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ON GEODESICS IN SUBRIEMANNIAN GEOMETRY

BY

BERNARD GAVEAU AND PETER GREINER

Abstract

We study a subRiemannian geometry induced by 2 specific
vector fields in R, and obtain the canonical curve whose tangents

provide the missing direction.

1. Introduction

Let

9,0 0

denote two vector fields in R3. In this and in a subsequent article we shall

consider the following question:

“How many geodesics induced by X and Y join two given points (xq, Yo,

to) and (z,y,t)?”

By a geodesic we mean the projection of a bicharacteristic on the base.

Bicharacteristic curves

(x(s),y(s), t(s),€(s), n(5), 7(5)) (1.2)

Received January 27, 2006.
Communicated by Tai-Ping Liu.
AMS Subject Classification: 58A30, 53C22.

Key words and phrases: Canonical submanifold, geodesics, Hamiltonian formalism,
subRiemannian geometry.

The second-named author’s research was partially supported by NSERC Grant
OGP0003017.

79
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are solutions of Hamilton’s differential equations. Hamilton’s function is

1 1
= S(E+ P74 5P, (13)

and the Hamiltonian system of differential equations for the bicharacteristic

curves are
i(s) = He = € +y°r, (1.4)
y(s) = Hy =), (1.5)
t(s) = Hy = iy?, (1.6)
£(s) = —H, =0 = £(s) = & = constant (1.7)
0(s) = —Hy = =2&yr, (1.8)
7(s) =—H¢ =0 = 7(s) =7 = constant (1.9)

where s designates arclength. Given a point P(x,y,t) we introduce the
boundary conditions

((0),(0), £(0)) = (w0, 0, to), (1.10)
and
(@(55):y(s7): t(s7)) = (2,9, 1), (1.11)

at some final length sy.

Definition 1.1. (z(s),y(s),t(s)), the projection of the bicharacteristic
curve onto the base is a subRiemannian geodesic which joins P = P(z,y,t)
tO PO == P(1’07y07t0)’

To simplify matters we note that the vector fields (1.1) are translation
invariant with respect to x and ¢, so we may assume xy = 0, {5 = 0 with no
loss of generality. Also, when yg # 0, symmetry considerations permit us to
set yo > 0, see (2.35), (2.36), again with no loss of generality.

Theorem 1.2. yy > 0. FEwvery point P(z,y,t), y > 0, can be joined to
P(0,y0,0) by at least one local geodesic. The number of these local geodesics
s finite if and only if

(i) y # vo, or
(ii) y = yo and t + ydz # 0.
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Theorem 1.3. yo > 0. When y = yo and t + y3x = 0, then P(z,yo,t)
is joined to P(0,y0,0) by a discrete infinity of local geodesics.

Theorem 1.4. yg = 0. Every point P(x,y,t) is connected to the origin
by at least one geodesic. The number of geodesics joining P(x,y,t) to the
origin is finite if and only if y £ 0. When y = 0, every point of the “canonical
submanifold” {(x,0,0), = # 0} is joined to the origin by a continuous infinity
of geodesics, while every point of the complement {(x,0,t), t # 0} is joined

to the origin by a discrete infinity of geodesics.

Due to the length of the proof of Theorems 1.2 and 1.3 we present
it in two consecutive articles. The present paper counts the number of
geodesics which join points of the y = yo-plane to (0,yo,0); in particular it
describes the canonical submanifold and proves Theorem 1.2(ii) and The-
orem 1.3. A subsequent article counts the number of geodesics which join
points P(x,y,t), y # yo to P(0,yg,0); in particular it contains the proof of
Theorem 1.2(i). Theorem 1.4 was stated and proved in [9].

Theorems 1.2—1.4 are self-explanatory. Still, we need to discuss the idea
of a “local geodesic” and the idea of a “canonical submanifold”. But first

we start with the notion of a subRiemannian geometry.

Suppose we are given m linearly independent vector fields X,..., X,
on an n-dimensional manifold M, ; we shall refer to Xi,..., X,, and their
linear combinations as horizontal vector fields, and a curve with horizontal
tangents will be called a horizontal curve. It is useful to introduce a metric
by saying that the X;-s have length 1 and they are perpendicular to each
other. If m = n, we have a Riemannian metric, and if we let X J* denote the

vector field adjoint to X; with respect to the obvious volume element, then
1 n

A::—§§:A3X5 (1.12)
j=1

is the usual Laplace-Beltrami operator. The Newton potential is

1

N0 = G ol 7o)

n>2, (1.13)
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where |, (xg)| is the surface area of the induced unit ball with center z,
and d(z,z¢) is the Riemannian distance between = and xy. Then

A N(z,x0) = 6(x — ) + O(d($,$0)_n+1), (1.14)

in other words, the inverse kernel, or fundamental solution differs from
N (z,z0) by a negligible error.

When m < n, we shall assume Hormander’s bracket generating condi-
tion [10] which says that X7, ..., X,, and a finite number of their Lie brackets
generate all of T'M,,. Then Chow’s Theorem [5] says that between every two
points, locally, there is a piecewise C'! horizontal curve. This yields a dis-
tance and therefore a geometry which we shall call subRiemannian. To see
how remarkable Chow’s Theorem is, note that given two vector fields 0/0z
and 0/0y in R3(z,y, 2), there is no horizontal curve joining any two points
whose z-components differ. Chow’s Theorem has been improved all the way
up to smooth horizontal curves on smooth manifolds; in particular, nearby
points can be connected by subRiemannian geodesics.

We came to these questions by trying to find the analogue of the Newton
potential for operators of the form

1
A:§ZX]2+---, m < n, (1.15)
j=1
where - - - stands for lower order terms; we note that the Laplace-Beltrami

operator has the form (1.15) with m = n.

In Riemannian geometry, given a point C, every point in a sufficiently
small neighbourhood of C' is connected to C' by one, single, unique geodesic.
In subRiemannian geometry this is not the case. A number of examples
have been worked out where given a point C', one can find points arbitrar-
ily near C' which may be joined to C by a finite, more than one, and even
by an infinite number of geodesics. The first example was the Heisenberg
group studied by Gaveau in [7]. Then Strichartz [11] pointed out that if
the first brackets generate T M,, then every point will have at least two cut
points arbitrarily near it. A rather complete description of the geometry
of Heisenberg groups can be found in [2], and the geometry induced by the
Grusin operator is discussed in [4]. We note that the geometry induced by
the Grusin operator is not included in our definition of a subRiemannian
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geometry, although the same concepts will work there. Example (1.1), dis-
cussed in [9], and the present article, is the first higher step example, more
than one bracket is needed to cover T'M,,, where infinite number of geodesics
connecting arbitrarily near points have been observed. We believe that this
is the case in all subRiemannian geometries.

When y # 0, X, Y and [V, X] = YX — XY = 2y9/0t yield the full
tangent space. When y = 0, we need X, Y, ([Y,X] = 0) and [Y,[Y,X]] =
20/0t to cover the tangent space. So R? naturally breaks up into 2 domains,
y > 0 and y < 0, and their boundary y = 0; sometime we say that the
domain y > 0 (or y < 0) is step 2, while the set y = 0 is step 3. As already
mentioned y 2 0 can be treated at the same time, so we may assume that
y > 0. We shall say that a geodesic which joins 2 points in y > 0 is local if it
stays in the domain y > 0. Geodesics that cross the boundary y = 0 cannot
be localized so we refer to them as nonlocal.

Every point of the line y = yo, t + y3x = 0 is joined to (0,o,0) by
a discrete infinity of geodesics. This property provides this line with extra
structure and more symmetry. We shall refer to this line as the “canonical
submanifold”, and speculate that using it as the third coordinate to supple-
ment x and y, or their exponential version, should help our understanding
of the structure of the operator (1.15). A does not have to look simpler in
these coordinates, but it may have geometric meaning; somewhat like spher-
ical coordinates, which make the Laplace operator look more complicated
than cartesian coordinates, but they also give more geometric structure. We
note that the canonical curve goes into the z-axis as yo — 0, see also Theo-
rem 1.4. Thus our “natural coordinates” near (0, o, 0) degenerate into the x
and y axes at the origin. In particular this suggest that in higher step cases,
higher than 2, we shall need to deal with singular coordinates, somewhat
like polar coordinates in R2.

The notion of the canonical submanifold is probably quite general. Its
tangent space provides the missing directions not covered by the horizontal
vector fields. We state this as follows:

“We are given m linearly independent vector fields on an n-dimensional
manifold M,. For every point Py € M, there is an n — m dimensional
submanifold Sy, Py € Sy, characterized by having all its points connected to
Py by an infinite number of geodesics.”
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Of course, [2] and [9] suggest that this general statement will have to be

refined somewhat.

Chapter 2 discusses Hamiltonian mechanics. Chapters 3-8 prove The-
orem 1.2(ii) and Theorem 1.3. Chapter 9 contains a discussion of the be-
haviour of nonlocal geodesics on the y = yo-plane and we apply these results

to obtain parts of Theorem 1.4.

The final version of this article was in part written while the second
named author visited Tokyo University of Science at the end of 2005. He
would like to express his profound gratitude to Professors Kenro Furutani
and Takao Kobayashi for the invitation and for their help in providing very

pleasant working conditions.

2. The Geodesics

Hamilton’s equations.

We consider 2 vector fields in R3,

0 0 0

and assume that X, Y and their successive Lie brackets

a\" 0 0

YI"(X)=|Y,|Y,....[Y. X]|| = | = = — =
Y]'(X) = [V ¥ v X <8y> ()5 = 9" W5

cover the tangent space at every point 7 = (x,y,t). This is equivalent
to having g(™)(y) # 0 for all y € R with some my = 1,2,.... A curve
(z(s),y(s),t(s)) is called horizontal if its tangent vector (i(s),g(s),é(s)) is

always a linear combination of X and Y'; equivalently

t(s) = g(y(s))a(s). (2.2)

According to a result of Chow [5] this hypothesis implies that for every 2
points 7,71 € R? there is a continuous, piecewise C'! curve 7(s) which is

horizontal and joins 7 and 77:
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Let I'(79,0 | 71, s1) denote the space of such curves, and for 7(s) € I we let

E(F()) = %/01 [2(s)% + y(s)*]ds (2.3)

denote its energy. We are interested in the following variational problem:

“find a curve 7(s) of minimal energy in I'(7%,0 | 71, s1)”.

In other words we are looking for a curve 7(s) such that

t(s) — g(y(s))x(s) =0, 0<s<sy,
(7)) = Min{ B(5(); ) € T'}.

&

This is a control problem and to find the stationary curves we introduce

a Lagrange multiplier 7(s) into the Lagrangian

L= /0 [é (i) + 9()%) + 7(5) (i(s) = g(y(s))i(s)) [ds.  (2.4)

One has Lagrange’s equations

#(5) — < (r(9)g(u(5))) = 0
j(s) = 7(s)d (y(s)) =0,
Hs) =0,

and 7(s) = 7 is a constant. Thus L takes the form

L= /081 [% (3'3(8)2 + ?)(8)2) + 7(t(s) — g(y(s))x’(s))}ds_

Introducing the associated momenta

P S
_8.T_ 79, n—ay—% T_ai_7

we obtain the corresponding Hamiltonian

1

H=-
2

[(& +79(y))* + 772} : (2.5)
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Hamilton’s equations are

d d ,

d—i =1, d—z = —7¢'(v) (€ +79(v), (2.6)
dx dt
Lo, o = 9W(E+ W), (2.7)
¢ and 7 are constants of motion. (2.8)

Equations (2.6) form a closed system which can be integrated. Once y(s) is

known, (2.7) yields z(s) and t(s) by quadrature.

Symmetries and reductions.

(i) We need 3 parameters, &, 7, sy, and fix H,

H=z, (2.9)

which implies that s is arclength.
(ii) Changing (&, 7

to ( - x(s)vy(8)7_t(s
“geodesics”, with 7 > 0 will give us all geodesics, and from now on we

to (=&, —7), the trajectory (z(s),y(s),t(s)) changes

~— —

), see (2.6), (2.7). Consequently, trajectories, or

shall assume that

7> 0. (2.10)

(iii) Solutions of (2.6), (2.7) are invariant with respect to translation

along x and ¢, so it suffices to assume that
o = 0, to = 0. (2.11)

From now on all solutions of (2.6)—(2.8) will start at (0, yg,0).

(iv) 7 = 0 implies that n = constant, and the trajectories starting from

(0,y0,0) are given by
x(s) =¢&s, (2.12)

y(s) = yo +ns, (2.13)
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s ns
t(s) = 5/0 g(yo + ns')ds’ = %/0 g(yo + s')ds'. (2.14)

The set of points (z(s),y(s),t(s)) is a surface parametrized by (£s,7s).
(v) When
9(0) =0 and ¢'(0) =0,
the x-axis,
z(s) = s, y(s) =0, t(s) =0 (2.15)
is a solution of (2.6)—(2.8). In this case £ =1, n(s) = 0, and the parameter

7 is indeterminate.

Integration of the equations of motion.

With
1 dy
H=- == 2.1
5 1= (2.16)
we have
dy\? 2
(d—y> =1-(¢+79(v)", (2.17)
s
or,
. d
ds = sgn(y(s)) L i (2.18)
<1 — (E+79(y) )
Thus
2
(E+T9(y)" <1, (2.19)
and we may replace y by the variable «, where
sin a =€+ 719(y) = (s), (2.20)
cos o = g(s), see (2.17). (2.21)

This fixes «,

_g <a< (2.22)
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We note that
= §(s) >0, (2.23)

= 4(s) < 0. (2.24)
Differentiating (2.20) yields

do

=TI W),  aFEg, (2.25)
and
sgn(da) = sgn(g'(y))- (2.26)
Finally, (2.7) and (2.25) give us
j_z - %j_z - %, (2.27)
dt _dtds _sina(sina—¢) (228)

da  dsda 724 (y)

gly) =y", n=1,2,....
Again we have 7 > 0.

a) Trajectories with 7 = 0. According to (2.6) 1 is constant. When
n#0, (2.12)—(2.14) give

x(s) =¢&s (2.29)
y(s) =yo+ns (2.30)
H(5) = i [0+ )"+ =) (2.31)

Extracting £ and 7, n # 0, one finds that the trajectories fill the surface

X
Hy = y0) = = (" —ygth =0. (2.32)

When 1 = 0 the trajectories are

z(s) =&, yls)=wo,  t(s) =Eyps, (2.33)
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& = +£1. This is the straight line
t=ypx (2.34)

in the y = yp plane.
b) Trajectories with 7 > 0. We shall treat odd n and even n separately.

(i) n = 2m. The hamiltonian system is invariant with respect to the

symmetry,
(z,y,t,6,n,7) — (2, =y, t,§, =0, 7), (2.35)
so it suffices to find all trajectories with
yo>0 and g(0) =n(0) € R, (2.36)
or
yo=0 and g(0)=n(0) > 0. (2.37)

Here (2.25) takes the form

((11—(: = 2mry®m L
S0,
sgn(da) = sgn(y(a)). (2.38)
From (2.19),
—1<E+Tmym <1, (2.39)
and since 7 > 0, we have
—o0 < €< 1, if yg >0, (2.40)
—1<€<1,  ifyy=0. (2.41)

To simplify notation we set

¢=-¢, -1 < (<00 (2.42)
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Then (2.20) takes the form

sin o) 1/2m
y(o) = sgn(y(w)) (4—1_7_1/—2”3 (2.43)

We choose ag € [—%, 37”), such that

: 1/2m
yo = y(0) = L& S'Tl?/;ﬁ) , (2.44)
S0
sgn(cos ap) = sgn(y(0)). (2.45)

Integrating (2.27) and (2.28) we obtain

1 @ , sin o/do’

#o) = — / () (o (2.46)
_ 1 “ / st s AN/ g7

t(a) = i /ao sgn(y(a')) sin o/ (¢ + sina’)/"dd/, (2.47)

and then (2.43)—(2.47) yield the trajectories with yo > 0; note that the y-
motion is bounded and y(«) oscillates between two extreme positions. Next

we describe our trajectories in terms of (.

a) ¢ > 1. (2.43) implies that y(a) never vanishes, y(a) > 0 so da > 0,
and « always increases starting at «p.

T 5t 9w

5,7,77....

31 7n
LN

y() is maximum at o =
y(e) is minimum at o =
Consequently, a = (2k + 1)7 are the turning points of the y-motion.

B) ¢ = 1 corresponds to trajectories with the minimal turning points on

the y = 0 plane.

v) =1 < ¢ < 1. (2.43) requires that ¢ 4+ sina > 0, therefore

sin~}(—¢) < a < 7 — sin~ (=), —g <sin}(—¢)< . (248)

ol 3

These trajectories are more complicated. « starts at ag and increases till
7 — sin~!(—(), then decreases to sin~!(—() and starts increasing again till

a = «ap. Then the cycle starts again. Assuming 3(0) > 0, y increases till a
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maximal turning point, then starts decreasing, passes through the y = yo-
plane and the y = O-plane till it hits a minimal turning point which is
negative, turns around, increases till y = yq for a full cycle, and then starts

again.

When 5(0) < 0, it starts decreasing and does the same cycle; this hap-

pens when aq € [%, 37“) In either case the turning points of the y-component

T.

of the trajectory occur at a = 3

(1 +<)1/2m (1 +C)1/2m
Ymax = p2m Ymin = T Am (2.49)

and if y(0) > 0, we have

sin~!(—¢) < ag < g (2.50)

0)¢=-1,(&=1),7>0=y=0, and (2.7) yields
x(s) = s, y(s) =0, t(s) =0, (2.51)

which is the z-axis.

(ii) n =2m + 1, 7 > 0. Here the Hamiltonian system is invariant with

respect to the symmetry
(z,y,t,8,n,7) — (=2, —y,t, =&, —n,7), (2.52)
so we may assume that
Yo >0, or yo=0 andy(0)>0. (2.53)

Also, (2.26) implies that
da > 0, (2.54)

and « always increases. Again,
—1< —¢Hrygt <L,

thus yg > 0, 7 > 0 yield
1< (< oo (2.55)
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Formulas (2.43), (2.46) and (2.47) still hold if we leave off the factor
sgn(y(a)), since the odd n-th root takes care of the sign of y(). y(a) has
turning points at a = (2k + 1)7/2, k = 0,1,2,.... When ¢ € [-1,1], y(«)
vanishes at 2km + sin™1(—(), 2k7 + 7 —sin"}(—(), k =0,1,2,....

The discussion of the trajectories in this, the odd n, case is the same as

the discussion in the even n case, as long as we remember that here a always

increases.

Length and action of a trajectory.

With our convention H = %, #2 + 9% = 1, and then the parameter s is

arclength. Also, (2.25) yields

do da
T @) nrylay T (250

Consequently, the arclength ¢ of the trajectory between oy and « is

_ 1 “  sgn(y(a’)) ,
= /ao (¢ +sina/)1=1/n dov, n even, (2.57)
1 « do/
= dd. 2.58
nTl/n /ao (¢ + sino/)(=1)/n” no (2.58)

We note that when n is even, (+sina’ > 0, and so is sgn(y(e/))de/, and
if n is odd then do/ > 0 and so is (¢ +sina’)®~1/" Consequently £ > 0, as

expected. The action integral along a trajectory is
S = /Os(gdx + ndy + 7dt — Hds). (2.59)
According to (2.2), dt = g(y)dz, so
&dx + ndy + rdt = (E + Tg(y))da: + ndy,
and the equations of motion yield

&dx 4+ ndy + 7dt = ((§ + Tg(y))2 + nz)ds = 2Hds.
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Consequently the action is half the arclength of the trajectory,

S ==s. (2.60)

9(y) =y
A given trajectory (a:(a),y(a),t(a)) depends on three parameters, ay,
¢(>—1,7 >0, and is given by

(¢ + sinag)/?

