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EXISTENCE AND UNIQUENESS OF SOLUTIONS OF
QUASILINEAR WAVE EQUATIONS (II)

BY

MENG-RONG LI

Abstract

In this work we prove a result concernig the existence and
uniqueness of solutions of quasilinear wave equation and we con-

sider also their trivial solutions.

We consider the following initial-boundary value problem for the non-

linear wave equation in the form
Ou+f(u)+g@=0 in  [0,7)xQ QL)

with initial values ug = u (0,-), u; = @ (0,-) and boundary vale null, that
is, u(t,x) = 0 on [0,T] x 9, where 0 < T < oo and Q@ C R"(n €
N) is a bounded domain on which the divergent theorem can be applied.
(L% (), [Il5) » (Hl (Q), HH12) are the usual spaces of Lebesgue and Sobolev
- functions. Further we use the following notation:
L= %,V = <8ia:1’ ,%) ,0:=9%/0t> — A\, Du := (4, Vu),
\Du|2 = 1?4+ \Vu|2,CQ := inf {HVUH2 /ully:uw e Hy (Q)} ,

/0 f(r)dr, E(t) = /Q (|Du (t,2)]* + 2F (u (t,:z:))) dzx.
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For a Banach space X and 0 < T < oco we set

WkP(0,T,X) := Sobolev space of W*P — functions [0, 7] — X.
C*([0,T],X) := space of C* — functions [0,T] — X.

H1 = C°([0,T],H} (2)) nC* ([0,T],L* (Q)),

H2 = C' ([0,T],H) (2)) N C*([0,T],L*(Q)).

To the equation
Ou+ f(u) =0, (SL)

we have proved the non-existence of global solutions of the initial-boundary
value problem (SL) [8] under the assumptions E (0) < 0, o’ (0) > 0 and

nf(n) —2(1+2a) F (n) <2aC3n> VYneR

The result of Li [8] allows the managements for the initial-boundary
value problem (SL) for f(u) = wP, p € [1,n/n —2]. In this case Li [7]
showed the uniqueness of the solutions. Further contributions to the theme
"blow-up” see Racke [9].

Segal [11] applied the semi-group theory to get the global existence of
solutions under the case f(0) = 0,F(n) > —cn?> Vn € R, ¢ > 0 and

lim s 00 |1F ()] / 1 ()] = 0. .

In this work we consider the existence, uniqueness and triviality of the
solutions of quasilinear and semilinear wave equations through the classical
energy method.

1. Existence and Uniqueness of Global Solutions of
Damping Wave Equations

Although there were an excellent theorem on the existence and unique-
ness of solution for the problem (QL) in [3, p.91] and where Haraux A.
presented an elegant proof, but the method is not elementary and it is not
easy to read. That theorem says:

Suppose that u1 € HE (), up € HE ()N H?(Q) and h € WHL(0,T,
L2(Q). If f(u) € L*(Q),g(u) € L*(Q) for each Vu € H}(Q) and
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llg (V)|ly < e(M) for each ||v||a < M. Let g be a monotone increasing function
and f be local Lipschitz-bounded; that is, there exists a function B(|lu|1 2,
[oll12) < K for [lully o, [[v]l12 < K with

1 () = £ @l < B (lullyz s [0l2) = ol

Then there ezists exactly a function u : [0,T] — HE () with u(0,-) =
ug, 1 (0,+) = up;u (t) € HY (Q),u(t) € H*(Q) Vt € [0,T] and

Ou+ f(u)+g () =h(t,x) a.e. in (0,T) x Q.
Further, || ()]l o, [lu(?)]lyo are bounded in [0,T7].
We use the following Lemma from [[6, p.95]; [3, p.96]].

Lemma 1. For h € Wbt (O,T, L? (Q)) , the linear wave equation

Ou = h(t,x) in xQ
u (0,-) :==up € H2(Q) N H} (Q),
w(0,-) :==uy € H} (Q),

possesses exactly one solution w € H2 with u (t) € H? () vVt € [0,T].
Further,

% || Du (t)||§ +2 /Q hi (t,x) dz =0 a.e.in [0,T7]. (1)

We have the following result

Theorem 2. If g € C'(R) is monotone increasing with g () € Wt
(0,7, L? () for each w € H2, and there exists consant k € RY such that
llg (u) — g (v)|ly < E|lu—v||, then the initial-boundary value problem for the
damping wave equation

Ou+ g(u)=0 in Rt x Q
u(0,) :=wup € H?(Q)N H} (Q), (DG)
w(0,) == w € H} (Q),

with u (t,x) = 0 on [0,T] x 0 possesses exactly one global solution in H2,
t.e. T = oo.
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Proof. (i) Proof the locale existence in H1.

