iy = < Cenlfs Dy + Il

Also, by Theorem 3.6 we get @', (g) — ¢’ uniformly on D. Now, because
lg(2)] > 0,Vz € D and Q,(g9) — g uniformly on D, there exists n; = n1(g)
and m > 0, such that for all n > ny; we have

|Qn(9)(2)| > m,Vz € D and therefore Q,,(g)(z) # 0,¥n > ny,Vz € D.
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Then, obviously PL(f)(2) = *@4(9)(2) + @n(g)(2) — 2¢/(2) + 9(z) =
f'(2), uniformly on D, which implies

zP’( )(2) _ 2[2Q0(9)(2) + Qn(9)(2)]

Ba(f)(2) 2Qn(9)(2)

_ 2Qu(9)(x) + Qn(g)(2) , 29'(2) +9(2)
Qn(9)(2) 9(2)

_ ') _ 23

, uniformly on D.

92 f(2)
Therefore
2P, (f)(2) zf'(z)
m B ) = el ey ) 0
uniformly on D, i.e. there is ng = ng(f) > ny such that for all n > ny we
have
Re[%} > 0, for all z €D,

i.e. P,(f) € S*(D), since P,(f)(0) = P.(f)(0) —1=0.
If f € S,(D) then the reasonings are similar, so P,(f) € S,(D).

Now, let f € K (D) and denote again f(z) = 2-g(z), where the univalence
of f on D, implies g(z) # 0, for all z € D, with g analytic on D.

Because f € K (D) if and only if zf'(z) € S*(D), it follows f/(z) # 0, for
all z €D, ie. |f'(2)] >0, for all z € D.

By Theorem 3.6, we immediately get P.(f) — f' and P)(f) — f”,
uniformly on D. By reasoning as above, we get

Re{zjﬁ?é@ﬂ 1Rl <i>)] th

uniformly on D. It follows that there is ng = ng(f), such that for all n > ng
we have

2B, (f)

e

}+1>0, vz eD,

ie. P,(f) € K(D).

The proof of the inclusion P,[M,(D)] C M,(D) can be achieved in a
similar way, which also proves the theorem completely. O
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Remarks. (1) It is an open question if the inclusions in Theorem 3.7
remain true if we consider the open unit disk D, instead of D.

(2) A shortcoming of Theorem 3.7 is that the preservations of the classes
hold begining with an index ng = no(f). It is an open question if, in the case
of Beatson kernels , due to their bell-shaped property , will these preserva-
tions hold true for alln € N 7

(3) Another interesting question would be how will the convolution poly-
nomials P, (f)(z) considered in Section 3 preserve the subordination and the
distorsion of f(z) ?
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