Yo = SV (2.61)
o N1/2
y() = sgn(y(a)) “1#2@ (2.62)
1 o oy sina/da/
z(a) = 212 /ao sgn (y(a ))W7 (2.63)

1 o
t(a) = 27_—3/2/a Sgn(y(o/)) sina’\/¢ + sino/da’. (2.64)

0

The arclength along this trajectory from (0,yo,0) to (z(a),y(a),t()) is

1 o do’
/ - / .
(@) = 57 /ao sgn(y(o)) ETTd

we note that (2.63)—(2.65) are elliptic integrals. Recall that —1 < { < oo,
and

(2.65)

(i) for ¢ > 1, o always increases starting at o, and y(«) remains positive
when yg > 0,

(i) for [¢| < 1, a oscillates in the interval [sin~!(—(), 7 — sin™*(—()],
sin™!(—(¢) € [-Z,Z]. y() vanishes at sin™'(—¢) and at 7 — sin~(—().

When yo = 0, |(] < 1. Suppose a geodesic starts at (0,yo,0), yo > 0.
For reasons which will become clear later, we shall refer to such geodesics as
“local geodesics” when they stay in the half space y > 0, otherwise we shall

call them “nonlocal geodesics”.

Our aim in this and in a subsequent article is to “count” the number of
geodesics which join (0, g, 0) to (x, %, t) when g(y) = y?. We shall distinguish
three cases:

(a) ¥ =wyo, Yo # 0,
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(b) y # yo, yo # O,
(c) yo =0.

The last case was already discussed in detail in [9] using Jacobi’s theory

of elliptic functions.

3. g(y) = y2, ¢ > 1. Preliminary Formulas

In Sections 3—7 we are concerned with the following question:

“What points (x,yo,t) are connected to (0,yo,0) by geodesics, and by
how many geodesics, if ( > 127

From (2.61) one has

(¢ + sin ag)/?

Yo = 172 > 0. (31)

Geodesics with ¢ > 1 stay in the half space y > 0, so they are local and

sgn (y(a)) = 1, and « increases, always, starting at ag. So we have

(¢ +sina)l/?
If y = y(a) = yo, then a must be
a = ag + 2nm, n=1,2,..., or (3.3)
a=7—ay+ 2nm, n=0,1,2,..., (3.4)
and (2.63)—(2.65) yield
i)a=ap+2nm, n=1,2,...
n T sinada
2 = 3.5
21
t(ag + 2nm) = %/ (¢ +sin@)/? sin ada, (3.6)
2T / 0
n 2 da
l 2 = . 3.7
(a0 + 2mm) = 0 /0 o (3.7)

(i) a =7 —ap + 2nm, n =0,1,2,... if g(0) > 0, and n = 1,2,... if
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T sin adoy

1
.T(Tf—a0+2nﬂ') :27_—1/2/a0 W

n T sinada
* 271/2 /0 (¢ +sina)t/2’
1 T—00
t(r — ag + 2nm) =537 / (¢ + sina)'/? sin ada
Q

0

2m
+ 2—7;/2 / (¢ 4 sin )2 sin ada,
7% Jo

1 o da
6(7'('—()[0“‘27177) :27_—1/2/&0 (C—'—Sl—na)lp

n n /27r da
2712 Jo (¢ +sina)t/2
We note that

™ T
- y >
2,2] = 9(0) >0,

T 3T .

ap € [—

4. Qend = @9+ 2nm, n=1,2,...

For ¢ > 1 we define the functions

2 w/2
I(¢) = / (¢ +sina)'/?sin ada = 2/ (¢ + sin @) '/? sin ada,
0 —7/2
™ sinada ™2 sinada
J(O = / T o N12 2/ o 13
0 (C+sina) / —7/2 (¢ + sina) /

Then (3.5) and (3.6) take the following form:

n
.T(Oé() + 27171') = 27_—1/2J(C),

t(owo + 2nm) = 27_1%—3/2[(0.

95

(3.9)

(3.10)

(3.11)

(3.12)

(4.1)
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With
_ (+sinag
v
we eliminate 7 from (4.3) and (4.4):

2z (o + 2nm) n

Yo B (¢ + sinag)1/2 ),
2t(ap + 2nm) n
i Crsmagpr

which suggests the following notation,

We set n = 1, and study the map

(a0,¢) — (2(a0,¢),t(c0,()), ¢>1,

with
X _ J(¢)
1’(0407<) - (C+Sina0)1/27
#(a0,) = ——)

(¢ +sinag)3/2’

Lemma 4.1. One has

dl 1
27

J(C) increases from J(1) = —oo to J(o0) = 0.
I(¢) decreases from I1(1) > 0 to I(co) = 0.

Proof. (4.12) is immediate. Also,

T 1 1
J(O:/o Smo‘(m_ N

therefore (4.13) implies that I(¢) decreases from I(1) to I(c0). Since

>da<0,

[March

(4.5)

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)
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r . 1/2
1(¢) = \/2/2 <1+ S“g“) sin ada
0
s 1

2m 1
— ind -
_2\/Z+16C5/2/0 sin ada+0<€g/2>, (4.14)
we have I(0o) = 0, and therefore
I(¢) >0, ¢ € (1,00). (4.15)
Also,
dJ _1/2“ sin adav
d¢ 2 Jy (¢ +sina)3/?
1 [7 1 1
=—c i — da >0 4.16
2/0 Sma<(§+sina)3/2 (C—sina)3/2> “=n (4.16)
and J(¢) is an increasing function of ¢ € (1,00). With o = —7/2 4+ ¢/,

(1+sina)™1/2 ~ g, and then (4.2) yields J(1) = —oo. Also J(o0) = 0,

because for large ¢ one has

5 2 1

This proves Lemma 4.1. O

We note that

w
<
w

z
t I (4.18)

Lemma 4.2. The function J(¢)3/I1(¢) increases from (J3/I)(1) = —o0
to (J3/I)(c0) = 0.
Proof. (4.12) yields

d J3 2 2 1
d_CJT - %(&]'l— J[/) = J— <3J/I — —J2> .

For large ¢ one has

, 3 1
J(C)=—4<:/2+O<<g/2>, (4.19)
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and (4.14), (4.17) and (4.19) imply that

1
3T — 5,]2( —0. (4.20)

(=0
We note that
1 1
— <3J’I - §J2> =3J"T + 5JJ’,

and

1 /% sinada
po L[ e,
2 Jo (C+sina)?/?

see (4.16). By similar reasoning

2w :

d

J”:§ M<O, I>0, J <0,
4 Jo (¢ +sina)d/?

and therefore
1
3J"T + 5JJ’ <0.

Consequently, 3.J'I — %J 2 is a decreasing function of ¢ which vanishes at
¢ = oo by (4.20), hence

1
3J'T — 5J2 >0, (€1,00).

Thus,

and J3/I is an increasing function which is —co at ( = 1, see Lemma 4.1,
and vanishes at ( = oo in view of (4.14) and (4.17). This completes the
proof of Lemma 4.2. O

Lemma 4.3. The mapping (4.9),
(Oé(), C) — (:%(a07 C)J f(a07 C))J
is one-to-one onto its image from the domain

(a0, €) € |

m™ T
— 2, 2] x (1, 00).
> 2] x )
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Proof. Lemma 4.2 shows that

Q) @

Q) i
has a unique solution ¢ € (1,00) for every 22/t € (—00,0). Given this ¢, the

solution ag € [—%, g] of

. J(¢)
= 4.21
YT Crsinag) “a)
is clearly unique, and we have Lemma 4.3. ]

We shall obtain the range of the map (4.9) as the union of the curves
Cl (Oéo),

CI(QO) = (Zi'(Oéo,C),f(Oéo,C)), C € (1’00)’ (4'22)

over o € [—m/2,m/2]. One has the large ¢ expansions of # and # from (4.14)
and (4.17):

Zi'(Oé(],C)

T 7 sin o 1 o 4 .9
:_@4_ e - T <5/0 sin®ada + 3rsin“ g | + -+, (4.23)
2?(0[0,()

T 37 sin o 1

2T
= TS + Tocd (/0 sin® ada + 157 sin? a0> +---, (4.24)

which are convergent power series in (~!. Therefore
Zi'(Oé(), C) + 2?(0407 C)
: 1 27
_ _% + i (?m sin —/0 sin? ada> e (4.25)

These formulas yield

Lemma 4.4. The curves Cy(ag) start at (0,0) tangent to the line 2+t =
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0 when ¢ = co. More precisely,

o € [0, g] . C1(ag) starts below the line &+t =0, (i)

o9 € [—2,0) . C1(ag) starts above the line @+t = 0. (ii)

Lemma 4.5. (i) For a fized ag € (—7/2,7/2], t(cp,¢) decreases from
I(1)(14-sin ag) /2 to t(ag, 00) =0, and t(—7/2,¢) decreases from t(—m/2,1)
= 00 to t(—7m/2,00) = 0.

(ii) #(ap, €) is an increasing function of ¢, ag € [—7/2,7/2]; & increases
from &(ap,1) = —c0 to &(ag,00) = 0.

(iii) For ag € (—m/2,7/2] the curves Cy (o) have a horizontal asymptote
given by t(ag, 1) = I(1)(1 + sin ag) ~%/2.

(iv) Along C1(—m/2),

A V2log(¢ — 1)
x(—g7c>ww<oa8<_>l+,
T I(1)
t(—§7C>Nm>OCLSC—>1+

In particular,

Proof. (i) (4.13) yields

dt(a0,¢) _ _3_ 1) 1 J©
o¢ 2 (¢ +sinag)3/2  2(¢ +sinag)3/?

<0, (4.26)

as I >0 and J <0, and Lemma, 4.1 gives the range of .

(ii) Again,

Ot(a0,¢) 1 J(C) 1 1 /27r sin ada
oC  2(C4sinag)3/2 2(¢C+sinag)/? Jo (¢ +sina)3/?

>0, (4.27)
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and Lemma 4.1 gives the range of z.
(iif) As ¢ decreases from oo to 1, £(ayg, ¢) increases to I(1)(14sin ag) /2

and & (o, () decreases to —oo, ag € (—m/2,7/2].

(iv) Also,

(59w (59l

As ¢ — 11, I(¢) — I(1) and J(¢) ~ v2log(¢ — 1); indeed, with ¢ = 1 + ¢,

J(O_/7r sin adev B T sinada
Jo VC+sina 0 V(—sina
_/7r sin ade __2/7r sin adev
0o VC—sina 72 VC —sina

_ /”/2 cos ado _2/5 da
0 V1—cosa+e 0 Va?/2+e¢
~2loge. U

Lemma 4.6. (i) The curves Ci(ag) do not intersect each other, and

afy < ag implies that C1(ay) is above Cy(ayp).
(ii) When ag € (—7/2,0), C1(aq) crosses the line & + 1 at least once.
(iii) The curves Cy(47/2) do not cross the line &+t = 0.

(iv) The half line & +t = 0, t > 0 is contained in the interior of the
image of the mapping (4.9).

Proof. (i) is a consequence of Lemma 4.3: the mapping (ag,() —
(2(cw,¢), t(c,¢)) is one-to-one and onto its image, so the curves Cy(ap)
do not intersect. Along Ci(ag), —7/2 < o < 7/2, t(a,¢) has the limit
I(1)(¢+sinag)~%/? as ¢ — 1F. This limit function is a decreasing function of
v, so the horizontal asymptote of C}(af) is above the horizontal asymptote

of C1(ap). Since these curves do not intersect, C1(ey)) is above Ci(ayp).
(ii) When a9 € (—7/2,0), C1 () starts at (0,0) tangent to, and above,
the line &+ = 0, and #(a, ¢) + t(ap, () = —o0 as ¢ — 1T, see Lemma 4.5.

Consequently, & + ¢ must vanish along C(ayg), at least once.
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(iii) We have

R w/2
z (ig,() +1 (i%,g) = ﬁ/o sina(hy(sina) — hy(—sina))da,

with
+1
hi(z) = x—i—(—k\fm, 0<z<1
Then
0 Sy
S0,

and therefore,

hy(sina) — hy(—sina) <0,

h_(sina) — h_(—sina) > 0.

Hence

which implies (iii).
(iv) follows from the fact that the curves C; (+%) bound the image of
the mapping (4.9), and we have completed the proof of Lemma 4.6. O

Next we consider the periods. A geodesic, with ¢ > 1, leaves (0, yo,0)
at @ = ag, and at a = a9 + 2nm, n = 1,2,... returns to the y = yp-plane at
(z(ao + 2nm), yo, t(an + 2nm)). Here

2 2 J
:E(Oéo;o- nm) _ 5 _1_2111(2)0)1/2 = ni&(ap, (), (4.28)
2t(a + 2nm) _ nl(¢) _ ni00.0). w29

v (¢ + sinag)3/?
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see (4.6), (4.7), so that this set of points is obtained as a dilation of the
mapping (4.9) by a natural number n = 1,2,.... We have the following

consequence:

Proposition 4.7. (i) Every point (x,v0,t), yo > 0, with (,t) in the
domain bounded by C1(mw/2) and C1(—m/2), is connected to (0,y0,0) by at
least one geodesic of the form (3.5), (3.6) with ag € [—7/2,7/2], ( > 1 and

Qend = Qo +2nm, n=1,2,....

(ii) If a point (z,yo,t), & < 0,1 > 0, £+t # 0, is connected to (0,v,0) by
a geodesic of the form discussed in (i), then the number of these connecting

geodesics is at most finite.

(iii) Every point (z,y0,t), £ < 0, t > 0, &+ = 0, can be joined to
(0,90,0) by a discrete infinity of geodesics of the form (3.5), (3.6) with o €
[—7/2,7/2], ¢ > 1, Qenq = o + 2n7; more precisely, for each n = 1,2,...
there is (on,Cn) € [—7/2,7/2] x (1,00), such that

T =nz(oon, Cn)s t = nt(agn, Cn)- (4.30)

Proof. (i) holds with n = 0, see Lemma 4.3. As for (ii), given (,1),
(4.30) has a solution if and only if (#/n,%/n) is in the domain of the (&,)
plane which is bounded by the curves C}(7/2) and C1(—n/2). As both these
curves start tangent to the half line & +¢ = 0, £ > 0, at (0,0), the points
(&/n,t/n) leave this region for n sufficiently large, which proves (ii). We
note that this half line is the only ray from the origin entirely contained in
the region bounded by C(7/2) and Ci(—7/2).

On the other hand, (4.30) has a solution (oo, () for all n =1,2,... if
#/n+1t/n=0,%> 0. This proves (iii). O

Lemma 4.8. Let (&,—2) denote a point on the line & +t = 0 with

A~

Z < 0. The length of the geodesic joining (0,yo,0) to (z,yo, —x) after n

periods, with aeng = o + 2nm, is

tn = O(v/n), (4.31)

as n — oQ.
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Proof. From (3.7),

n 2 da

where ¢, and 7, = (¢, + sinag )y, 2 are the parameters of the geodesic
which, after n periods, joins (0,y0,0) and (z,yp, —z). When n is large ¢,
may be estimated using (4.23); indeed,

T . ~ T

E - x(ao,nvgn) - 2C%,
so that ¢, = O(v/n), 7, = O(y/n), and therefore (4.32) yields (4.31), and
Lemma 4.8. i

We shall use Ry to denote the image of the mapping (4.9):

(a0,¢) — (&(ao,¢),t(a0,()),

where

J(O)
(C +sinag) /2’

1(¢)

t(a0,¢) = T sinag)?

Z(ap, () =

represent the curves C1(ap) as ¢ € (1,00) and o € [—7/2,7/2]. We sum-

marize the results about R; in

Proposition 4.9. (i) The mapping (4.9) is one-to-one onto the region
Ry which is the union of the curves C1(ap), ag € [—m/2,7/2]. Ry is bounded
by Cl(ﬂ:ﬂ'/2).

(ii) ¢ ~ oo. Ci(ay) starts at (0,0) tangent to the line &+t = 0; ag €
[-7/2,0) = Cyi(ag) starts above & +1 = 0, ag € [0,7/2] = C1() starts
below & +t = 0.

(iii) ¢ € (1,00). ag € [0,7/2] = C1(ag) is below the line &+t = 0.

ap € (—7/2,0) = C1(ag) crosses the line & +t = 0; C1(—7/2) does not

cross & +1=0.

All curves Ci(ag), ag € (—7/2,7/2] have a horizontal asymptote at
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T~ —oo. It is
1(1)

t(ap, 1) = AT sman?

(iv) Ry contains the entire half line & +t =0, t > 0.

(v) Points (x,y0,t) of the y = yo-plane with (,t) € G nR1 can be
joined to (0,40,0) by at least one geodesic of the form (3n5)1, (3.6) with
ag € [—m/2,7/2]. The number of such geodesics connecting such a point
(z,y0,t) to (0,50,0) is finite if &+t #0,t >0. When &+t =0, 1> 0,
(z,y0,t) is joined to (0,yo,0) by a discrete infinity of geodesics with param-
eters (oo pn,Cn), n=1,2,....

Ci(ofy < 0) ZFt=0 Ci(—7/2) | ¢

C1(0)

Cl (Oéo > O)

Cy(m/2)

Figure 1. R;.

Proof. We only need to prove the first statement of (iii). A slight

refinement of the proof of Lemma 4.6(iii) will do the trick. In particular,

R w/2
(v, ) + t(ap, ) = m /0 sina[h(sina) — h(—sina)|dea,

where we set

B ¢+ sinag
h(ar:)—\/C—I—ﬂrj4-7\/<_|__qu , x € 10,1].
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Then
/N T —sinap
@) = sy
d / /
—[h(@) = h(=2)] = W (2) = W (~a)
_ x—sino _ T 4+ sin g
T2+ 2P
<0, x € (0,1), ap € [0,7/2]. (4.33)

Since h(0) — h(—0) = 0, one has h(sina) — h(—sina) < 0 when « € (0, 7],

therefore
#(ap,¢) + t(ap, ¢) <0, ap € [0,7/2].
This proves the first statement of (iii), and we have established Proposition
4.9. O
As for
(4.34)

we note that

Ci(ap) = Cy(m — ag), (4.35)

so the mapping (4.9) with o € [7/2,37/2] also covers R; is a 1-1 manner,

and we have

Corollary 4.10. The results of Proposition 4.9, derived when oy €
[—7/2,7/2], also hold for oy € [7/2,37 /2], mutatis mutandis. In particular,
the statements made for ag € [0,7/2] are true when o € [7/2, 7], and the
results stated for oy € [—7/2,0) hold when ag € (7,3mw/2].

5. Qenda = ™ — g + 2nmw,n =0,1,2,...,9(0) >0

The geodesics of this chapter are local, start at (0, yo,0) with parameters
ag € [-7/2,7/2] and { > 1, and return to the y = yo-plane at aepng =

7™ — ag + 2nm. The = and t components of the return point are given by
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formulas (3.8) and (3.9), and may be put in the following form:

1 /2 sinada
x(ﬂ—a0+2nﬂ):%—l/2<2/ao W+nj(<)>7

/2

t(r — ap+ 2nm) = 27_%/2 <2/ sina({—l—sina)l/2doz+nl(§)) ,
ap

and, eliminating 7, 7 =y, 2(¢ 4 sinag), we have

. B 1 ™2 sinada

t(m — ap + 2nm)

1

/2
~ g (2wt pma o). 62

with n =0,1,2,.... In the rest of chapter 5 we shall assume that n = 0.