1) For a T > 0 and v € H2, we have g (¢) € Wh1(0,T, L? (Q)). Accord-
ing to Lemma 1, let w := Sv be the existing solution of the initial-boundary

value problem for the equation

Ow + g (v) =0,
w(0,-) :==up € H*(Q) N HL (),
w(0,+) :==u; € HY (Q),

we have w € H2,w (t) € H*(Q) Vt € [0,T] and

%prn; ) +2/ng (0 (1) da = 0.

Suppose that vy := t ug, then we get g(91) = g(ug) € L?*(Q) C
W1 (0,T,L? (Q)) and therefore, there exists a function vy € H2 which

satisfies the initial-boundary value problem for the equation

Ow + g (v1) = 0,
w(0,-) :=ug € H? (Q) N HE (Q),
w(0,-) :=u € H(Q).

Let vpy1 := Svy, be the solution of the initial-boundary value problem

for the linear equation

Ovpms1 + 9 (0) =0 in [0,T) x Q,
Um+1 (07 ) =ug € H? (Q) N H& (9)7
Omt1 (0,) = w1 € Hy ().

Therefore, by Lemma 1, we have vy, 41 (t) € H?(Q) Vt € [0,T], vmt1 €
H2 m € N and

d
5/ | Dy (8, 2))? da + 2/ U1 (8, 2) g (O (t,2))dz =0 a.e.in [0,T].
Q Q

Set

At (£) = [ Doyt (1)
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Then we find

(Amsr (02) <2411 (6) lg o ()]l ae.in [0,7]
and

A (1) < Ay (0) + /0 g (o) ()]l dr 2)

for every m € N, almost everywhere in [0, 7], besides A,,+1 (t) = 0.

2) Since that g (ug) € L? (), we get vo € H2 and by the inequality (2),

we obtain

t
Az (t) < A3 (0) +/ lg (wo)lly dr = [[Duolly +t[|g (uo)lly < const.
0
Set
M := constant > ||Dugl|,,k (M) := local Lipschitz constant of g,

M — || Du(0)]l5
ke (M) M + g (0)]],

[0l ez = sup{[IDv (@)l : 0t <T}.T:=

Then
k(M) M — k| Duglly

FT = a0 T g ),

<1

and
As (1) = [Duslly (1) < A3 (0) + /0 lg (o)l (r) dr
< A (0) + /0 (llg (u0) = g (O)ll, + llg (O)],) (r) dr

< IDuall + [ (O ol + g O),) () ar
|Duoly +t (k (M) |1woll gy + llg (0)])

|Duolly + T (k (M) M + g O)]],)

M= [1Du Ol a1y 11 + g (0),)

k(M)M + g (0l
M vte[o,T],

IN

= |[Duoll, +

consequently
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[v2]l oo, < M.

Suppose that [[vm |, 7 < M, then we have
Amt1 (t) < [[Duolly + (K (M) M +|lg (0)][,) T =

Thus we get [|vpt1ll 7 <M Vm €N

3) We claim that v, is a Cauchy sequence in H1. By inequality (2)

‘Am-i-l - Am‘ (t)

IN

/ 19 (o) — g (o)l () dr

tva_vm 1HooT vt e [07T)

IN

Thus

lvma1 — UmHoo < kE(M)T |lom — Um—1||oo7 T

< (KA T)" oz = v, 1 (3)

and herewith it follows

(kM) T)" " oz = villoe r

m - Um S 4
”'U +k— U Hoo,T 1_k(M)T —0 ()

for m goes to oo.
(ii) We prove the uniqueness of the solutions in H1.

Suppose that « is the limit of v,,, and v € H1 is an another solution for
(DG), then

i/ | Doyt (t,2) — Do (¢, 2)* da
dt Jq

< =2 [ (G (6:2) = (6:2)) (0 (s (0.2)) = (5 (8.2))) da
< 2 D(ms1 = V)l - g om (1) — 9 (5 (1)

A

From (3), we obtain
[omst = Vlloo, 7 < b (M) T l|vm — 0]l oo, 7 < (k (M) T)™ " [[vz = 0]l o, 7 = 0

for m goes to oo, sou =wv in H1.
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(iii) We show the global existence of a solution in H1.