The mapping (g, () — (&,%) when n = 0.

(v, ) € [-7/2,m/2] x (1,00), and we set

(jvf) = ((I)(CJZ(],C),\I/(OZ(),C)), (53)
_ J(Oé(], C)
®(ap, () = (C fsinag)2’ (5.4)
_ I, Q)
¥(ao, () = € T sinag)?’ (5.5)
™2 sinado
J(ao, ) = 2/0{0 W, (5.6)
w/2
I(ag, () = 2/ sin a(¢ 4 sin ) /?da. (5.7)

We note that
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Lemma 5.1. Fiz ( > 1. Then

J(ao,C) > 0, oo € [0,71'/2),

7T m ™
T = T _r 1) = 0.
‘]<2’C) 0 J( 2’<)<0’ J( 2’ >

J(a, () is an increasing function of oy when oy < 0, and a decreasing
function of g when ag > 0. It has a unique zero ao(C). aop(¢) € (—7/2,0),

and

ao(g)w—g+4—2+o(%), ¢ — oo. (5.9)

Proof. Clearly, J(ap,¢) > 0if o € [0,7/2) and J(7/2,{) = 0. Also,

/2 1 1
—7/2.¢) =2 i - d '
Iew/20 =2 | Slna(((+sina)1/2 <c—sina>1/2> o
Since
9J(a0,¢) _ __ 2sinao
dag  (C+sinag)/?’

J(av, () is increasing if oy < 0, and decreasing when ag > 0, so it has a
unique root &g in (—n/2,7/2) which is in (—7/2,0). If @« = —7/2 + ¢, then
1+sina~e?/2,e~0,and J(—m/2,1) = —oo. Finally, when ( is large,
/“/2 sin ada 1 1 (7r ) 1 . 5 +O(l)
——————— = —|cosapg— — (= —ap) — — sin 2« =),
0y (C+sina)t/2 0 4¢\2 0 8¢ 0 ¢2

0

so when ag = ap((),

0 = cos g (C) — % <g o)+ %sin2d0(§)> N o(é).
Therefore
60(Q) — —5 Q). Jim () =0,
0 =sine(¢) ~ o= (v +o(1)) +O( )
= g 4C T C2

which yields (5.9), and we have derived Lemma 5.1. O
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Lemma 5.2. One has

(i) @(g,g) — 0, @(—g,g> <0,¢>1and @(—g,1) — —o0,
(ii) 0@/ has a unique zero at (),

ao(C) < ap(¢) <0, (5.10)

where ® takes its mazximum value (ID(aS((),C) > 0. ® is an increas-
ing function of oy € (—7/2,af), and a decreasing function of ag €
(ag,m/2].

Proof. (i) is self-evident. As for (ii) we start with

o0 1 cosag
—=——— (& + 14t 11
dag 2C—|—sina0( +dtanao) (5-11)
_ COSCVO . 1/2
- 2 T simag)? (J(ao,C)+4tana0(C+smao) )

Then
: 1., .2
d . " C+sma0<1—|—§cos ao)
—(tan« + sin o /2) = ,
dag ( (¢ 0)") cos? ap (¢ + sinag)1/2
and
d 1 3
dﬁwo <sina0<1 + 3 cos? a0)> =3 cos® ag >0

on (—m/2,m/2). Therefore
. |
sin g (1 + B cos ao) > —1,

and tan ag(¢ 4 sin ag)/? is an increasing function of g on [—7/2, 7/2] with
a zero at ag = 0. J(ag,¢) > 0 on [0,7/2], and < 0 on ( — 7/2,a(C)), it
increases in (do(g), 0) from J(do(g), () = 0. Therefore J(ayg, ¢)+4 tan ap(¢+
sin ag)/? increases in the interval (60(¢),0) from negative to positive values

with a unique zero o (¢) € (Go(¢),0). This proves (ii) and Lemma 5.2. O

In particular,

®(a(¢),¢) +4tanag(¢) = 0. (5.12)
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Lemma 5.3. One has

> 0. (5.13)

Proof. Differentiating (5.12) with respect to { we obtain

daj 1 L

a 4" aS(Oa—C(as(o,c). (5.14)
From (5.4),
0P 1 ¢ ™2 sinada
¢~ (C+sinag)/? | 2(C+sinag)!/2 +/a W] , (5.15)
so (5.12) yields
o,
8_C(Oé0(€)7 C)
= 1 2tan % sin ado
(¢ +sinag(€))Y2 | (¢ + sinag( 1/2 /a ¢ +sina) 3/2] . (5.16)

Integrating by parts we have

0 : 0
d 2t 1 d
/ sm‘a a32: 2‘1110012_’_2/ L (; (5a7)
ao (¢ +sina)’/ (¢ + sinag)/ ao (¢ +sina)l/2 cos? o

Consequently,

0P

_ 1 /”/2 sin adav +/0 da
 (CHsinag(O)V2 \Jy (¢ +sina) (C+sina)?? " J, C+ sin a)1/2 cos?

<0,

and therefore (5.14) implies (5.13). O

Lemma 5.4. When ag > af(C), one has

., 0P .. 0D
(1) a <0, (i) ogdC >0

Proof. When oy > 0, (5.15) implies (i). When oy < 0, we may use
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(5.17) to rewrite (5.15):

0P 1® + 4tan ag

8_C__§ ¢ + sin ay

B 1 /0 2 da n /“/2 sin ada
(¢ +sinap)/2 | /oy (C+sina)/2cos?a  Jy (¢ +sina)?/2 |’
and then (5.11) yields

001 0w
9¢  cosap Oag

B 1 /0 2 da n /”/2 sin ado
(C+sinag)l/2 | o, (¢ +sina)/2cos?a  Jg (¢ +sina)¥/2|’

The square bracket is always positive and 0®/day < 0 when ag > of,
consequently 0®/9¢ < 0 if ap > o and we have derived (i). As for (ii), we
differentiate the square bracket in (5.15):

0
8040

1 P . /”/2 sin ado
2(C+sinag)/2 ° Jo, (¢ +sina)3/2
1

1 Ll isineg®
T (C+sinag)s2 |20 T 9q,

1
7508 ap(P + 4 tan ao)] .

Then (5.11) yields

2
0*® 1 cosap <8¢ 2 8_<I>> (5.18)

0andC - _§C + sin ag 8_C cos ag Oayg

When ag > af both ®; and ®,, are negative and therefore ®,,¢ > 0 which

proves (ii) and Lemma 5.4. O

Lemma 5.5. ® has the following convergent power series expansion in

¢~ when C is large:

2 1 3
D, () = cos % (E —agp + = sin 2a0>

¢ 22\2 2
1 T . 1 . 9
+ E <<§ — a0> sin o + 3 cos ap(2 + 5sin a0)>
1 T
+O(F)’ a0 # 3. (5.19)
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Remark. In view of (5.11), (5.15) and (5.18), 0®/9¢ > 0 and is a

decreasing function of ag in a neighbourhood of ay = —7/2.

)

BN

T

Figure 2.

Next we consider I(ag, () and ¥(ay, ().

Lemma 5.6. [I(«ag,() is an increasing function of ag in [—7/2,0],
reaches a maximum at ag = 0, then decreases in (0,7/2], I(—7/2,¢{) > 0,
I(n/2,¢) = 0. In particular, I(ag,() > 0 when o € [—7/2,7/2].

Proof. (5.7) yields

% = —2sin ap(¢ 4 sinag) /2.

Also,
/2
I(—7/2,() = 2/ sina[(¢ + sina)/? — (¢ — sinoz)l/z]doz > 0,
0

I(n/2,¢) = 0, hence I(ap,{) > 0 when a9 € [—7/2,7/2), and we have
derived Lemma 5.6. i

The bracket above (5.18) is positive when a9 € ( — 7/2,04(C)), so
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the bracket in (5.15) is an increasing function of ag € ( — 7/2,¢5(¢)) and
may have at most one zero there. Thus 0®/0¢ has at most one zero in
( - 77/27 OZS(C))

A simple calculation yields

ov 1 cosag
= —— 3V +4t . 5.20
O 2+ sinayg (3% + 4 tan ao) (5:20)

Lemma 5.7. 0¥ /0ag has a unique zero ag (¢) <0, ¢ > 1. Also
(i) (o (0),¢) = 4 tanad (©),
(i) 2% >0, a0 € (- 3,05(C),
20, a9 € (ag(g),g
(ii)) W(ao,¢) >0, a0 € |~ 5,3,
(iv) ¥(ao, 1) decreases from \Il( -3, 1) =00 to Q(g, 1) = 0.

Proof. We rewrite (5.5),

W (ap, ()

w/2 0
= (C+Si+040)3/2 [/0 sin (¢ + sina)1/2da+§ /ao tan ad(g+sina)3/2].

Integrating by parts one obtains

3
5@(0@, ¢) + 2tan oy

1 /2 N 0 32 do
= W 3/0 sin a(¢+sin a) da—2/aO(C+sma) ool
(5.21)
We note that
00 ag=-—2
0 ) 29
. da
/ (C+Slna)3/2m == 0, (o7 :0,
ao

—00, «p = %7

and is a decreasing function of o € [—7/2,7/2]. Consequently the square
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bracket in (5.21) is an increasing function of ag € [—m/2,7/2). In particular,
when ag € [-7/2,0], it increases from —oo to
w/2
3/ sin (¢ 4 sina)/2da > 0,
0

and therefore vanishes at a unique point «f € (—7/2,0). Therefore (5.20)

and (5.21) imply (i) and (ii). Furthermore

m 1 T
\11(—5,4) _ml<—§,g) >0, (5.22)
™
@(E,g) —0, (5.23)
so (ii) implies (iii), and (iv) is obvious from the definition of ¥ O
v
(=1
_1/2 af (L5) /2
Figure 3.
Lemma 5.8. We have
¢>1. (5.24)

(I)(CJZ(),C) < W(OZO)C)) Qo € |:_ 27 2]7
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Proof. When ag > 0,

2 /2 sin o . .

Also, Lemma 5.2(i) and (5.22), (5.23) give

@(—g,g)—w(—g,<)<o, (5.26)
@(g,g) —@(%4) —0. (5.27)

Next,

0 /”/2 sin o (si ina)d /”/2 sin ada
— — (sinag — sina)da = cos o -
aOé() ap (C + sin a)1/2 0 0 g (C + sin Oé)l/2

1
= cos apd (),

so the integral in (5.25) decreases when oy < @p(¢), and increases when

ap > Go(¢). This proves (5.24) in view of (5.26), (5.27). O

Lemma 5.9. We have

ov d - 3¥
¢ 2(C+sinayg) <0 (5.28)

ag (¢) < ag(Q)- (5.29)

Proof. (5.28) follows from Lemma 5.7(iii) and (5.24). ® has its maxi-

mum at « and ¥ has its maximum at ozar , SO

®(ag (€),¢) < @(a5(€);¢) < ¥(ag(€),¢) < ¥(ag(¢),€),

and therefore

(U —®)(ag (¢),¢) = (¥ = @) (a5(¢) ¢)- (5.30)
But ¥ — & is a decreasing function of «y; indeed, (5.20) and (5.11) yield
0 cosag (3 1 ov
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and then (5.30) implies (5.29); indeed, since 8%0(111 — ®) < 0, one has
oy # ag. O

Lemma 5.10. V(ap,() has the following convergent power series ex-

pansion in (L for large C:

2 1 )
U(ap, () = cos oo + — <z — o — = sin 2a0>

¢ 2¢2\ 2 2
1 ™ . 2 )
+ 10 3<§ - ao) sinag — 3 cos ag(2 — 5sin” ayp)
1
+ O(F). (5.32)
On the Jacobian A,.
We set
(v, )
Ay = , 5.33
>~ Blans Q) (53
and collect the formulas for its evaluation:
0P 1
=— D 4 45si .34

Oayg 2(¢ +sinayp) ((cos a0} + dsinao). (5:34)
ov 1 .

Bog ~ " 2(C +smag) (3(cos a) ¥ + 4sin o), (5.35)
0P 1 /2 sinada
el S (S| i 1/2/ - 5.36
¢ 2(¢ + sin ) < +2(C + sin ao) o (C+sina)3/2 )’ (5.36)
ov 1
— = (-3U + D). )
o¢  2(¢+sin ao)( 3 +2) (5.37)

We shall be using
K(ag,¢) =2 / " _sinado (5.38)
005~ a0 (C+sina)3/2’ )
P(Z,00,¢) = —%KZ2 —JZ + ;I, (5.39)

and the discriminant of the polynomial P,

4D(ap,¢) = J* + 3IK. (5.40)
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Lemma 5.11. We have

2 sin oy

3 simag) 2 (€ Fsinao, a0, ), (5:41)

(¢ + sinag)3Ay = (cos ap)D —

P(C + SiHOéo, aq, C)

w/2 .
= /ao (sin v — sin o) (sin g + 3sin v + 40((—51_11;%7 (5.42)
0 .
Do ((C + sin a0)3A2)
. 2cos « .
= —(sinag)D — WWP(C + sin ag, o, €). (5.43)
Proof. In

dag OC B¢ Doy
= {i(B(cos ap)¥ + 4sinag) (@ + (¢ + sinag)/*K)

(¢ +sinag)®Ag = (¢ +sinag)? (8_\1!8_@ 0% 0% >

—_

+ = ((cos ag)® + 4sin ag) (¢ — 3@)}(( + sinayp),

S

we replace ® and ¥ by their definition in terms of J and I and obtain (5.41).
As for (5.42),

— P(¢ + sin ayg, ap, ¢)
= 5(

1 3
¢ +sinag)’K + (¢ +sinag)J — 5[

™/2 [2(¢ +sinag) (¢ +sina) — 3(¢ + sina)? + (¢ + sinap)?] sin ada
(¢ + sin a)3/2

@Q

which yields (5.42). Next we differentiate (5.41) and (5.42):

0 1
— (¢ +sinag)?Ay = —(sinag) D + = cos ag sin ag
80&0 2

1 1
| =3(¢ +sinag) 2K —3[—— 9y~ __
[ ¢+ sinao) (¢ + sinag)3/2 (¢ + sin ag)1/2
_( 2 cos o _ _sinagcosag > B 2 sin ag OP (5.44)
(C+sinag)t/2 (¢ + sinag)3/? (¢ +sinag)/2 dayp’ '
iP(C + sin a, g, () = — cos ap [({ +sinag) K + J], (5.45)

8&0
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and replacing 0P/0aq by (5.45) and P by P(¢ + sin o, ap, () in (5.44), the

terms with cos ag sin ag cancel and we obtain (5.43). O

Corollary 5.12. One has

vV
A
Q

o
m
=
VB
N

(¢ +sinag)>Ag (5.46)

Il
o
o
()
Il
TR

JO
Q
(e}
m
| |
\.O
vl
N———

i ((¢ +sinag)®Ay) (5.47)

8&0 — 0’

2

()

I
vl

Proof. When o € [0,7/2), P(¢ + sinag, ap,¢) > 0, see (5.42). Also
K >0,1>0,s0D >0, and (5.43) implies (5.47). Consequently ({ +
sin ag)® Ay is a decreasing function in [0,7/2), it vanishes at ag = 7/2 and

therefore it is positive in [0, 7/2). O

Lemma 5.13.

K (g, ¢) has a unique zero &p(¢) < 0,

(ag,¢) > 0 when ag > &g(¢),

D
D(—gg)<Qf(x—gg)>0wmngzLD(—gJ)=—m.

i((C + sin a0)3A2) <0, ¢>1.

(C + sin Oé())gAg > 0, Do

Proof. K(ap,() > 0 when a9 > 0, K(—7/2,{) < 0, and K is an
increasing function of o € [—7/2,0], since

2sin oy

0
——K(a, () = "t simag)?2

T
>0, e[——ﬁ)
8040 @o

2

Consequently K has a unique zero &o(¢) € (—7n/2,0); in particular K > 0

on (&, m/2), and this implies (ii). As for (iii), we have

/2 :
p(-5)=37(-5)+31(-5) [ e
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The integral is —oo at ( =1, so D(—n/2,1) = —oo. For large ¢ one has

(-5~ 59w K(-59)~zim

SO

Also,

w5 = FIR-59 159 [

> 0,

consequently D(—n/2,() <0, ¢ € [1,00). Since the discriminant is negative
and —K(—7/2,¢) > 0, we have P(X,—7/2,{) > 0, and this impies (iii). In
view of these results (5.41), (5.43) imply (iv). O

Lemma 5.14. One has

P(¢ + sin g, ap, ¢) > 0, ap < ap(CQ). (5.48)

Proof. Indeed,
2P(¢ + sin g, o, €)
= — (¢ +sin.ap)* K (ao, () — 2(¢ + sin ag)J (a0, ¢) + 31 (0, ¢)
1
= —(C+sinag)?K (o, ¢) + 5(C+sin a0)?? (30 — ®).
The first term on the right hand side is positive when oy < &((), and

the second term is always positive in view of (5.24). Thus we have established
Lemma 5.14. O

Proposition 5.15. Ay >0 for ( > 1 and oy € [—7/2,7/2).

Proof. According to Corollary 5.12 and Lemma 5.13(iv),

¢ + sin Oé())gAg > 0,

Vs Vs
h 0. = N
38 (g+sina0)3A2<07} when ag € [ ,2), o 2
o}
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In particular, if (¢ +sin ag)?Ag vanishes, it can only vanish in (—7/2,0),
and it must vanish at least twice there. The derivative (9/0ag)(¢+sin ag)3As
must have opposite signs at these consecutive zeros, or, possibly vanish at a

double zero.

(i) A2(@0,¢) # 0, ap < &o(¢). At the endpoints we have
A2(_7r/27 C) > 07
and, in view of Lemma 5.13(ii) and Lemma 5.14,

D(&0(¢),¢) >0, P (¢ +sindo(¢), d0(¢),¢) > 0,

hence (5.41) yields
(¢ +sinao(¢))* As(a0(¢), ¢) > 0.

If Ag(@o,¢) =0, ap € (— 7'('/2,@0(()), then

_ _ 2sin o .
cos aD(a, ¢) = WP(C + sin &g, &, () < 0 (5.49)

according to (5.41) and (5.48), and then (5.48), (5.43) and (5.40) imply that

0
—(C + Sina0)3A2 <0 at ayg=aqp.
6040
This contradicts the necessity of (8/0ag)(¢ + sinag)3As having opposite
signs at consecutive zeros or vanishing at a double zero of (¢ + sin ag)3As,

consequently Ay cannot vanish in (— 7/2,d0(C)).

(ii) Az cannot vanish in (é&(¢),0). For ag > G0(¢), K(ao,¢) > 0,
so D(ap,¢) > 0. At a zero of Ay in (G0(¢),0), (5.43) and (5.41) yield

D(a, ()

0
—(( +sinag)®*Ag = ——
S111 (Y

>0,
80&0

in view of Lemma 5.13(ii). This cannot happen and we have completed the

proof of Proposition 5.15. O

The rest of chapter 5 is devoted to a careful description of
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(5.50)

The curves I'2(¢)
For fixed ¢ > 1 we define the curves I'y(()
ap € [—7/2,7/2].

(‘%7 tA) = ((E(aOa C)a \Il(a07 C))J
Lemma 5.16. We let oy start at w/2 and decrease to —m /2
(i) ¢ > 1. Ty(¢) starts at (0,0) tangent to & —t = 0. & increases from 0
to <I>(a0( ),¢) then decreases to ®(—m/2,() < 0. t increases from 0 to
U (ag (€),¢) and then decreases to ¥(—m/2,¢) > 0.
(i) C =1. Fg(l) starts at (0,0) tangent to & —t = 0. & increases from 0 to
,1) then decreases to —oo. t increases from 0 to oo, with

(—=m/2), when considered as sets

(i) T2 - 5.¢)
3V - &
—1 asoz—>§.

Proof. ( > 1
+ P + 4tan o

ot 0¥ /0ag 3V 44tanag
- 0®/0ag P +4tancg
This shows that I's (v, () starts at the origin tangent to & —t = 0. The rest
O

0z
of the statements in Lemma 5.16 is a reformulation of our results on ® and

Next we translate the results of Lemmas 5.1 and 5.2 into statements on

.
the solvability of
z = ®(ap, Q). (5.51)
Lemma 5.17. Given & € [ (—7r/2,§),<1>(a5((),()], z = ®(ag,()
(—m/2,a0(¢)), provided
(5.52)

has
(i) one solution 040 (a: Q) €
& e [®(-7/2,0),0),
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(ii) two solutions a(j)(ﬁj,g), j=1,2,
G0(¢) < of(2,0) < aj(¢) < af” (2.0, (5.53)

provided
&€ [0,2(a5(¢), Q)] (5.54)

Lemma 5.18. One has

d
d—C®(a3((),()<0, and (5.55)
do(_T 0 5.56
ac (-3¢ >0 (5.56)

Proof. Setting ap = —7/2 in (5.15) we obtain (5.56). Next,

*

d d
1e2(05(0):0) = ®ag (a6(0), )

in view of Lemma 5.4(i). O

+ @¢(a5(¢),¢) = D¢ (ap(¢),¢) <0

A simple consequence is
Corollary 5.19. When & € [0,@(@5(1), 1)],

i = B(af(¢).¢) (5.57)

has a unique solution, and when & <0,

z

<I>< - g g) (5.58)

has a unique solution. We shall denote this unique solution by (p(Z).

We note that (y/(Z) = max ¢ among all those ¢ for which either
= ®(ap, (), e [0,®(af(1),1)]

has a solution, or



2006] ON GEODESICS IN SUBRIEMANNIAN GEOMETRY 123

has a solution.

If & € (0,®(aj(1),1)), then for every ¢ € (1,{nm(%)), & = ®(ap,() has
2 solutions 040 ( ,0), « 2 ( ,(); this is a consequence of Lemma 5.17(ii).
When z < 0, then Lemma 5.17(i) implies that & = ®(«yg, {) has a unique
solution ozo (a: () for each ¢ such that ®(—7n/2,() < Z; according to (5.56)
this is equivalent to ¢ < (a/(Z). We note that in this case, that is & < 0,

. s
o (@, Cur) = 2.

Lemma 5.20.

(i) >0: Cu (&) decreases from oo to 1 as & increases from 0 to ®(of(1),1).

(ii) z<O0: CM( ) increases from 1 to oo as T increases from —oo to 0.

(1) acy(()2)

(i) lim af” (#,¢) = do(¢). lim_ag”(2,¢) = 5, %= > 0, %= <0.

Proof. The results are implied by the picture of the graph of @, prop-

erties of (3/(#) and the following simple fact:

lim ®(ap,() =0.
{—o0

O
Before we embark on solving
t=0(af(@0),Q) =v9(&,0),  Ce[Leu@)], (559

for ¢, it may help to summarize our understanding of the structure of the

solutions ozo (:L' ¢) of (5.51):
(i) Necessarily

& e (—o0,®(ap(1),1)].

(ii) For such an z,

¢e[1,¢u(@)].
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(iii) There are 2 possible roots of (5.51):

o (,€) € | - 5.05(C)]

(2) - * m
o (#,0) € [a5(0), 5 )-
For & < 0, only oz((]l)(:i",C) is a root. When 0 < % € (0,@(@3(1), 1)], there

are 2 roots, a((]j)(i“,(), j=1,2.

Lemma 5.21. We have

N 9ul) A
(1) %5 (8 0) = — 53 )3ay

—aD s’
- ow() ow(2) ao= (LOA
(11) aC <0, ¢ >0,¢¢€ (17 CM(:E))v

(iii) each equation

has at most one solution in (.

Proof. From

one has
00§ (@,0)  9®/5C
oC N 0P /day

060201(()])(@70’

and therefore

a\p(j)_ 3_\1/
N 80&0

> 90 (2,¢) Lo
¢ (#0)

¢ ¢

aoza(()j) a():a(()j)(fc,g)

N 8@/8&0

which is (i). Ag > 0, except at g = /2. Since oz(()l) <aj(C) < a((]2),

0P 0P
%(aél)v C) > 07 %(aéz)v C) < 07

and we have derived (ii) which implies (iii). O
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Remark 5.22. We note that

& =@ (aj(Cu(@)), Cu (),

SO oz(()l) = oz(()z) = ay is excluded from the above discussion. On the other

hand, ®,, (aS(C ), ¢ ) = 0 implies that

as o (2,¢) = a§(C), j = 1,2
Corollary 5.23. The system of equations
& =®(a0,¢), t=W(a,() (5.60)

has at most 2 solutions in ag € [—m/2,7/2], ¢ € [1,00). When & < 0 it has
at most one solution.

We shall improve on this result.

Definition 5.24. Let Ry denote the image of the mapping

(00,€) = (®(a0,¢), (a0, ), (5.61)
(a0, C) € [— gg] % [1,00). (5.62)
Evidently Ry = LCJFQ(C), ¢ €[1,00).

Lemma 5.25. 7 < 0.

(i) The intersection of Ro with the vertical abscissa at & is the following
segment of t:

\11( - g,gM(:z)) <i<w(af(,1),1), (5.63)

;f:cb(—f,g). (5.64)
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(ii) The lower end (&,V( —7/2,(pm(2))) of this segment is on the curve
Ci(—7/2).

(iii) The upper end (i,\I/(a(()l)(i,l),l)) of this segment is on the curve
[9(1). In particular, To(1) is above Ci(—m/2).

(iv) The mapping (5.61), (5.62) is 1-1 into Ry N {Z < 0}.

(v) Ta(C) N Cr(=7/2) = (D(—/2, Car), W(—7/2, Car)

Proof. When 2 < ( .51) has a umque root ao ( ,¢) for each

¢ € [1,(M(£)], and ¥(«
of (. Consequently,

0),¢) = M (#,¢) is a decreasing function

(= @) = (ol (@ Cu(@)), Cur(@))
<0 (aM(&,0),¢) < v(ai"(2,1),1),

if 1 < ¢ < u(2). The lower end of this interval is the set of points
A DN T N T N

(v () € (1,00), which is the curve Ci(—m/2) parametrized by (s € (1,00).
The upper end is the following set of points:

(&,1) = (@ (i (2,1),1), ¥ (ol (2,1),1)),

(1)

where oy ’(Z,1) runs in

= alV(—00,1) < a{(2,1) < a{"(0,1) = ao(1).

T
2
This is the arc of I'y(1) in the half-space & < 0. Thus for a fixed & < 0 the
vertical segment of abscissa & in Ry is the interval (5.63) stretching between
Ci(—m/2) and I'y(1), and T'9(1) is above Cy(—7/2).

Ry is the union of the vertical intervals [\II(I) (a?,(M(aé)),\Il(l)(aé, 1],
& < 0. (u(Z) occurs only at g = —m/2. If T'y(() strikes C1(—7/2) at
ag > —m/2, then that ( < CM(A), so for that particular Z, in view of the
decreasing behaviour of () (%, ¢), the lower end \If(l)(i, Cm (%)) of the seg-
ment [\If(l (Z,Cm (2 )),\If(l)(:n, 1)] would be below Cy(—m/2), outside of Ry,
and this is a contradiction. Hence I'y(¢) meets C1(—n/2) only at a9 = —7/2,
and we have derived Lemma 5.25. O
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When & > 0, we separate Ry into 2 subdomains, namely ag < ()
and ag > a(().
Lemma 5.26.

(i) Given & > 0, the intersection of the region Ry with the vertical line of

abscissa T which corresponds to the root oz((]l)(i", ) is the segment

U (o (Cur(#)), Cur(2)) < £ < W (ol (2,1),1), (5.65)

where (i (&) is the unique root of & = ®(ag(¢),¢).
(ii) The upper end of these segments is the upper arc of (1) between & = 0
and & = ®(aj(1),1).

(iii) The lower end of these segments is the curve

(,1) = (2(a5(¢), €), T (a5(¢). ), (5.66)

¢ € [1,00). This curve is the locus of those points of I's(C) where & is
mazTimum.

(iv) The points in this part of Rs are in 1-1 correspondence with (o, (),
1,4
Qo = a(() )(‘Tﬂ()

Proof. We note that

oy (2, Cu(2)) = 0 (Cur () = o (&, Car (%))
Also,
v (&,¢) = (" (&,¢).¢) (5.67)

is a decreasing function of ¢, so ¢ = \If(a((]l)(i",g),g) varies in the interval

(5.65). The upper end of this interval corresponds to the set of points
(2,8) = ((ap”(3,1),1), ¥ (af(&,1),1)),
with
2 € [0,®(a5(1),1)].

This is an arc of I'9(1) which extends from ay = ag(1), where & = 0 on
). T

I'y(1), to ap = (1), where & is maximum on I'y(1 he lower end of the
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interval (5.65) is the arc
(#,1) = (@ (a5 (Cur (@), Cur (@), ¥ (b (Cur (@), Cur(@) ), (5.68)
where Z acts as the parameter,
&€ [0,2(ap(1),1)].

We recall that for ¢ € [1,00), <I>(oz3(§ ), ¢ ) is the maximum value of  along
I'5(¢). Consequently the lower end of the interval (5.65) is the curve joining
the points of I'y(¢) where & is maximal.

Finally (iv) follows from the strictly decreasing behaviour of the function
\I/(l)(:%, ¢) in ¢, and we have completed the derivation of Lemma 5.26. O

Lemma 5.27.

(i) When & > 0, the intersection of the region Ry with the vertical line of

abscissa T which corresponds to the root oz(()2) (z,C) is the segment

(ol (@,1),1) <1< U(0g(Cur(@)), Cur (). (5.69)

(ii) The lower end of this interval is the lower arc of T's(1) between & = 0
and & = ®(ag(1),1).

(iii) The upper end of this interval is the curve (5.68).

(iv) The points (&,t) in this part of Re are in 1-1 correspondence with
(a0,€), a0 = (&, 0).

Proof. Given z > 0,
SR 1 0) WO (2) (4
t=v (.T,C) _\I,(ao (.T,C),C)
is an increasing function of ¢ € (1,00), and the corresponding # varies in the
interval

since

The rest of the argument is similar to the derivation of Lemma 5.26. O
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We summarize these results in

Proposition 5.28.

(i) For (v, () € [-7/2,7/2) x [1,00),
(a0,¢) — (®(0,¢), ¥(ap,()) (5.70)

is a 1-1 mapping onto the region Ry, where Ry is the domain bounded
by C1(—m/2) and T'y(1).

(ii) Re N{& < 0} corresponds to the root a(()l)(a%,() of (5.51).

(iii)) When & > 0, the part of Ry between the upper part of I'a(1) and the
curve (5.68) corresponds to oz((]l)(i", ).

(iv) When & > 0, the part of Re between the lower part of T'o(1) and the
curve (5.68) corresponds to aéz) (z,Q).

(v) The mapping (5.70) is not C* on the curve (5.68); see Remark 5.22.

t

Ci(—m/2) Iy(1)

I'5(C)

M

Fii=0 =

Figure 4.

6. denda =T — a9+ 2nm,n=1,2,...,9(0) >0

We still need to consider geodesics which return to the plane after n =

1,2,... full periods at aeng = ™ — ag + 2nw. The final points are given by
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formulas (5.1) and (5.2) which may be rewritten in the following form:

I 1)
(¢ +sinag)l/2’ (¢ +sina0)3/2> , (6.1)

(8.8) = (#(0,), ¥(a. ) + 0 (

ag € [-7/2,7/2], ¢ € [1,00). According to Lemma 4.1, I(¢) > 0, I(1) < oo,
J(¢) <0, J(1) = —cc.

Proposition 6.1. (z,yg,t) cannot be connected to (0,y0,0) by an infi-
nite number of geodesics of the form (6.1).

Remark 6.2. Suppose there are an infinite number of geodesics of
the form (6.1) which connect (x,y0,t) to (0,y0,0) with parameters g p,,
Cnp, > 1, p=1,2,.... Clearly t > 0. Then we have two possibilities:

(i) if {np} is unbounded, we may choose a strictly increasing subsequence,
which we again denote by ni,ne,....

(i) if {np} is bounded, there is a fixed positive integer ¢, such that (z,yo, t)
is connected to (0,yp,0) by an infinite number of geodesics of the form
(6.1) with n = q.

In the following 2 Lemmas we shall show that neither case can occur;

this will prove Proposition 6.1.

Lemma 6.3. It is not possible to find a subsequence n,, p=1,2,... of
the positive integers n such that there are an infinite number of geodesics, one
for each ny,, p=1,2,..., of the form (6.1) which join (x,yo,t) to (0,yo,0).

Proof of Lemma 6.3. Assume the opposite. Then there are param-
eters o, and C,, with ag,, € [-7/2,7/2], (s, € [1,00) such that for the

given (z,yp,t) one has

npd (Cny )
& =®(a0,n,: Cn e : 6.2
7 =200, Cny) + (Cnp + sin g, ) /2 (6:2)

. npl (Cpn,)
t=U(agn,,Cn LRl , 6.3
(0 ) + (Cny + sinagp, )32 (6.3)

p=1,2,3,.... We may assume that
lim g, = ao, lim ¢,, = ¢, ¢ €[1,00]. (6.4)
p—00 P—>00
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a) 1 < ¢ < oo. In this case ®(0,n,,Cn,)s ¥(0,n,,Cn)s J(Cn,) and 1(Cp,)
all have finite limits and I({) > 0. Consequently the second term on the
right hand side of (6.3) has an infinite limit as n, — oo which contradicts

the finiteness of f.

b) ( = 1. Here li_}ln J(Cn,) = —00, and (6.2) gives
p—00

J(ao,npa Cnp)
(Cnp +sin aomp)l/?

an(Cnp) T
(Cn, +sin ao,np)1/2 ’

= (I)(a07np7 Cnp) = -
so that for large p one has
J(QO,np, Cnp) ~ _an(Cnp) — Q.

This contradicts the fact that J(ap, 1) is bounded from above by J(0,1).

¢) ( = oo. (4.23) and (4.24) yield

1pJ (Gny) nyp <7T T >
- =—— |z — —sina + ),
(Cuy +sina0, )2~ G \2 4G,
and
npd (Cn,y) Ny <7r 3 . >
- == |z - sin « +- .
(Cnp +sinagy, )32 G2 \2  4¢, O

Also, in view of (5.19) and (5.32) we have

B(00,1,: ) = (005001, % -+ (6.5)
2
(0,1, Cny) :C_(COS Qom, T )- (6.6)

Each of these right hand sides represents the beginning of a convergent power

series in C,{pl. Consequently,
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# and ¢ are finite and fixed, therefore

2 2t
lim <—ﬂ> Yo B im 2="_p>0 (69
T

p—00 Crsz T p—oo (2

with some constant F, so
P=——, t=—, (6.10)

and (&, ) must be on the critical line # +# = 0, £ > 0. Since x and ¢ are not
both zero, on the critical line neither are zero, and therefore £ > 0. We still
need to show that points on the critical line cannot be connected to (0, yg, 0)
by an infinite number of geodesics of the form (6.2), (6.3). To this end we

need more information on ag. As n,/ Cﬁp has a finite nonzero limit we may

write
i—l—zﬁ :Lﬁsina()n CcOS (g p, +O< L ),
2¢r, AGH v Cnp v 7
f—g%:—z—gjsinaonp Cn,, cosaonp+0(<ip>
We set
2 =E+e(n,),  e(n)=o(l), p- oo (6.11)
np
Then

1
Ee(np)fnp :% (E + e(np)) sin ag p, + 2 cos agn, + O( )

2 Cnp
T 3 1
_55(np)§np == (E +e(nyp)) sinagy, +2cos gy, + O<C )
ip

Adding, one has

1
0= _g(E+5(np)) sin ag p, + 4cos agp, —I—O(C >
Tp

Letting p — o0,

E
0= —77T sin &g + 4 cos @y,
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and
tandg = — >0¢—e(0”) (6.12)
nag= — — . .
aln &g En g 9

Consequently, as p — oo,

‘I’(ao,np;Cnp) ~ \I’(dmgnp) = O(L> — 0,

Crp
w/2 .
npl (Cny) Np/Cny fdo/ sin ada .
(Cny + S0 0, )32 3/2 ~ /npkcos g — o0,
np 0,np o

which yields

npl (Gn,y) >

i \J nps Sn 1
im < (a0,n,, Cnyp) + (Cn, +s1nao,np)3/2

p—00

t is finite, and we have contradicted (6.3). This shows that we cannot have

infinitely many geodesics, represented by (6.2), (6.3) with le n, = 00,
p—00

connecting points on the critical line with the point (0, yo,0). Thus we have

completed the proof of Lemma 6.3. ([l

Lemma 6.4. Given a fized positive integer q, one cannot join (x,yo,t)

to (0,y0,0) by an infinite number of distinct geodesics of the form

. aJ(¢)
& =P4(a0,¢) = ®(a,¢) + (C+sinag) /2’ (6.13)
t =Wy(a0,¢) = ¥(ao, ) + al(c) (6.14)

(¢ +sinag)3/2’
Qp € [—71'/2,71‘/2], C € [1700)

Proof of Lemma 6.4. We start with (6.14) and note that ¥(«y, ¢) and
I(¢) are both decreasing functions of ¢, hence so is ¥4(ap,(), ¢ € [1,00).
Consequently, if (6.14) has a solution ((ag) for a given «g, then the solu-
tion is unique. For a fixed ap, ¥4(ap,() decreases from ¥ (ag,1) > 0 to
U, (g, 00) = 0. As for ¥,(ap, 1), it decreases from W, (—n/2,1) = oo to
U, (m/2,1) = ¢qI(1)/2 > 0. Thus for a fixed «p, (6.14) has a solution if and
only if £ < ¥, (ap, 1).

(i) If £ < W (7/2,1) = qI(1)/2, then (6.14) has a unique solution ((ap)
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for all

T ”]. (6.15)

0‘06[—55

(ii) If £ > W,(7m/2,1) = qI(1)/2, then (6.14) has a unique solution when-

ever
ao € [— g,ao’g], (6.16)

where we let Qg i denote the unique solution of
t=,(ap 1) (6.17)

We note that ((—7/2) > 1, ((ag;) = 1 and ((7/2) > 1. We need ('(ao) at
the end points of the intervals (6.15) and (6.16). To this end we differentiate
(6.14):

0= d%o ¥ (o0, (a0)) + (C(aZ§fi?I?20)3/2]
- e
i a% [qf(ao, 0+ %} o
_ _%ﬁ (39 (00, ¢(a0)) + 4tanay ) - g (z(f CEOC)(TZ:Z ;&50/2
B ¢ et ] e

Multiplying both sides by 2(( (o) + sin ao) we obtain

aI (¢(a))
(¢(ao) +sinag)”

{<I>(oz0, ((ap)) — 3% (ap, C(ao))}

0=—3cosag \Il(ao,C(ao))—i— 2] — 4sin ag

+

J(((a 31 (C(« /
+q{ (< (tleo) 12 (6lew) )3/2}]C(040)'

o) + sin ap) / (¢(a0) + sinag
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Both curly brackets are negative, the first by (5.24) and the second because
J(¢) <0 and I(¢) > 0. Consequently so is their sum,

®y(ag,¢) — 3Wy(ap,¢) < 0. (6.18)

Thus we have

3t cos ag + 4sin ag

('(a0) = . (6.19)
B4 (0, ¢(a0)) — 3¥¢ (a0, ((a0))
In particular
—4
C’( - g) = >0,  (6.20)
v 5¢(=5)) -om(-5¢(-3))
and
g’(%) <o. (6.21)
Consequently ((agp) starts out increasing at ag = —7/2, {(—n/2) > 1, at-
tains its maximum at aa @ where we set
tanag = 3—£ al, =af (6.22)
0,4 = 1 0,0 0> :

then decreases to

((agg) =1, or to C(g) > 1.