Suppose that w is the limit of v,,, then by the monotone of g and Fato

Lemma we get

IN

lim i/ | Dyt (t, )| da:
Q

m—oo dt

= lim —2/91')m+1 (t,z) g (vm (t,x)) dx

m—r0o0

d 2
— D
p /Q| u (t,x)|” dz

< —2/{2u(t,x)g(u(t,x))dx§0 (5)
and

/\Du(t,x)ﬁdmﬁ/|Du(0,x)\2dx<M.
Q Q

We set now
o (-) :=u(T/2,) € HY (Q),71 (-) := u(T/2,-) € L*(Q)

and construct the solutions with those initial data in an interval [T'/2,T) .

According to the above estimates and the contraction property in 3)
we can choose T" = 3T/2. On the interval [0,7) and [T'/2,3T/2) the con-
structed solutions are equal since the uniqueness of the solutions on [1'/2,T).

Continue these steps we obtain the existence of a solution on [0, c0).
(iv) Now we show the local existence u in H2 and u (t) € H? (Q2).
Suppose that 7, M and k are the same given in (i-2).

1) For a T > 0 and v,, € H2, we have g (v,,) € WL(0,T, L? (Q)).
According to Lemma 1, we have v,.1(t) € H?(Q) Vt € [0,T], vmy1 €

H2, m e N and

%/ | Dy (¢, 2)|* do = —2/ U1 (8, 2) g (O (7)) dz a.e.in [0,T]
Q Q
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also

4w ||2(t)+d—2/v (t,2)? do
dt m+1112 dt2 0 m+1\b

2 [ (1= s +50001) 5 (5)) (10 do

IN

IN

2/92'13%1 (t,2) dz + 2 ([vmsa (Olly + [10mt1 B)ll2) lg (Gm ()2 -

Then we find

d 9 d? 9
o | Dvmyll5 () + prss VUm1(t, v)"dx

< 24541 (8) (A1 (0) + [lg(0m (8))1l5)- (6)

for every m € N, almost everywhere in [0,77].

2) We claim that vy, is a Cauchy sequence in H2. By inequalities (4)
and (6)

d 2 d2 /Q 2
— ||D(v — U, )+ — Utk — Um)(t, ) dz
t ” ( +k )”2() 2 ( +k )( )

IN

2 / (Bt — D) 2(t, 2)d + 20| Ok — 0) (D)
Q
sk — Sm)Bl1o) 9 Gmt1 (5) — g1 ()]

2 omik = Vmlloo.z (I10msk = Vmllooiz + KO [0m skt = om-1lloc.r )

— 0 for m — oo. (7)

IN

(v) We prove the uniqueness of the solutions in H?2

Suppose that u is the limit of v,,, and v € H2 is an another solution for

(DG), then

%/Q‘D”mﬂ (t,2)—Dv (t, ) dr < 2[0me1—0]l () [|9(0m () —g(0 ()|,
2k | D (Vg1 — )|y (8) |0 — 0|5 (£),

IN

d ) .
77 1P(mi1 = v)llz < K [om — 0I5 (2),
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m

t
m1
1D = o)l <& [ 1D(n =0l (0 < K™l = 0. m = ocs
therefore,
d 2
a /s |Dvpt1 (t,2) — Dv (¢, z)|" de — 0, m — oo.

Hence, v = v in H2.
(vi) We show the global existence of a solution.

Suppose that u is the limit of v,,, then by the monotone of g and Fato
Lemma we get

IN

d d
5/ |Du (t,2)|? da: lim —/ | Dy (8, 2))? da
Q Q

m—oo dt

~ lim -2 /Q i (62) g (v (7)) da

< —2/Qu(t,:c)g(u(t,a;))d:cgo
and
/ |Du (t, z)|* da §/ |Du (0,z)*dz < M.
Q Q
We set now
o () :=u(T/2,) € Hy (), w0 () == a(T/2,-) € L*(Q)

and construct the solutions with those initial data in an interval [7'/2,T). O

According to the above estimates and the contraction property in 3)
we can choose T" = 3T'/2. The on the interval [0,7) and [T/2,3T/2) con-
structed the solutions are equal since the uniqueness of the solutions on
[T'/2,T). Those further conditions supply us a solution on [0, c0).

2. Generalization for Theorem 2

For the semilinear wave equation we have the following simple form
result.

Theorem 3. Suppose that f : R — R is a C'— function and there exist



272 MENG-RONG LI [June
constant k > 0 and p € R with

<k (1+mPT)  weR,

then the boundary value problem for the semilinear wave equation (SL) pos-
sesses mostly one solution v in H1 with T = oo, if one of the following two

conditions holds:
case 1: p>1and ue C° (R, H' (Q))nC! (R*,LQ (Q) NL*® (Q))
case 2: 1 <p<n/(n—2) andu e H1 with T = oo.