To complete the proof of Lemma 6.4, which will complete the proof of

Proposition 6.1, we still need to show that

T = (I)q(ao,g(ao)) (623)

has at most a finite number of solutions in ag € [~7/2, a 4], or in [—7/2,7/2].
®, (ao,( (ao)) is an analytic function of ag. Therefore an infinite number
of solutions ag of (6.23) implies that & is a limit point of the values of
<I>q(oz0,C(ozo)) at either one or both end points of the ag-interval. This
cannot happen at ay;, because ®(ag;,1) is finite and J(1) = —oo, so we

have <I>q(oz07t~, 1) = —oo. It cannot happen at oy = +m/2 either, because it
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has a nonvanishing derivative with respect to o at oy = £7/2. Indeed,

i(I)q (0407 C(QO))

dOé()
B 8_@ B l qJ(C(ao)) cos a 0, ,
- Ha (Oé(),C(OZ(])) 2 (C(Oé()) +sina0)3/2 - 8C (Oéo,C(Oéo))C (Oé(]),
and at ap = —m/2 we have
do T T
1o (C7¢(=3))

2 9 (¢+1)J(Q)

™

15 (€0 eclp) (D)
e=p) (D) o(-1)
(C(_%)_l)lﬂ 2(((_%)_1)3/2 2/’

The square bracket is positive and so is ¢/(—m/2). Therefore

+(q+1)

i(I)q (Oéo, C(QO))

> 0.
dOé() oapg=— g
Similarly,
L g, (00.Ca0)| <0,
dOé() Ol():g

This implies that (6.23) can have at most a finite number of solutions which

proves Lemma 6.4, and we have completed the proof of Proposition 6.1. [

7. Qend =T —ap+2nm,n=1,2,...,9(0) <0

We are still interested in formulas (5.1) and (5.2):

. nJ(¢)
LL’(7T—O(0—|—2TL7T) :(I)(Oé(],C) +(C—|—Sin—a0)1/2, (71)
t(m — ag + 2n7) =V (ap, ) + o) (7.2)

(C +sinag)??’
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n=1,2,..., although here §(0) < 0 which is equivalent to

T 3
5 < op < 7 (73)

Note that n # 0 if §(0) < 0, see Chapter 3 (ii). We introduce

dp=m—o0, o =m-a (7.4)
and obtain
—2 /2 sino/da’
¢ = - - — = _¢ /
(00,) (¢ + sinaf)l/? /% (¢ +sina/)1/2 (2, €),
)\ —2 /2 . / . Ndo! (o
(©0:0) = T smapp / sina’(¢ +sina’)da’ = —¥(aj, ().
Thus
b ol ) 4 — O
& =—®(ap, () + (C+simap)i /2 (7.5)
; 1(¢)
F==W(ah O+ o o 7.6
(a07<)+(<+sina6)3/27 ( )
with
T
ah=[-53] &
n = 1. Here we use
™ w/2
/0 f(sina)da = 2/0 f(sina)da,
2T 0
fsina)da = 2/ f(sina)da,
4 —7/2
and write
2 @0 sin ada
z = T 12 — = = 78
"7 (Csinag)? /—m (¢ + sin )1/ (a0, 0); (7.8)
~ 2 a0 ) )
t = W /_W/2 sin a(C 4+ sin a)l/zda = ¢(C¥0, Oa (7.9)
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with

; ¢>1, (7.10)

oS

<ap <

N[N

where we returned to using « for of); we note that o of (7.10) is the 7 — ayp

of the chapter heading.

n=223,.... With m =n — 2 we have

mJ(C)

& =p(a0, () + (€ +sinag)2’ (7.11)
. mI(C)
t =¢p(a, () + W? (7.12)
m=0,1,2,..., ap € [-7/2,7/2]. We set
- j(a())C)
@(0407<) - (C + SiHOéo)l/27 (713)
_ i(a())C)
1/1(04070 = (C i sinao)?’/?’ (714)
with
. @o sin ad oy
j(OéOaC) - 2/;7T/2 W, (715)
i(ag,C) = 2/0«) sin (¢ + sin)?da, (7.16)
—7/2

and work with ¢, 9, j and ¢ in a manner similar to the use of ®, ¥, J and

I in chapter 5.

On the functions ¢, v, 7 and 3.
Lemma 7.1. (i) For ag € (—7/2,7/2],

j(a()vC) < 07 and ]( - gvg) = 07 (717)

(ii) j has a minimum at oy = 0.

Proof. Clearly j(7/2,¢) = J(¢) <0, and

aj 2 sin o
= =0 = = 0. 7.18
dag (¢ +sinag)l/? @0 (7.18)
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O
Lemma 7.2. (i) We have
Oy 1 cosag
Sl A R P . 1
dayg 2 ( +sinag (v an. ao) (7.19)
(ii) Given ¢ > 1, Op/0ag has a unique zero at of ,(¢) < 0, where
So(aagp(g)’ C) = 4tan O‘é,g@(g)v (720)
and ¢ achieves its minimum at of ,(C). In particular,
T T
imply that
T
90(0407 C) < 07 ap € ( - 57 §i| . (722)
(iii) Clim+ o(ap,() = —oo, uniformly when ag is bounded away from
—1
—m/2.
(iv)
) . oo
Clinl"g a5,,(C) = 5 (7.23)

Proof. (i) is immediate. (ii) Note that

p—4tanag = ;(] — 4\/C+sina0tana0).

(¢ +sinag)1/?

j is strictly decreasing from 0 and 4+/( + sin g tan a is strictly increasing
to 0 when oy € (—7/2,0), see the proof of Lemma 5.2(ii), so they intersect
once at ag ,(¢) <0, and we have (7.20). Finally one has

. /ao sin ado
lim 15 = %%
=1+ )2 (€ +sina)t/

which proves (iii), and then (7.20) and (iii) imply that Chm+ tan ag ,(¢) =
—1 ’
—oo which yields (iv). O
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Lemma 7.3. For large ( one has
ao

2 1/ .
(g, () _Z{ —COSOéo+2—<(SIH040008040—/_7T/2SID ada)

— i ( sin? Q COS Qg — g sin oy /ao sin? ada — /ao sin® ada)
8C2 3 —7r/2 —7r/2
T } (7.24)
A simple calculation gives
Op 1 © /0‘0 sin ada
== + —. (7.25
3~ W rsmag)? | A Tsima)® T ) remap | TP

Since ¢ < 0 when o € (—7/2,7/2], and

/ @0 sin ado <0 -0
-, - _Na/o ) a )
a0 (¢ +sina)3/? ’

we have
¢
—7/2 ag4(C) /2
7
(=15
Figure 5.
Lemma 7.4. For all o € (—7/2,7/2],
0
Ld (7.26)

a—<>0.
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Lemma 7.5. For a fixzed ( > 1, (i) i(ao, () has a unique zero &g ;(C) >

0, (ii) @ is minimum at ap = 0.

Proof. i(7/2,{) > 0, i(ap, ) < 0 for ap <0, and

di 1
= 2sinag(¢ + sinag) 2.
Do 0(¢ 0)

Consequently ¢ is decreasing when oy < 0, and increasing when ay > 0.

These imply (i) and (ii) and Lemma 7.5. O

We note that

oY 1 cosag
ag 2§+sina0(3w 4tan ayp). (7.27)

Lemma 7.6. (i) For fized ( > 1, 0v/0ag has a unique zero aar’w(g“) < 0.

In particular,
3¢ (ag,,(€),¢) = 4tanag ,(C). (7.28)

Y decreases from (—m/2,() = 0 to w(a&w((),() and then increases to
¥(r/2,¢) > 0.
(ii) ¥ (g, 1) increases from (—m/2,1) = —oo to P(n/2,1) > 0.

Proof. We integrate by parts in 1,

2 0 ‘ '

P = W (/ p sin (¢ + Slna)1/2da

9 [a0 ) 32 do 2 . »

3/0 ((+sina) 032 o + 3((—|—smao) tan aq |,
and obtain

2 0
3y — 4t - (3 . . e
71) an &g (C + sin a0)3/2 ( /_7r/2 Sin a(( + sin a) a

ag d
- 2/0 (¢ + sina)?/? - C; ) (7.29)

Se v
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As a function of «g

ag
~ [T+ smap S
0

cos?
decreases in the interval (—m /2, 7/2) from +00 to —oco, and has a unique zero
at ap = 0. Therefore the bracket on the right side of (7.29) has a unique
zero at aar’ »(€) < 0. Consequently, (7.27) implies that

9 .
80&0 < 07 ap < a0,¢(<)7 (730)
9 .

Do > 0, ag > oy, (C), (7.31)

¥(0,¢) <O0. (7.32)

When ¢ = 1, the second integral in the bracket in (7.29) exists even at
ag = —m/2. The bracket is a decreasing function of . Integrating by parts
the first integral in (7.29) we find that the bracket vanishes at ag = —7/2,
therefore it is negative for all ag € (—7/2,7/2], and 9y /day > 0 by (7.27).
As the right hand side of (7.29) is < 0, we see that ¢(—m/2,1) = —oo which

implies (ii) and we have established Lemma 7.6. O
—m/2 agy(L5) ai,i(1) /2
(=15

(=1

Figure 6.
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Lemma 7.7. For large ,

@Q

1 1
(g, ) = —{ — 2cos g + Z(?) sin ag cos ag —I—/ sin? ada)

¢ —7/2

1,15 3 co
— —2(— sin” g cos g + = sin oy sin® ado
¢ 4 2 —7/2

+ i /_iO/Q sin® ada> T } (7.33)
One has

g—? - %. (7.34)
Lemma 7.8. G, (C) is the unique zero of /¢ in (—m/2,7/2). In

particular,

3¢ (&O,w(C)a C) = @(&O,w(C)a C)J (735)
0
>0 a0<doy(0) (7.36)
19}
8_? <0, ap>dogl0) (7.37)

Proof. We shall derive (7.36) and (7.37) for —3¢ + .

-3+

1 /ao sina__; 3si 2¢)d (7.38)
= — (SIN & — S1ln &« — . .
(¢ +sinag)®? J_psz (C+sina)i2 "

The integral vanishes at ag = —m/2. Also, ¥(7/2,() > 0, ¢(7/2,() < 0,

and the integral is negative at ap = 7/2. Furthermore,

0 @0 sin o . .
Oao / /2 (C + Sina)1/2 (Smao — 3sina — 2C)d0&

1
= 5 cos ao(¢ + sin ap) (¢ — 4 tan ag),

so the integral increases when o < aa@(( ), hence positive at aa@(( ), and

then decreases for ag > a§7<p(§ ). Since the integral is negative at ag = 7/2,
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it attains a unique zero at some point G (),

* . 0
g, (C) < dop(C) < 5 (7.39)
O

Lemma 7.9. We have
@ <1 (7.40)

Proof.
2 @0 sin v . )
p—1= (C + sin ag)3/ /_M2 (¢ + sina)1/2 (sin g — sin av)dav.

When oy < 0, the integrand is negative and therefore so is ¢ — 1. Also,

0 @0 sin o«

. . 1.
670(0 —7I'/2 (C_I_Si—na)l/Q(Slnao —Slna)da = 5] cos ap < 0

by (7.17). Consequently the integral, and therefore ¢ — v stay negative for
ag > 0. O

On the Jacobian Ag

We are interested in the mapping

(a(]vC) — (£7£) = (SO(OZO)C))Q[)(O‘O)C))’ (741)
and to this end we let
_ W, 9)
Az = B, 0) (7.42)

denote its Jacobian. Then

A 1 cos g % N /0‘0 sin ada
5 T2(( +sinag)¥2 \ 2(C + sinag) /2 —x/2 (€ +sina)3/?

1 COS
+ Zm(@ —4tan ag)(—3v + p). (7.43)

We set
@0 sin ado
o) =2 [ (7.44)

—x/2 (C+sina)3/2’
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1 3
3 1
D = Zik + =52 4
PRI (7.46)
s0 4D is the discriminant of P.
Lemma 7.10. We have
2sin oy

(¢ + sinag)3Az = (cos ap)D + P(¢ + sinag, g, ), (7.47)

(¢ +sinag)1/?
P(C + SiHOéo, o, C)

o . . . sin ada
= /_ﬂ/z(sm a —sinag)(sinag + 3sina + 4C)W. (7.48)

Proof. (7.45) yields

@0 sin «v

P(C+Sinao,ao,0=/ [— (¢ +sinag)?

—7/2 (C + sin a)3/2
—2(¢ +sinag) (¢ + sina) + 3(¢ + sina)?|da

which yields (7.48). As for (7.47), we replace ¢ and ¢ in (7.43) by their
integrals, and then a direct calculation gives

1
(¢ +sinag)3As = cos o Ekz + ij}
3%

(C+sinag)/2 (¢ 4 sinag)* %k

+ sin o [—2(( +sinag)j +
which is (7.47). O

Lemma 7.11. The oy derivatives of P and As are given by

%mp(c + sin g, ap, ¢) = —(cos ) [j + (¢ + sinao)k], (7.49)

0 .
%(C +sinag)’As

2 cos o

— _(si D22 a0
(sinap) +(C+Sina0)1/2

P(¢ + sin a, g, €). (7.50)
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Proof. (7.49) follows easily from (7.48). Then (7.47) yields

0
%(C + sinag)?Asz = —(sinag) D

§ sin g it sin ag .
2 (¢ +sin)3/2 (¢ +sin a0)1/2]

3
+ cos g [5 sin o (¢ + sin ao)l/zk +

49 1 1 sin ag
Cos v - =
O1(C+sinag) /2 2(C + sinag)3/2
2 sin ay d

(C + sinag)'/? dag

P

P(C + SiHOéo, ag, C)

We replace dP/dag by the right side of (7.49), note that the terms with

sin ag cos ap cancel and obtain (7.50). O

Proposition 7.12. A3 >0, « € (—7/2,7/2], { > 1.

Proof. We shall argue as we did in the proof of Proposition 5.15.

)

™

:07 Oé():—g,

A3 >0, «ap€ (—g,o}.

(7.51)

Indeed i and k are negative when o < 0, so D > 0 there. Furthermore, the

integrand in (7.48) is positive when o < 0, consequently
P(¢ + sin g, ap, ¢) > 0, ag <0, (7.52)

and, in view of (7.50),

%(C +sinag)®Az > 0, ag < 0. (7.53)
0

(7.47) and (7.48) imply that (¢ + sinag)3As = 0 at ag = —7/2, therefore
(7.53) implies that

(¢ +sinag)3Az > 0, —g < ap <0,

and we have derived (7.51).
2) Az >0 near ap=m/2. We note that D(7/2, () agrees with D(—7/2,()
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of Lemma 5.13(iii) which is negative, so

D(g,g) <0, ¢>1, (7.54)

and P(X,7/2,() has no real roots. Therefore P(0,7/2,¢) = (3/2)i(7/2,¢) >
0 implies that

P(X, gg) > 0. (7.55)
In view of (7.47),
. 3 . 2 z
(CHsimaoPls| = \/mp(g ¥, 2,g) >0, (7.56)

which proves 2). Clearly, (7.50) and (7.54) yield

9 (¢ + sinag)*As

S =-D>0. (7.57)

ap=3%

3) Thus, if Az has a zero, it must have a least 2 zeros in ag > 0 where

I(C + sin ag)3A3/0aq has opposite signs.

4) A3z does not vanish for oy > @y; we recall that &g, is the unique
zero of ¢, and &p; > 0. Indeed, ¢ > 0 when ag > d&p;, and since j and k are

always negative, we have
. 1 . 2 . . 3.
P(¢ + sin o, g, ¢) = —§(C +sinag)“k — (¢ +sinag)j + 5t > 0, (7.58)

ag > g ;. Furthermore, as i(&o , () = 0, we have

1
D(aw,i,¢) = 1.7'2 >0, (7.59)
and (7.47) yields
(C+sinag)®Azl >0, (7.60)
ap=0a0,;

Consequently, in view of (7.56), if (¢ + sin ag)®As vanishes in (dg, 7/2), it
must have at least 2 zeros there with 9(¢ + sin ag)3A3/0ag having opposite

signs at the 2 zeros, or a double zero of Aj. This cannot happen. At a zero
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of Az we have

2tan o .
D=————— P ,a0,C), 7.61
(C+ sinag) 12 (¢ + sinag, o, €) (7.61)

see (7.47). Substituting (7.61) into (7.50) we obtain

9 (¢ +sinag)?Ag = 2LE+sina0,a0,¢)

Do >0 (7.62)

cos ap (¢ + sin ap) /2

at a zero of A3z in (G, 7/2), in view of (7.58). This proves 4). We still need

5) Ag has no zero in (0,Gp,;). In this interval ¢ < 0. Since k is always
negative, one has D > 0 when o < @y, and at a zero of Az in (0,a0,) we
have P(( + sin ag, ag, () < 0 see (7.61). According to (7.62), at a zero of Ag
in (0, &o ;)

_ 2P(C + sin Qp, &, C)

0 :
6740“ +sinag)’Az =

<0,
cos ap (¢ + sin ag) /2

and at consecutive zeros the slope of ({ + sinag)®As cannot change sign,
or vanish at a double zero, which again contradicts 3). This completes the
proof of Proposition 7.12. O
The curves Cs(ay).

Let C3(a), ap € [—m/2,7/2], denote the following curve

C3(a0) = {(jzw(a07g)7£:¢(a07g))7 1 <<< 00}7 (763)
parametrized by ¢, in the (Z,)-plane,
C3(—m/2) collapses to (0,0),
Cs5(m/2) coincides with Cy(7/2), since

Lemma 7.13. (i) For ag € (—m/2,7/2), the curves Cs(ag) start, when
¢ = o0, at the origin (0,0) tangent to the line & = t.

(i) All curves Cs(ag) stay in the half plane t > .



2006] ON GEODESICS IN SUBRIEMANNIAN GEOMETRY 149

(iii) As ¢ — 17, &(a, ¢) — —o0, t(ag, ¢) — ¥(ap, 1), so that each curve
Cs(ap) has a horizontal asymptote

f = 7/1(040, 1)

(iv) As ¢ decreases from oo to 1, & decreases from 0 to —oo.

(v) When ¢ decreases from oo to 1, t starts decreasing, reaches a unique
minimum, then increases to its asymptotic value ¥ (ag,1).

Proof. (i) is a consequence of the large ¢ expansions of ¢ and 1) given
in Lemmas 7.3 and 7.7.

(ii) follows from ¢ < 1 as proved in Lemma 7.9.

(iii) is a consequence of the definition of ¢ and ¢ and (iv) follows from
Lemma 7.4, which says that the (-derivative of ¢ is positive.

(v) is a consequence of the following O
YL 1) s
\co) ) <

O, 1) [ \

Figure 7.

Lemma 7.14. 0v/9C has a unique zero (ag); O/OC > 0 for ¢ > C
and O /0¢ < 0 for ¢ < (.

Proof. We start with (7.34):

oy B+
¢ 2(¢+sinag)’
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As ¢ — 17, 9 stays finite but ¢ — —o0, so

lim 8_1[) = —00
¢—1t 8§ N .
The sign of 9v/0(¢ is the sign of u = —3v¢ + ¢,

o : sin adoy
'LL(O[O,C) = /;ﬂ—/z(SlHOéO —3sina — 2C)(<'_|_Sl—na)1/2

B /0‘0 sin a(sin ap — sin «v)
Jomp (G Hsine)t/?

da — i(ap, (). (7.64)
The large ¢ expansions of ¢ and v given in Lemmas 7.3 and 7.7 yield
4
—3¢+g0~zcosa0>0, ¢ — o0,

and u(ap,¢) > 0 when ¢ ~ oo. Also, u(ap,() = —oo as ¢ = 17, ap €
(—m/2,7/2). From (7.64),

ou 1 /0‘0 sin a(sin ag — sin «) d /0‘0 sin ada
a

a_C 2 —7/2 (C + sin Oé)3/2 - —7/2 (C + sin Oé)l/2
1 1
= _iv(a(]v C) - §j(a07 C) (765)

We note that
(i) v(-3.¢) =0,

ov / @0 sin ada

(i) =— = cos oy < 0.

dayg —r/2 (¢ + sin )3/

Consequently v < 0 and therefore (7.65) implies that du/0¢ > 0. Thus u
increases from —oo to u(ap,00) > 0 as ¢ increases from 1 to oo, and u(ap, ()
has a unique zero (ag), and so does d1)/9C. O

The region Rgs.
We let R3 denote the image of the mapping (7.41):

(a07<) — (90(@07()71/1(0407()) = (£7£)7

(0,¢) € (—m/2,7/2] x (1,00). In particular R3 is the union of the curves
Cs(ag), —7/2 < ap < /2.
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Lemma 7.15. (i) For (i,t) € R3 the equations

JAZ':QO(OZ(],C), fzw(a(]vg)
have a unique solution. Consequently the mapping (7.41) is 1-1 and onto its
image R3.
(ii) The curves C3(ag) do mot intersect; their t component increases as

ap increases from —m /2 to w/2.

Proof. (i) According to Lemma 7.13(iv) and Lemma 7.4, ¢ varies be-
tween —oo and 0, and dp/9¢ > 0. Thus ¢ is an increasing function of ¢,

and for any & < 0 the equation

T = (10(@07 C)

has a unique solution in ¢, ( = ((ap,Z). Substituting this value of ¢ into
t = (g, ¢), we obtain

t(c, &) = 1 (a0, C(v, £)). (7.66)
Now
& = p(a,¢(ao, &) (7.67)
yields
and

82?(0407 :i‘) A3
_ >0, 7.68
OJay 0¢/0C 1¢=¢(a0.2) (7.68)

in view of Proposition 7.12 and Lemma 7.4. Thus #(ag,#) is an increasing

function of ag, and (7.66) has at most one solution.

(ii) is a consequence of (i) and of (7.68). O

Lemma 7.16. The region Rs is bounded by Ci(n/2) = Cs(n/2) and
the line & =1, & < 0.
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Proof. C3(—m/2) degenerates to a point. Nevertheless, f(ag,2) de-
creases as ag decreases to —m/2, it is bounded from below by & = £, & < 0,
so it converges to a limit position. We shall show that this limit is the line
=1t &<0,ie.

lim #(ag,?) = 2. (7.69)
ao—}—%
This will prove that the mapping oy — t(, &) sends (—7/2,7/2) onto the
interval (2,#(m/2,2)], and {(r/2,4) € C3(m/2). The key is the behaviour of
C(ap, &) as apg — —7/2. From (7.67) we have

. 2 /ao sin ada (7.70)
(¢, ) + sin ag)L/2 —r/2 (C(ao, 2) + sin )1/2° )

When ay — —m/2, the integral has limit zero if {(«g, %) is bounded away
from 1, so for a fixed & < 0,

lim ((ap, ) = 1. (7.71)
OCO_>_§
We set
T
o = —5 + <o, (7.72)
(g, ) =149, lim d(gp) =0, (7.73)
g0—0
a:—g+a (7.74)
Then

/ ao sin ada _ / £o cosede
—r/2 (Cag, &) + sin )1/ Jo (148 —cose)l/?

2
= —/2Argsinh <\/;sin 6—20> +0(ed);

this is easily seen if we introduce x = sin(e/2) as the variable of integration.
As & = —|z| #0, (7.70) yields

- 2\/§Argsinh<\/gsin %O) +0(<})

2] =
\/5+2sin2%0
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The denominator vanishes as g — 0, hence so does the numerator. In

particular
. €0
lim —— =0.
c0s0 /28
2v/2Argsinh | S
4] + Ofeo) = <f),
\/ o+ 70

or,

sinh (i(m +0(e0)) /26 +3) = 2,

and for small g we have

g

(|2| + O(e0)) (/20 + €

o=

\/_

This leads to a quadratic equation in § which we solve when ¢ is small,

5(c0) = ==

|7T + o(z). (7.75)

Rewriting (7.66),

(o, ¢(ag, 2))

2 0 i ~ . 1/2
~ (¢(a0, &) + sin ag)3/? /_ p sina(C(ag, #) +sina)*da,  (7.76)

and we note that using (7.73) and (7.75) we can calculate the integral,

ao
/ sin a (¢ (e, )+s1na dor ~ —/ cosey/d + €2d5
—7/2

3/2

E()NO

Therefore

m ) = || = i
a0—1>1317r/2 (Oéo,((ao,x)) “T| T

which is (7.69) and we have completed the proof of Lemma 7.16. O
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L E4t=0 i

=>

h—i=0

Figure 8. Rs.

In summary,

Proposition 7.17. The mapping

T a
(=53] x (1,50 3 (a0,Q) — (@) = (¢(a0,0), (a0, <),
which corresponds to the first return point on the plane y = yg of the
geodesics issued from (0,yo,0) with y(0) < 0, is 1-1 and onto a domain
Rs3. Rs is bounded by Ci(w/2) = C3(w/2) from above and by the half-line
& =1, & <0 from below. This half-line cannot be reached by the mapping.

The next statement concerning the effect of the periods (7.11)—(7.12)
is immediate.

Lemma 7.18. The mapping (7.11)—(7.12) has its image in the space
bounded by t > &, & < 0.

On the returns after m = 1,2,... periods.

The relevant formulas are given by (7.11) and (7.12). To simplify our
notation we replace m by n and look for geodesics with endpoints represented
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J(©) 1)
(C + Sina0)1/2’ (C + sin Oéo)3/2> s (777)

ap € (—m/2,7/2], € (1,00), n =1,2,....

(&ﬂz(wmmmwmm0)+n<

Proposition 7.19. (z,yo,t) cannot be joined to (0,yo,0) by an infinite
number of geodesics of the form (7.77).

To prove this result we shall imitate the proof of Proposition 6.1. In par-
ticular, Remark 6.2 holds as long as we replace formulas (6.1) with formulas
(7.77).

Lemma 7.20. There is no subsequence {n,, p =1,2,...} of the positive
integers N, such that we have an infinite number of geodesics, one for each

np, p=1,2,... represented by (7.77) which join (z,yo,t) to (0,yo,0).

Proof. Assume the opposite. Then there are parameters ag,, €

(=m/2,m/2] and (,, € (1,00) such that for the given (x,%o,t) one has

. an(Cn )
= npy Sn . L 5 7.78
& = (a0, Cn,) + o, +Smao“)1/2 ( )

. npl (Cny,)
t= nps Sn . - ) 7.79
71)(010, P C p) (Cnp +Sln0{07np)3/2 ( )

p=1,2,.... We may assume that
lim ag,, = ao, lim ¢,, = ¢, ¢ €[1,00]. (7.80)
pP—>00 P—00

a) 1 < { < oo. In this case ¢(ap, (), ¥(ao, (), J(¢) and I(C) are all finite

with 7(¢) > 0. Consequently the right hand side of (7.79) grows without

limit as p — oo, which contradicts the finiteness of ¢, and a) cannot occur.

b) If ¢ = 1, then (7.78) yields

H00mys o) mmd(G)
(Cn,p + sin ozomp)l/2 (Cn,, +sin ao,np)1/2 ’




156 BERNARD GAVEAU AND PETER GREINER [March

so for large p we have

j(ao,npa Cnp) ~ _an(Cnp) — o9, (7'81)

since J(1) = —oo. Since j is bounded by 0, (7.81) leads to a contradiction

and ¢ = 1 is not possible.

¢) ¢ = oo. The proof follows the argument of the proof of Lemma 6.3(c).
Expansions (6.5) and (6.6) are replaced by Lemmas 7.3 and 7.7. (6.7)—(6.10)
still hold, and we conclude that if (z,yo,t) is connected to (0,yp,0) by an
infinite number of geodesics represented by (7.78), (7.79) with pli_)ngO Cnp = 00,

then (z,%o,t) must be on the critical line # +¢ = 0, £ < 0. That this is
impossible is a consequence of the argument following (6.10) in the proof
of Lemma 6.3(c); here we get tanag = —8/(Ew) < 0 which implies that
ag € (—7/2,0). O

Lemma 7.21. Given a fized integer q, it is not possible to connect
(z,y0,t) and (0,y0,0) by an infinite number of distinct geodesics which can

be represented in the form

. J
i =ylon.0) = plon. O + iy (7.52)
£ =y(00,¢) = (an, ¢) + — ) (7.83)

C+ simag)?’
ag € [-7/2,7/2], ¢ € (1,00).

Proof of Lemma 7.21. We shall follow the argument of the proof of
Lemma 6.4, but exchange the roles of # and . Lemma 7.4 implies that ¢ is
an increasing function of ¢. So is the second term on the right hand side of
(7.82). Indeed,

oI
9C (C + sinag) /2
-1 . 2T sinada
= st (€ o) [ g IO

> 0. (7.84)
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Therefore ¢4 (v, ) is an increasing function of ¢, and if (7.82) has a solution
C(ap) = ((av, &) then ((ap) is unique. By Lemma 7.13(iv) ¢ increases from
—oo to 0 as ¢ goes from 1 to co. This holds for J({) too, and thus holds for
©q(ap, ¢). Consequently for any ag € (—n/2,7/2] and & € (—o0,0), there is
a unique ((ap) such that

z

©q (a0, ¢ (). (7.85)

We shall show that
t = 1pg(a0, () (7.86)

has at most a finite number of solutions ag. This will prove Lemma 7.21 and
completes the proof of Proposition 7.19. To prove that (7.86) cannot have
infinitely many solutions we argue by contradiction. Suppose (7.86) does
have infinitely many solutions og. Since 1)y (ao, ¢ (ao)) is analytic in ag, the
infinite set of solutions of (7.86) must have as a limit point at least one of
the endpoints of the interval [—m/2,7/2]. We shall show that this cannot
happen by proving that the ag-derivative of v, (ao, ¢ (ao)) does not vanish
at ag = +m/2. To this end we note that {(—n/2) is the unique solution of

qJ (¢(—7/2))

I &, #e(—00,0), (7.87)
and ((7/2) is the unique solution of
T qJ(C(n/2)) .
(o= g( + g) e (1, 00). (7.89)

(i) ap = —7/2. To find '(—7/2) we differentiate (7.85).
_ 9» 9

~ Jag lag=—r/2 + OC lag=—n/2 ' Cl( B g)

1 Gra v IR )

—2 q¢'(—m/2) 2 sin ado
T -1 2 —1)p [(C‘ - 1)/0 C Fsmap? + J(C-)| -

0
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The content of the square bracket is negative, so

c’( - g) > 0. (7.90)

Then

d
deowq (a0, ¢(an))

JO—
B é%; womm/z | g_? - </<_ g) +%<%) ‘g:g, ' C/(_ g)

B
N C__E 1 [_ 2(21—@1_))5/2 * 2(g_J (5_1))3/2} (-3)

<0,

since the content of the square bracket is negative.
(ii) g = /2. Again,

dyp

dp [
0=2 + |52
op=m/2 8(

N 8040

0 ST
ap=m/2 * aC¢ (%) ‘g:g] ¢ (5)

0p/0¢ > 0 at apg = m/2, see Lemma 7.7, and so is the second term in the
square bracket according to (7.84). Also,

STZ comnf2 <+2+ 7Y
so we have
g’(g) <0. (7.91)
Consequently,

d
dTm% (a0, ¢(a))

ap=m/2
ol o / 9 ¢ al(¢) /
B 37040 ao=m/2,(=C4 a_C ao=m/2,(=C+ ¢ <g) +6_<<(C({|-1 3/2) ‘C=C+ ¢ <g)

_ 2 1 —31(C4) J(Cy) /
S +1 " 2(¢+ +1) [(C++1)3/2 " (C++1)1/2] ‘ (

J(C+) 31(¢y) (T
e [2(@ ++1)3/2 - 2(¢y +J£)5/2} ‘ <§) -0
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since both square brackets are negative. This proves Lemma 7.21, and we
have completed the proof of Proposition 7.19. O
8. ¢€(-1,1),y(0) >0

We recall the behaviour of a geodesic when ¢ = (—1,1); for details the
reader may consult chapter 2. For fixed { and 7 > 0, the y-component of

the motion is given by formula (2.62),

sin o) 1/2
(o) = sem(y()) IO

a starts at ag € [—7/2,37/2], which is uniquely determined by the following

requirements:
+ sin ag) /2
yo =y(0) = “7_1—/20)7 see (2.61),
y(0) = n(0) = cos ay, see (2.21). (8.1)

The x and ¢ components of the geodesic curve are given by formulas (2.63)
and (2.64),

1 @ sin o/da’
z(a) = m/ sgn(y(o/))

ap (C + sin a’)1/2 ’
B 1 @ , . , . NV,
t(a) = W/ sgn(y(a)) sind/(¢ + sina)/?da’.

@Q

The behaviour of the curve represented by (2.62)—(2.64) is described
after formula (2.48). We recall some of the salient points. To begin with,
(2.62) restricts « to the interval

A(Q) <a<m—A(Q), (8.2)

with

A(¢) = Arcsin(—¢) = sin"!1(—() € [ (8.3)

T 71}

2721
Then (2.38) implies that a increases when y(a) > 0, and decreases when
y(a) < 0. In particular, the geodesic crosses the y = 0 plane everytime

a=A(¢) or a = — A((), at which time a changes direction. The maxima
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and minima of the y-component of the motion occur at a = 7/2, with

5) L

(8.4)

We shall classify the geodesics which leave (0,9, 0) in the increasing y-
direction, ¢(0) > 0, and return to the y = y plane according to the direction
in which they pierce the y = yo plane. The ones that arrive from the left
always arrive at a = «q after a finite number n = 1,2,... of periods. The

ones that arrive from the right always arrive at « = m — «q after a finite

number n = 0,1,2,... of periods. In short, we have
a = ag, n=12..., (8.5)
=T — ag, n=0,1,2,... (8.6)

All the geodesics (8.5) and (8.6) with n = 1,2,... are nonlocal, that is,
they cross the y = 0 plane. So are the geodesics whose y-component starts
as a decreasing function, ¢(0) < 0, or, equivalently ag > 7/2. Thus the last
batch of local geodesics are given by (8.6) when n = 0 and oy < 7/2. We
shall show that this family of geodesics fill the missing domain in the half
plane ¢ > &, which we shall denote by Rj.

The case a = 7w — g, 9 < 7/2.

Start with n = 0, and
T
AlQ)<ar <3, (8.7)

so 9(0) > 0, at least when oy < 7/2. y(«) starts at yo = y(«), increases,

reaches a maximum at a = 7/2, turns back and reaches the y = y plane at

a =7 — o with negative velocity y(m — ag) = —5(0), see (8.1). We rewrite
(2.63) and (2.64),
1 7 sinado
P — _— = ¢ 5 5 88
! (¢ + sin ag)1/2 /ao (¢ + sina)1/2 (a0, ¢) (88)
~ 1 =00 . 1/2 .
t= T+ smag) /ao (¢ +sina)/“sinada = ¥(ay, (), (8.9)
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with
I, ¢)
®(ap, () =+ smag) 2 (8.10)
W (ag, ) = 100:C) (8.11)

(C + sinag)?2

Adding a period means that a continues to increase to m — A((), then it

decreases all the way to A((), where it turns around and increases to ™ — «y.
This adds

2 /”‘A(o sin aday (8.12)
(¢ + sin ag)t/? A(0) (¢ + sinag)t/2’ ’
to & and an analogous quantity to ¢. After n periods one has
2n A sinada
t=® -_— —_ 8.13
z (a0, C) + (¢ + sinag)1/2 /A(C) (C +sina)l/2’ (8.13)
. m T—A(C) T
t=T(ap, )+ T oiman) /A(C) (¢ +sina)™/“ sin ada. (8.14)

We note that these geodesics always strike the y = yg plane from the right,
that is with negative velocity. The ones coming from the left have the form
(8.5). The functions @, ¥, J and I agree with the same named functions of
chapter 5, at least formally. Their domain is different here, ¢ € (—1,1) and
ap € [A(¢), /2], so we need to study their behaviour again.

Whatever other conditions we may set on ag in chapter 8, they are

always in addition to the sometime unstated condition

AQ) < ap < 5. (8.15)

ol 3

The functions J and ®, and I and V.

Lemma 8.1. J(A((),C) is a decreasing function of ¢, ¢ € (—1,1), with

a unique zero  which is in the interval (0,1),

J(A(C).¢) = 0. (8.16)



162 BERNARD GAVEAU AND PETER GREINER [March

Also,
lim J(A(¢),¢) = = o, (8.17)
gl_i)n_ll J(A(),¢) =Var. (8.18)

Proof. We start with

/2 sinada

J(A(¢),) =2 /

_— 8.19
A() (C+sina)l/?’ (8.19)

and note that ¢ > 0 = A({) < 0 and ( < 0 = A({) > 0. Consequently
(8.19) shows that

¢<0= J(A(C),¢) >0. (8.20)

When ¢ > 0 we integrate the integral in (8.19) by parts and obtain

w/2 : 0
J(A(0),¢) :2/0 (Sm&m —4/ (<+sina)1/2d—2‘. (8.21)

¢ +sina) A(0) cos? o

Differentiating (8.21) with respect to ¢, one has

d ™2 sinada 0 1 da
4 — [ shmade
100 == [ a2 o Tr e

<0, (8.22)

where we used A({) = Arcsin(—() to drop the nonintegrated term. Fur-
thermore, ( — 1 = A({) — —n/2, and therefore (8.17) is equivalent to
J(—7m/2,1) = —oo which can be found in Lemma 5.1. In view of (8.17),
(8.20) and (8.22), we have established the existence of a unique zero ¢ of
J(A(¢),¢) in (0,1) which is the only zero of J(A((),¢) in (—1,1) courtesy
of (8.20). When ¢ < 0, we cannot use (8.21) to study J(ag, (). Instead we

return to (8.19) and change the variable of integration to x = sin a:

1 1 zdx zdx

L
o= =it e

(8.23)
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—(=v>0. When ( ~ —1, we have v ~ 1, and

zdx
climlj(A(g = \/x— (I-z)vVi+az
d
zlimx/i/ a
=1 ERVACE R k)
1
VB [ ———
gl _
&) - )
1_7-\/
:hmx/i/ dt , t= —H—T’Y
y—1 _1—% <1_T'Y)2_t2
1
d 1-—
:\/5/ \/182’ b= 278
-1 — S
= /2, (8.24)

and this proves (8.18). This calculation yields more. Namely, if we do not

simplify (8.23) for the sake of finding the limit we easily obtain

74 C)—/l 2ds yg 4 L
VIS i 1
2 2
L 2ds \/ 11—~ 1
=] —— |{/2—-(1—35
-1 \/1—82 ( ) 2 2_(1_8)15’7
(8.25)

The integrand is an increasing function of -, hence a decreasing function
of ( € (—1,0); as an extra bonus, we note that this argument works for
¢ € (—1,1). Thus we have shown that J (A(C ), ¢ ) is a decreasing function of
¢, ¢ € (—1,1), and thus completed the proof of Lemma 8.1. O

Lemma 8.2. (i) ¢ € (—1,0). We have

J(ap,¢) >0, Qg € [A(C)v g),

and J(ap, ) is a decreasing function of ay.
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(ii) ¢ € [0,¢). Here

J(ao,¢) >0, Qg € [A(C), g),

and J(ag, ) has a mazimum at oy = 0.