Proof of case 1. Suppose that w is the solution of the initial-boundary

value problem for the linear wave equation
Ow+h(t,z) =0,w(0,-) =0=w(0,-),

then
2.0 2 2
(lDwl> @) < 1Dwl3 @) + 1413 ¢)
Multiplication with et it yields
—t 20 2
(e IDwl3 ) < Inl3 @) ve=o.

By the fact that w (0,-) =0 =w(0,-) and ||[Dw]||, (0) = 0, it follows

t
IDul3 ) < [ s ds vezo.
0

Suppose that u and v are two solutions of (SL), then w := u— v satisfies

the problem in 1) with h := f (u) — f (v), thus
1 (@)= £ @) < 3822207 (14 (JulPe™) + o2 V) ) w?

For A(t) := ||Dw|3 (t) and t > 0 we get

t
At) < 3k222(p_2)et/ / (1 + [u2P7Y 4 |v|2(p_1)) w? (s, ) deds.
0 Jo
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Now, we fix T' > 0, there exists a positive k; with

8- 20T supoy { |1+ [P0+ PP (0} < k()
and
t
A(t)gkl/ A(s)ds, A(t) < A0) el Mt =0 vielo,T).
0

This means yet u = v in [0,7] x Q. O

Proof of case 2. Proof for 1 +1/n <p<n/(n-—2).

1) We set » = n/2. By the Sobolev-imbedding H} (Q) ¢ L2 (P=D/(r=1)
(€), there are constants ky and § := 2r (p — 1) / (r — 1) so that the inequality
holds

L lull3 () + loll§ (8) < ks (1+ ulld + Do), ) (1) ve >0,
There exists a constant k3 > 0 with
lu = w13, (s) < k3 1D (w—=0)|5 ().
By the fact that u,v in H1 with T" = co the following supremum exists

(r—=1)/r
b (1) = Supicio { (1+ Il + 1018,) (0

Let us set
t
B (t) := / A(r)dr.
0

By Hoélder inequality we get

T
B (t) < 2k:eT/ Hl 420D +v2(p_1)H lu— w2, (s) ds
0 r/(r-1)
T 1-1/r
< 2kkse’ B (t)/ <2T/(T_1) / (1 + Jul® + |U|5) (s, ) da:) ds
0 Q
< Akks (T) ks (T) el B (1) t€10,7T].
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Using Gronwall inequality we obtain
B(t) < B(0)e™ Mt =0 viel0,T]

with k‘5 = 4k‘k‘3k‘4 (T) eT

By the definition of B (¢ fo r)dr and A(t) :=||D (u — v)”% (t) we
find that

A{t)=0 Vtel0,T].
This means that however u (t,z) = v (t,z) Vt € [0,T], a.e. in Q. O

2) Proof for the case: 1+ 1/n > p > 1. Suppose that u,v are two

solutions of (SL). From the condition for f for w :=u — v with

k 2n 2n
"t YT e[’n—J’

there exists kg > 0 such that
[wlly () < ke [[Vwll (t), ke >0

and according to u, v € H with T = oo there exists the supremum

1/n
ke (1) = sup {101+ b (19l 4 1vuly ™) 0],
te[0,T)

thus

A’ (t) < dkgks (T) A (t)
and consequently
A(t) < A0) et Fehs(Mt — o wt e [0,T).

This means that u (t,z) = v (¢,x) for ¢t € [0,T].

For the case p = 1 we have

! q—1 n+1 n
£ <2 (14 i) ek g |25 2],
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In this case, the proof is similar to the proof in step 2). O

3. Uniqueness of The Solutions of Qusilinear Wave Equations

For some particular quasilinear wave equations we have also uniqueness

result below:

Theorem 4. Suppose that f, g : R = R are monotone increasing with
f(0) =0, g(0) =0, F(ug) € L*(Q). Then the initial-boundary value
problem for the wave equation (QL) has at most one solution w in H1, if f

is local Lipschitz, that is, M (u) = f (u) : H} () — L? (Q) with
IM (u) = M (v)[; < B (K) [lu— vl 5,

B is bounded for ||ully 5, [|v]|l; o < K. Further, for local Lipschitz g there is a

constant b with

|Dull, (1) <b Ve e0,T).