(iii) When ¢ € [(,1], J(a,C) increases from J(A(C),¢) < 0 to its
mazximum J(0,¢) > 0, then decreases to J(w/2,() = 0, has a unique zero

do(¢) € [A(¢),0) with ao(C) = A(Q).
(iv) J(7/2,¢) =0, ¢ € (—1,1].

Figure 9.

Proof. We note that

oJ 2 sin oy
= — . 8.26
Aoy (¢ + sinag)t/2 (8.26)

(i) ¢ € (=1,0). Here 0 < A(¢) < ap, so 0J/dap < 0, and J is a
decreasing function of ag with J(7/2,() = 0. This proves (i).

(ii) ¢ € (0,¢). For each fixed ¢, J(ap,() increases from J(A(¢),¢) >0
to J(0,¢), and then decreases to J(mw/2,() = 0 which implies (ii).

(iii) is a consequence of Lemma 8.1 and (iv) is obvious, and this proves
Lemma 8.2. 0
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We note that

od Cos Qg
o~ 2(C 1 smag) (®(ao,¢) +4tanayp). (8.27)

Lemma 8.3. (i) ¢ € (—1,{). ®(ao,() decreases from @(A((),{) =00
to ®(7/2,() = 0. In particular,

®(ap,¢) >0, ¢€(-1,¢), o€ (A«),7/2). (8.28)
(ii) ¢ € (C,1). Here d®/dag has a unique zero of5(C) with
D (af(C),€) = —4tan aj (), (8.29)

A(C) < an(C) < ap(C) <O0. (8.30)

® (v, ) increases from ®(A(C),¢) = —oo to ®(af(¢),¢) > 0, then decreases
to ®(mw/2,() = 0.

(iif) ¢ = . ®(ap, () decreases from @(A(CN),CN) >0 to ®(n/2,() = 0.
Proof. (i) We start with ¢ € (—1,0]. Here A(¢) > 0, so (8.27) gives

aq)(a(]v C)

o <0 e [A(g),ﬁ].

2
Since J(A(¢),¢) > 0 and finite, and (¢ + sinA(C))_1/2 = 00, we have (i)
when ¢ = (—1,0].

When ¢ > 0, so that A(¢) < 0, we may integrate by parts. Starting
with

0

/2 ginada 1
— o uem : /2
J(v,¢) =2 /0 Ctsna)l? +4 /ao tan ad(¢ + sin o)™/ <, (8.31)

an integration by parts yields

J(ao, ¢) + 4tan(ag)(¢ + sin ag)'/?
sin aday

—o [l [ crsmay s
"o (C+sina)l/? « ST osZa ’

0
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The function

‘ g da

ag — —4/ (¢ +sina)Y 5 (8.33)
a0 cos? a

is an increasing function on the interval [A(( ),/ 2), so its minimum is at-

tained at ap = A((). Consequently the right hand side of (8.32) is an in-

creasing function of ag in the same interval with its minimum at oy = A(().

We note that

/2 . d 0 ) d
) /0 el / (C+sina) 20 = J(A(C).C). (8:34)

¢ + sina) A(¢) cos2a

When ¢ < (, J(A(C),C) > 0, so we have
J (o, ¢) 4 4(tan ag) (¢ + sinag) /2 > 0,

and from (8.27)

0d

87‘[0 < 07 Qo € |:A(C)7

3) Ce0.

This completes the proof of (i). When ¢ > ¢, J(A(C),C) < 0, and the
increasing function J (o, ¢) + 4(tan ap)(¢ + sinag)'/? < 0 when ag < do(¢),
and (8.32) implies that J(ag, ¢) + 4(tan ag) (¢ + sin ag)'/2 > 0 when o > 0.
Consequently, J (g, ¢) + 4(tan ag)(¢ + sin ag)/? has a unique zero of(¢) €
(a0(¢),0), and

0P
dag
0P
dag

>0,  ap e [AC),a5(0)),

sy T
<0, ape (aO(C), 2].
Therefore, when ¢ € ({,1), ®(ap,¢) increases from ®(A(¢),¢) = —oo toits
maximum value ®(c5(¢),¢) > 0, and then decreases to ®(r/2,() = 0. This
gives (ii).
(iii) ¢ = ¢. According to Lemma 8.2(iii), J(a,¢) > 0 for ag €
(A(g:),w/2). Therefore so is ®(ay, ). Also,

lim J(a, () =0.
a0—>A(C)
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We need more accurate information about this vanishing. From (8.26)

8,](040,{) 2sin ay

dag (¢ +sinag)l/2 (8.35)
When oy — A(C),
sin o = sin (a9 — A(¢) + A(Q))
= sin (g — A(()) cos A(C) + cos (g — A(C)) sin A(C)
= (a0 = A(Q)) cos A(C) +sin A(C) + O([ao — A(QP),
and therefore one has
¢ +sin oy = sinag — sin A()
= (a0 — A(Q)) cos A(¢) + O(Jag — A({)]?). (8.36)

We may rewrite (8.35) in the following form,

dJ (v, C) 2 sin A(C) + O(ag — A(f))

o0 cos A(0) (a0 — AD)

and integrating one obtains

- —4sin A(C)

(a0, C) = (a0 — A)) " + O((ag — A(0))*?)

cos A(()
= —4(tan A(C))(C + sinap)/? + O(({ + sinag)*/?).
This yields

lim ®(a, () = —4tan A(C) > 0.
ao—A(¢)

Finally, (8.32) and (8.34) show that

!

:O, QQIA( ),

J (a0, ) + 4(tan ao)(C + sin ag)/? {> 0, ag> A(C),

and therefore
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This proves (iii), and we have completed the proof of Lemma 8.3. O
One has
_ /2 i
L L[
I (C+sinag)l/? | 2(¢C+sinag)/2  Jo, (¢ +sina)3/2
P
-1<¢<¢
—
03)
(0.8) /2
Figure 10.
Lemma 8.4. (i) ¢ € (—1,¢]. Then
8@(@0, C) ™
T <0 ave (40 5), (8.38)
and
. 6@(0&0, C)
lim ————=— 8.39
ap—A(C) ¢ ( )

(ii) ¢ € (¢,1). In this case d®/IC, as a function of ag, has a unique

zero which is in (A(C), a3(¢)). Also

ao—AK)  OC

(8.40)
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Proof. First we shall derive the limits (8.39) and (8.40). To this end
we need to consider the individual terms in the square bracket of formula

(8.37). We start with

/2 ginada A ginada
J(a07§):2/ .—1/2-1'2/ w2
A(¢) ((+sina) ao  (C+sina)

= J(A(C), C) + O( Qo — A(C))a Qg ~ A(C)

For the second term in the square bracket we choose a small g, fix it,

and let ag € (A(C), A(¢) +€0). Then
/”/2 sin ade
a0 (C+sina)3/2

_/”/2 sin A(¢)da +/”/2 da
" Jay (CHsina)32 0 o (¢ +sina)l/?

_ sinA(Q)  [AOTe 1 1

= cos?2 A(C) /ao (a— A(O)?,/z' + 0(4(04 - A(C))1/2> da +O(1)
_ sinA(Q) 1 a=A(()+eo

T mAG e ag) Pl OV

~ 2sin A(Q) 1 +0(1),

~ o2 A(C) (a0 — A

and the square bracket in (8.37) has the following behaviour when o ~ A((),
C#C

1 ®(x,() /“/2 sin ada
2+ simao) 2 T,

. (C+sina)?
- O(——=). 8.41
2cos (A(O) (040 — A(C)) + < ap — A(C)) ( )
hence
1 q>(OZO7<) /2 sin ado oo, (< {',
00AQ) |2+ sinap)1/2 +/ao (C+Sl—na)3/2] = {_OO’ oo (8.42)

When ¢ = ¢ we must make use of the vanishing of .J (A((~ ),C ) To this
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end we note that A(C) < 0, and we can integrate by parts.
/”/2 sin ad v
a0 C + sin a)3/2
B / sin ada
a0’ ({4 sina) 3/2

7r/2 0 _
/ sinada 2/ tan ad(C + sin o) 71/2
0 C+ sin av) 3/2 oo

sin ado 2 tan oy 0 1 da
- o 2 = .
0 (C+sina)3?  (+sinag)l/2 ao (¢ +sina)t/2 cos®
For the first term in the square bracket we use J (A(C~ ), ¢ ) = 0 and obtain
1 ®(ap,()
2 (¢ +sinap)l/?
B 1 /”/2 sin ada
¢ +sinag Jag (f—ksinao)l/2
L 1 /0‘0 sin ada
¢ + sin ag A (C~ + sin ) 1/2
_ 1 /0‘0 sin A(f)
{+sinag Ja@) | (€ + sina)l/?
_ sinAQ) / do
- (

+ (¢ +sin oz)l/zl da

+0(y/ao — A(Q))

C+sinag Ja@) (¢ +sina)l/?
_ A 0 e
TR oA iy oy O 4O
—2tan A({)

e A0 (o0 A(é))lﬂ +O(\/ao — A(Q)).

Therefore

1 ® (o, ) /”/2 sin adov
2 (¢ +sinag)1/2 (¢ + sin a)3/2

™2 sinada 0 2 dov .
- 7NNy : +0(y/ag— A
/0 (¢ +sina)3/2 /ao (¢ + sina)t/2 cos? v ( 0 (O)
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ap—A(Q) /”/2 sin ada 49 /0 1 da
0 (5 + sin ar)3/2 A(0) (f + sin ) 1/2 cos? o

> 0, (8.43)

and

lim  — (g, ¢) = —o0.
T 3C( 0,¢)

As for (8.38) we note that

0
8040

1 ®(a,() N /”/2 sin ada
2 (¢ +sinag)1/2 (¢ +sin)3/2
1 0P

~ (C+sinag)”? dag (8.44)

According to Lemma 8.3(i) and (iii), 0®/0ay < 0 for ¢ € (—1,¢], ap €
(A(¢),m/2). Consequently, (8.44) implies that

(v, () +/7r/2( sin adov (8.45)

1
2 (¢ + sinayg) /2 ¢ + sina)3/2

is a decreasing function of «y. It vanishes at cg = 7/2, so it is positive for

ap € (A(¢),7/2), and this, together with (8.37) imply (8.38).
(ii) ¢ € (¢,1). According to (8.42), (8.45) is —oo at ag = A(C), and it is
clearly 0 at ap = 7/2. (8.44) and Lemma 8.3(ii) show that

1 ®(a,() n /”/2 sin ada
2(¢+sin)/2  Jy, (¢ +sina)3/?

increases from —oo at ag = A((¢) until ag reaches ofj(¢) where it is positive

because after of(¢) it decreases to 0 at oy = m/2. In particular,

0P

a_C(A(g),g) =00, and 8—<I>(a8(o7ﬁ) <0,

a¢
see (8.37). Therefore 0®/0(, as a function of «, has a unique zero in (A((),
a$(¢)) which yields (ii), and this concludes the proof of Lemma 8.4. O
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20
¢

—71"/2 A(0.9) /2

~1<¢<¢

Figure 11.

Lemma 8.5. For all ( € (—1,1) and ag € [A((), /2] one has

(o, ¢) > 0. (8.46)

In particular, (i) when ¢ € (—1,0], I(ag, () is a decreasing function of
ap € [A(C),7/2].

(ii) When ¢ € (0,1), I(ao,() increases from I1(A(C),¢) to 1(0,¢), then
decreases to I(m/2,() = 0.

At oy = A(C) we have

or
80&0

(4(¢),¢) = 0. (8.47)

Proof. (8.47) is an immediate consequence of

(o, ()

1/2
8&0 '

= —2sin(a)(¢ + sinayg)

When ¢ <0, and A(¢) > 0, one has

/2
I(A(¢),¢) = 2/,4(4) (¢ 4 sina)? sin ada > 0.
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When ¢ > 0, and A(¢) < 0, we write
w/2
I(A(¢),¢) 22/ (¢ + sin@)'/? sin ada
—A(Q)

—A(¢)
+ 2/ [(¢ +sin a)t/? — (¢ —sin 04)1/2] sin ada.
0

Both integrals are positive, so we have derived (8.46). With A({) > 0,
I(ayp, ) is decreasing which is (i). When A(¢) < 0, (ii) is immediate, and

we have Lemma 8.5. O

(8.46) implies that
\IJ(A(C),C) = 0. (8.48)

An elementary calculation yields

ov cosag (3
=— U+ 2t . 4
dayg ¢ +sinag (2 +atan ao) (8.49)
Lemma 8.6.
ov
— < 0. 8.50
B (8.50)

Proof. When ap > 0, (8.49) implies (8.50). When oy < 0, we may
assume that A(¢) < 0, and therefore ¢ > 0. In this case

3 /2 T
W/o (¢ +sina)/?sinada

3
(C + st ag)??

3

§\Il+2tanao =
0

/ (¢ + sin @)'/? sin ada + 2 tan ay,
ao

and after integrating the second integral by parts we obtain

/2
! EE [3/ (¢ 4 sina)/? sin ada
0

3
U 42t =
g Tatanao (¢ + sinayg

0
—2/Q ((—i—sina)?’md—g . (851)

0 COS~ «x
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The second integral in the square bracket is a decreasing function of «y,
therefore the square bracket is an increasing function of «g, and, if it has
a zero, it has at most one. According to (8.48), W(A((),() = oo. Also,
U(0,¢) > 0, so 3¥/2 4+ tanay > 0 at a9y = A(¢) and at oy = 0. Thus,
if it has a zero when agy € (A(C ),0), it must have at least 2 zeros which
contradicts the statement that the square bracket in (8.51) may have at
most one zero. Consequently, 3¥/2 + tan agy has no zero in [A({ ),0), it is

positive there, and this proves (8.50). O

Lemma 8.7. For all ( € (—1,1) and ag € [A(¢),7/2] we have

v -3 >0, (8.52)
and

ow

3_C < 0. (8.53)
Proof. We note that
2 /2 sin adev

L/ — i — i e — 8.54
(¢ + sin ag)3/2 /ao (sin —sina) (¢ +sina)t/2’ ( )

which is positive when ag > 0. When o < 0, we may assume that A(¢) < 0,

so ¢ > 0, and consider the derivative

9 /2 . sin ada 1
Jog / (sina — sin ao)((+si—na)1/2 =3 cos(a)J (v, Q). (8.55)
@
(i) ¢ € (0,). In this case J(ap,¢) > 0 for ag € [A((),0], see Lemma

8.2(ii), therefore

0 /”/2(. ) ) sin ada <0

— sina —sinag) ————= .

00 J oy O+ sina)1/?

The integral is positive for ag = 0, therefore it is positive for ag € [A(C ), O],

and then (8.54) implies (8.52).



2006] ON GEODESICS IN SUBRIEMANNIAN GEOMETRY 175

(ii) ¢ € [,1). According to Lemma 8.2(iii),

J(ao,¢) <0, ag € [A(C), @(¢)),
J(,¢) >0,  ag € (an((),0],

and therefore (8.55) yields

0 /W/2 sin ado {> 0, o€ [A(C),dO(C))7 (856)

— sina —sinog) ———
0ag Ja, ( 0)(C+sma)1/2 <0, aoe(do(C),O].

The integral is positive at ag = 0, so it is positive when g € (do(( ), O], in
particular it reaches its maximum at o = &o(¢), and this proves (8.52) for

ap € (@0(¢),0]. Next we note that at ag = A(¢) = Arcsin(—(),
/2 sin ado /2
o _ ) /2
/1:{(4_) (SIHCV SIHA(C)) (<+Sina)1/2 — /A(C) (C“‘Slna)l 2SlnC¥dO{
1
- 11409

> 0,

see (8.46). Since the integral is increasing in [A(C ), (¢ )), it remains posi-
tive there, and this concludes the derivation of (8.52). As for (8.53), we note

that

ov d — 3V
¢ 2(¢ +sinay)’ (8:57)

and U > 0 and so is ¥ — ®, and we have (8.53). This completes the proof of
Lemma 8.7. 0

The Jacobian Ay

We need to understand the behaviour of the mapping
(@0,Q) — (&,1) = (2(a0, (), ¥(0, (), (8.58)

(.00 U ([40.3] x1¢})- (8.59)

Ce(-1,1)
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To that end we shall calculate its Jacobian

_ O(¥, @)
Ai= o) (8.60)

K, P and its discriminant D are still given by (5.38), (5.39), and (5.40). The

formal calculations of Lemma 5.11 go through unchanged and we restate the

formulas:

2sin ay

. 3 _
(¢ +sinag)’Ay = (cos ap)D — (¢ + sinag)1/?

P(¢ +sinag, ap, (), (8.61)

P(C + sin G, (g, C)

w/2 .
= /ao (sina — sin oy ) (sin ap + 3sin o + 4C)%, (8.62)
0 .
Fog ((C + sin a0)3A4)
. 2cos « .
= —(SIHOZO)D — mp(g + Sin OZO, OZO, C) (863)

Proposition 8.8. Ay > 0 on (8.59) except at /2 where it vanishes.
We shall follow the argument of the proof of Proposition 5.15.
Lemma 8.9. For all ( € (—1,1), we have
Ay>0, 0<ap< g Au(m/2,¢) = 0. (8.64)
In particular,
Ay>0 when¢ e (—1,0, ape [A(g), g) (8.65)
Proof. In view of Lemma 8.5, I(ag,¢) > 0 when a9 € [A(¢),7/2), and

K > 0 when 0 < o < 7/2, obviously. Consequently D > 0 when ag > 0
and D(m/2) = 0. Also, (8.62) implies that

>0, apé€ [O,g),

P(¢ + sinap, o, ¢) (8.66)



2006] ON GEODESICS IN SUBRIEMANNIAN GEOMETRY 177

and then (8.63) yields

<0, ap€l0,5),

9 (¢ 4 sinag)®A, { (8.67)

8O‘O :0, Oé():%.

(C+1)3A4(m/2,¢) = 0, therefore (8.67) implies that (¢ + sinag)>Ay > 0 for
ap € [0,7/2), and we have derived (8.64) and Lemma 8.9. O

This still leaves the question of ag < 0 which occurs with ¢ > 0.