Proof. Suppose that v and v are two solutions of the wave equation

(QL), according to the monotone of g we get

LD - v)3() < 2/9 (ID@=0)P +1f @) = F ) (t,) da

By the similar way in the proof of Theorem 2, one can conclude the unique-
ness of the solutions of the wave equation (QL). We show the global bound-
edness. By the fact that s g (s) > 0 and F (ug) € L' () we obtain

% ) (|Du\2 +2F (u)> (t,z)dx < —2/ng (0) (¢, ) dz < 0

Using F'(s) > 0, we conclude that

/ |Dul? (t,z) dz < const. < oo ¥t € [0,T).
Q
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By w:=u—v € H1 with T' = oo it follows w (¢,-) = 0. O

4. Trivial Solution of Some Semilinear Wave Equations

In [8] we have an interesting result, the solutions of (SL) must be trivial
under the conditions ug = 0 =wu; = f(0) and n f (n) + 2F (n) > —k|n|?

Vn € R. In this section we want generalize this result.

Theorem 5. The initial-boundary value problem for the wave equation
(SL) has only trivial solution uw = 0 as global solution in H1 for ug = 0 =
u1, if the following holds

Fm?<knP vneR.

Proof. Let us set
t1:=sup{t >0:A(t) <1}.
According to the conditions on f and using the Lemma 4 we get
A (1) < A(t) +RA() + k:/ﬂ ul? (t, ) de.
For 2 <p <2n/(n—2), we have
lully (6) <y [ Dulls (1) = k1 A (1)
These together we obtain that for ¢ in [0, ¢1]
A () SA+E) A + ki A()E < kA1),

where ko := 1+ k + 27 'pkk;. By Gronwall inequality, the assertion of this

theorem follows. O

Corollary 6. The Theorem 5 is applicable particular to the well-defined

functions

f(u) :up/2+uq/2,up/2—uq/2 , D q € [2,2n/n — 2]
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or under the condition
2 m i
F?* < kilnf vy €R,
k; = positive constants , p; € [2,2n/n — 2].

Theorem 7. Suppose that u in H1 is a solution of the initial-boundary
value problem for the semilinear wave equation (SL). Then v = 0 and
f(0)=0,ifug=0=wu; and

F(n) > —kn* VneR, k= const.

Proof. By Lemma 1 we have

At) = —2/QF(u) (t,z)dx < 2ka(t),

Cad' (t)=2C% / wir(t, z)dz < Cla(t)+ / At )2z < A(t) < 2ka (1)

Q Q
vt > 0.
Using Granwall inequality, we conclude that
a(t) <a(0)exp(2kt/Cq) =0 Vt>0,
since that ug = 0 = uy. And this implies that « = 0 and f (0) = 0. O

Corollary 8. Theorem 7 holds specially for the monotone increasing
function f with f (0) = 0. For instance f (u) = u*’~1, -1+ expu.

Theorem 9. Let Q := B,, (0) — By, (0), r2 > r1 > 0 be an annulus in
R"™ and there exist constants k > 0 and p > 1 with

nf(n)+2F (n) > —knl’ VneR.

Then the initial-boundary value problem for (SL) has only u = 0 as global
radial solution in H1, if ug =0 =wuy = f(0) valid.



278 MENG-RONG LI [June

Remark. Here we put no condition on p. f(u) = —mu + ku? is a

typical example.

Proof. Suppose that u (t,|z|) = w(t,r), r = |z| is a radial solution of
(SL). Setting

u(t,r) =v(t,r) r(l_")/2, G(v) = /ng(s) ds,

g() =47 (n—1)(n—3)r 24 r-12f (7‘("_1)/211) ,
then the equation (SL) is transformed into the following form

b —0%/or* +g(w)=0 in [0,T) x (r1,72),
v(0,7) = ugr™ V2 =0=14(0,r),
v(t,r)) =0=v(t,r2).

Choosing n = 7(1=™)/2¢ in the condition in Theorem 6 on f and F, then

we have

p(=D/2y f (r_("_l)/2v> +2F (r_("_l)/2v> > — (P2 )P

From this, we conclude

vg (V) +2G (v) = 27 (n—1) (n—3)r 20?4+~ V/2yf (7’_(”_1)/221)
Lop(n=1)/2 (r—(n—l)/2,u)
271 (n— 1) (n — 3) 1~ 2% — kr(=DP/2 |y

> —k (v + |v?|)

v

with k 1= Maz, ¢, 1y {27'(n=1)(n=3)r 2+ k‘r(l_”)p/z} . O

From Satz 1.2.1 in [7] for two variables ¢ and r the assertion of this

theorem follows.
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