Lemma 8.10. Suppose ¢ € (0,1). Then

li D(ag, () = —o0, 8.68
ao—lfg(é“) (a0,¢) >~ ( )
and
3
li P(¢ +i ,ap,0) = =I1(A((),¢) > 0. 8.69
ao—lg(c) (¢ + sin a, g, €) 5 (A(¢),¢) (8.69)
Therefore,
i(( + sina )3A <0 (8.70)
6040 0 4 ) :
(C -+ sin a0)3A4 >0 (8'71)

when A(C) < ag = A(C) + €0 <0, g9 > 0 sufficiently small.

Proof. (846) YIGIdS
1. _[ 5 — I A 3 > 0,
. 1m(o (a0,C) = ( <€) ()

and Lemma 8.1 implies that

J(AQ),¢) = lim J(ap,()

ap—A(C)

is finite. We choose a small ¢ and set g = A(C) +£9. The proof of Lemma

8.4 yields

= +0(1).

/”/2 sin ada 2sin A(¢) 1
a0 (C+sina)3/2  cos?/2 A(C) veo
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Therefore we have

sinA(¢) 1
o572 A(Q) Ve

which implies (8.68), since A({) < 0. Next we note that

D(A(C) + 20, ¢) = 3I(A(C), () +0(1)

/2 sin ad o

P(C+sinao,aoaC):_(<+Sina0)2/ (¢ +sina)3/?

~ (¢ +sinag) (00, ) + 3 1(00,),

see (5.39). With ag = A({) + o, the first term is 0(63/2) and the second
term is O(eg). Therefore

P(¢ +sinag, ag, () = gI(A(C)aC) + O(eo), (8.72)

and this yields (8.69). In view of (8.68) and (8.69), both terms on the right
hand side of (8.63) are negative, assuming that A(¢) < ap = A(() + 9 <
0, g > 0 sufficiently small, and this implies (8.70). Finally we come to
(¢ + sin ag)3 Ay, represented by (8.61). Substituting the definition (5.40) of
D and formula (8.72) into (8.61) we obtain

w/2

(¢ + sin a0)3A4 :gl(ao, <) [(cos ozo)/a

sin adao 2 sin «y
o (CHsina)¥2  (C+sinag)l/?

+ 17000, 0 + O(/5o).

An integration by parts yields

(cos )/”/2 sin ada B 2 sin ag
0 o (CHsina)32 (¢ +sinag)/?

/2 sin ado 0 1
_ - 9 t d| ————
o] [ et 2 [ o ()

0
B 2 tan o
(¢ +sinag)t/?

= (cos ayp) /ﬂ/2M+2/0 1 do -
a ’ 0o (¢ +sina)3/? ao (C+sina)/2 cos? a ’
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and the curly bracket stays finite, positive and nonzero as ay — A(¢). This
proves (8.71). O

Proof of Proposition 8.8. In view of Lemma 8.9 we need to prove
that Ag > 0 only when g € [A(C),O), A(¢) < 0. In particular ¢ € (0,1).
According to (8.61),

(C + sin a0)3A4

>0, (8.73)

ap=0
and (8.71) yields
(¢ +sinag)>Ay

> 0. (8.74)
ap=A(()

K (ap, () is an increasing function of ag € [A(¢),0], and the proof of
Lemma 8.4 and the definition of K (ag, () show that

K (ag, () {: —o a0 = 4(0), (8.75)
> 0, ag = 0.
Consequently K (o, () has a zero a((¢) € (A({),O).
(i) A(¢) < ap < @&p(¢). For such ap,
P(¢ + sin a, ap, €)
= —%K(ao,ﬁ)(C + sinag)? — J(ap, ¢)(¢ + sinag) + g[(ao,C)
= —%K(ao, O)(C +sinag)? + i(C + sin a)®? (30 — )
> 0. (8.76)
If A4 vanishes in [A(C), Go(¢)], then at the zero we have
D= 2sin ag P(¢ + sinag, ag, ) < 0, (8.77)

(¢ + sin agp)/2 cos ap
see (8.61). Therefore (8.63) and (8.77) give

_ 2P(¢ + sinag, o, €)

<0
(¢ + sin ag)1/2 cos ap

0 . 3A
%(C + sin ao) A4 =

at the zero of Ay, which shows that A4 can have at most one zero when
ap € [A((),a0(¢)]. On the other hand (¢ + sinag)®Ay > 0 at ag = A(C),
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see (8.71), and at ag = () (8.61) yields

(¢ +sindo(€))* Au(do(€), ¢)

= 172 (60(0),€) cosain(¢) — ——nol¢)

4 (¢ + sindo(¢))

1/2P(C+Sindo(C),do(C)aC) >0,

in view of (8.76). Therefore (¢ +sin ag)3Ay4 cannot have only one zero when
ap € [A(C),0(¢)], so it has none.

(ii) &o(¢) < ap < 0. Here K > 0 and therefore D > 0. At a zero of
(¢ + sinap)3Ay, in this interval, one has

i ; Ay — —
dayg (C+sinag)"Aq sin ag

>0,

in view of (8.61) and (8.63), and (¢ + sin ag)3A4 has at most one zero when
ap € (40(¢),0). Again, (¢ + sinag)®A4 > 0 at ag = &o(¢) and also at
ap = 0, where its value is D(0,¢) > 0, thus (¢ + sinag)3A4 cannot vanish
when o € (G(¢),0). This concludes the proof of Proposition 8.8. O

The curves I'y(¢).
For each fixed ¢ € (—1,1] we let T'4(¢) denote the curve

. s T

i =®(a0,), =¥(a0,0), ao€ [A(Q), ] (8.78)
in the (Z,) plane. When ¢ = 1, the curve T'y(1) agrees with the curve I'y(1)
of (5.50), one of the boundary curves of Ry. We rewrite some of the results
on ® and ¥ as results on & and #.

Lemma 8.11. (i) ¢ < ¢ < 1. As ag decreases from /2 to A(C),
t increases from 0 to oo along T'(¢). & increases from ®(n/2,() = 0 to
®(a(€),¢) and then decreases to ®(A(C),() = —o0.

(i) ¢ = ¢. As ag decreases from w/2 to A(C), t increases from 0 to oo

and & increases from 0 to ®(A(¢),¢) = —4tan A(¢) > 0.

(iii) ¢ € (—=1,¢). Both t and & increase from 0 to oo as ag decreases

from /2 to A(().

(iv) All curves T'4(C), ¢ € (—1,1] start tangent to the line t = & at (0,0)
when ag = /2 and stay in the half space t > .
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Proof. (i), (ii) and (iii) are reformulations of Lemma 8.3 for ®, and
formula (8.48) and Lemma 8.6 for .

(iv) is a consequence of (8.52) and (8.27), (8.49); the last two imply that
di/dz =1 at ap = 7/2. O

Lemma 8.12. The mapping (8.58) is 1-1 onto its image, therefore the
curves T'4(C) do not cross each other. As ( decreases in (—1,1], the curves
I'4(¢) move to the right.

Proof. For a given ¢ € (—1,1], ¥(wp, () decreases from oo to 0 as g
increases from A(() to m/2, see (8.48) and Lemma 8.6. Therefore for any
¢ € (~1,1 and t € (0,00),

t=T(ag, Q) (8.79)

has a unique solution ag(Z,¢); we note that ag(0,¢) = /2 for all . So, if
(#,1) is in the image of the mapping (8.58), we must have

&= ®(a(t, (), 0). (8.80)
But
) A
a%cb(ao(t, 0),¢) = o <0, (8.81)

T«O Qo= (£7<)

since by Proposition 8.8, Ay > 0, except at ag = 7/2 where it vanishes, and
0V /0oy < 0 by Lemma 8.6. Thus (8.80) has a unique solution ¢ € (—1,1],

and the system of equations
T = q)(a07<—)7 tA: \I’(QQ,C)

is uniquely solvable if (#,#) is in the image of the mapping (8.58). For a
given g, the point of intersection of the line ¢ = £, with I'(¢) moves to the

right when (¢ decreases from 1 toward —1; this is a consequence of (8.81).

The region Ry

Definition 8.13. We shall denote by R4 the image set of the mapping
(8.58).
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L (<(¢<1
¢ I,(0.95)

Lul¢ I'4(—0.5)

-1<(¢<¢

=
>

=>

—4 tan A(Q)

Figure 12.

Proposition 8.14. The region Ry is the set in the (i,t)-plane bounded
on the left by the curve I'y(1), included in R4, and on the right by the half
linet =%, & >0, not included in Ry. Ry is in 1-1 correspondence with the

domain

U (|4©.3) <)

—1<¢<1

via the mapping (8.58).

Proof. Choose & > 0 and let a(%,() denote the unique solution of
= q)(a(]) C)

for ¢ € (—1,¢), see Lemma 8.3(i). To prove Proposition 8.14 it suffices to
show that

lim ¥(ao(,¢),¢) = 2. (8.82)

(——1
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In other words, the vertical line with abscissa & intersects R4 in the interval
(#,00); note that the line & = £, & > 0, corresponds to ¢ = —1 where the
mapping (8.58) is not defined, but see Remark 8.15. The limit (8.82) is
equivalent to letting A = A({) — /2, and we shall look at the behaviour of
ag(z,¢) as A — /2 first. Recall that

2 /2 sin adav
T = 8.83
v (sin g — sin A)1/2 /ao (sin o — sin A)1/2’ (8.83)

and we are interested in
T T
A<aog<a< A— —.
2 2
Then

sina —sin A = sin(a — A) cos A + cos(aw — A)sin A — sin A

and with
T
~I_ 4
T3
we have
. : 1 2 3
81na—51nA:(a—A)z—:—§(a—A) + O (o — A)e”). (8.84)
Similarly,
1
sinag —sin A = (g — A)e — 5(0@ —A)? + O (a0 — A)€3). (8.85)

We note that

0<a—A<qy—A<eg,
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and rewrite the integrand in (8.83),

sin o _ sinA + (sina — sin A)
(sina —sin A)1/2  (sina — sin A)1/2
cose + O((a — A)e)

(sina — sin A)1/2

_ 1+ 0(c2)
(0= A2 (=~ 3o — 4) + 0(53))1/2
2
_ 14+ 0(e%) - (1+ 0(52))_1/2
(o — A)1/2 (g — Ya- A))
1+ 0(g?)

1/2°

((a —A)e—La- A)2)
since € — (o« — A)/2 > ¢/2. A similar calculation yields
1 B 1+ O(e?)
((040 — A)e — 5(a0 — A)2)1/2‘

(sinag — sin A)1/2

With this approximation (8.83) takes the following form:
2(14 0(e%)) /2 do
12
((ao — A)e — Lap - A)2> a0 ((a —Ae-La- A)2)

T = 7

In the integral we set u = a — A,

" dov ‘ du
Aﬂ Qa—Ak_égwngg”z:V?LwA@l—@_upyﬂ

= \/§Arcsin<1 _ a0 5_ A),

so we have
2\/§Arcsin(1 — @)

(
(ap — A)1/2€1/2 (1 . a02;A)1/2

1+ 0(e?). (8.86)

T =
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Z is fixed and the denominator vanishes as ¢ — 0, so the numerator must

also vanish when ¢ — 0, and this implies that ag — A ~ ¢, as ¢ — 0. To find

out how near ag — A and ¢ are, we set

—A
1—a05 =~ =o0(1), e—0,

and substitute this into (8.86),
1
sin ((1 + 0(62)) Zis(l - 72)1/2) =7,

or,

A~

xTre

(1+ 0(52))Z (1 - 72)1/2 +0(E¥) =7 = v=0(),
and therefore
(1 +0E) T (1-29%) +0E) =,
ﬁ(l + 0(e%)) + O(e*) =,

v = iﬁs + O(2).

Therefore (8.87) yields
1
ag—A=¢— Ziaz + 0(e%).
We are ready to derive (8.82). Recall the integral in U:

w/2
/ (sin o — sin A)'/? sin ada

0

0

- (@+oe) [

@Q

w/2 1

((a — A)e — E(a - A)z) 1/2da.

(8.87)

(8.88)

-/ " (0= e - La— 47) (14 0() (sin 4+ 0() da
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But,
/W/2 (0~ a)e - ;(a A )1/2da
— ﬁ/a (u—e¢) )1/2du =5 /Arcsm e cos? 0d6
e’ [Arcsm 1 _ Qo - A) n %sin <2Arcsin<1 _ — A))} :
and then
e L )

implies that

/2 A2 d Zed 140
: _q 1 = —— + .
/ao (sina — sin A)*/* sin ada 4\/5( (E))

Consequently,

245 (14 0()
W (ao(#,¢),¢) = f( ) .
(o — A)¥26%/2 (1 — 254

e—=0 .
x?

since 1 — (ag — A)/2e — 1/2 as € — 0. Thus we have derived (8.82) and this
concludes the proof of Proposition 8.14. O

Remark 8.15. We recall that when { = &, or t = yga:, the geodesics
joining (z,yo,t) to (0,yg,0) are given by (2.33). For these geodesics 7 = 0,
n =0, { = +1 and y(s) stays in the y = yo-plane; £ = 1 = = > 0, and
E=-1=z<0.

In view of the symmetry that led to (2.10) we have completed the proof
of Theorem 1.2(ii) and of Theorem 1.3. For the sake of completeness we add
chapter 9 with a discussion of the behaviour of nonlocal geodesics on the

Yy = yo-plane.

9. On nonlocal Geodesics

In Chapters 2—8 we established Theorem 1.2(ii) and Theorem 1.3, based
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on the study of local geodesics, that is geodesics which do not leave the step
2 domain y > 0; the point of issue of these geodesics is (0, yo,0), yo > 0. In
our last chapter we shall discuss the behaviour of geodesics which cross the
y = 0 plane, or, at least contain points of the y = 0 plane, before returning
to the yo-plane, yg > 0. There are 3 such classes of geodesics and they all
have ¢ = —C € [-1,1], so ag € [A(C),w - A(C)].

(i) Geodesics that end on the yo-plane at ag, ag € [A(¢), 71— A(C)], after
n periods. The y-component may start in either the positive or negative

direction; in particular (8.5) is included.

(ii) Geodesics that start in the positive y-direction, return to the yo-
plane at m — oy, and then do n = 1,2,... periods. These include (8.6) with
n=12....

(iii) Geodesics which start in the negative y-direction, return to the

yo-plane at m — a, then don = 1,2, ... periods.

Finally we shall include a short discussion of the case yy = 0; this was

already dealt with in much more detail in [9)].

Geodesics with aenqg = g after n periods

To obtain the formulas for these curves we use (2.63) and (2.64) while
carefully following the motion of a € [A((),m — A(¢)] as described in the
paragraph after (2.48). Assuming ag € [A(C), /2], after one period

1 @end sin ado
_ - 9.1
D YSYE /ao sgn(y()) (¢ 4 sin a)1/2 (9-1)

v 1 / /A(C / sin ado 9.2)
= -27_1/2 A0) C + sin a)1/2 .

_L/”‘A(C) sin adev
T2 Jag (CHsina)?

yields

and after n periods we have

n

x = mJ(A({),(), Cel-1,1), (9.3)
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see (8.19). Similarly,
n

t=—51(AQ).Q). (9:4)

These formulas are also valid for ag € (7/2, 7 — A(¢)]. We set v = —(, and
note that

dae) L (9.5)

&y T

so we shall use v, and oy = A((), interchangeably as new variables. In

particular it is helpful to use

w/2 :
J(ag) = 2/ sin aday (9.6)

, (sina—sinag)l/?’

w/2
I(g) = 2/ (sin v — sin a0)1/2 sin aday; (9.7)
ao

as the arguments are angles we don’t envisage any confusion about the no-
tation. Clearly

J(A(Q);€) = J(A(S)), (9.8)
I(A(C).¢) = I(A(Q)), (9.9)

and after n full periods the return mapping (9.3), (9.4) takes the form

w0 =n (75 55).

with (ag,7) € (—7/2,7/2] x (0,00); we note that ag = A({). A simple
calculation along the lines of (8.24) and (8.25) yields the derivatives of I and
J. In particular,

(9.10)

8J(A(())
o
1/ 1—s 1 1
—— | 4/ + ds, (9.11)
2/—1 1+8<(2 1—T‘Y(1—s)>1/2 (2- 1;(13))3/2>
and therefore
0J(A(Q)) > 0. (9.12)
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It is worth mentioning that the integral in (9.11) is well defined as long
as 2—1_77(1—3) # 0, s € [—1,1], which is certainly true if -1 <y = —¢ < 1.

Similarly,
/2

I(A@Q) = 2/,4(4) (¢ + sina)'/? sin ada

:2/_1\/C+xd(—\/l—x2)

1 )
—2/ \/x—’yd\/l—xzz/ T e
gl gl

! (1—3:)\/1—1-—33 d:n

=n <1— ””) <1+t+ 1“)1/2
= dt
/——IEW (1—7)2 $2
o)
1

:/_1m<1_ 1;73_ 1;7)<2_1_T7(1_3))1/2’

and simplifying one has

I(A(Q)) = 1_T7 /_11 \ 1 - z (2 ! 3 71— s))1/2ds >0.  (9.14)

For future reference we note that

1-s 1—3 S
871— / \/1+s )" >0 (015)

bl —1(1-s) 1
2/1\/17—0-8<<212;1(18))1/2 + <2M(18)>3/2>d8, (9.16)
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SO
d I(A(Q))
a(J(A(g)) S ) >o. (9.17)
Lemma 9.1. (i) J(ag) is an increasing function of ag = A({) €

(—m/2,m/2], where J increases from J(—m/2) = —oo to J(n/2) = \/27.
J(ap) has a unique zero at &g = A(C) € (—7/2,0).

(ii) We have

: 4v2
%1_)In1 I(A(Q) = — (9.18)
O I(AQ) Vo
e 019
and
dé(aO;O) = —% cos apJ (). (9.20)

Since A(1) = —x/2 and A(—1) = 7/2, (9.19), (9.20) imply that I(cy) in-
creases from I(—m/2) = 4\[ to I(ag) > 0, then decreases to I(m/2) = 0. In

particular,

I(ag) >0,  ag € [-m/2,0). (9.21)

(iii) J3 () /I (ag) increases from (J3/I)(—7/2) = —oo to (J3/1)(7/2) =

Proof. (i) is just a restatement of Lemma 8.1. As for (ii), (9.14) yields
I(A L
lim ((O):Q/ 1 S s
(-1 (+1 I+s
\/_/ <\/1—s \/1—1—5)
ds
1+s 1-s
_Q/ ds
2 J V1=
™

2_7
2

(9.22)
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which is (9.19). Also
1 1
T zdx xdx 42
I - - = 2 V 1 + = 2 = —,
( 2) /_1 x\/l—xQ /_1 11—z 3
which gives (9.18), and (9.20) is clear.

(iii) J(7/2) = V27 and I(n/2) = 0%, hence (J?/I)(r/2) = oo. Also,
J(—7/2) = —oo and I(—7/2) > 0, so (J3/I)(—n/2) = —oo. Next we have

d J(e) _ 3J%(ag) dJ(ag) S (ag) dI(ao)
dag I(ap) I(ap)  dag I*(ag) dag
= % (% cos apJ (o) + 3J2(a0)l(ao)d££j;0)>

> 0,

since I(ap) > 0 and so is dJ(ag)/dag. This completes the proof of Lemma
9.1. ]

Proposition 9.2. The mapping

(g, 7) = (z,t) = < YRy > (9.23)

sends the domain (—m/2,7/2) x (0,00) onto the half plane (x,t), t >0 in a

1-1 manner.

Proof. For any ¢ > 0 and z € (—o00, 00),

2 J3(ag)

— .24
t I(ao) (9 )
has a unique solution «g € (—7/2,7/2), and then 7 is obtained from
I
ro/2 = 1) (9.25)
U

Remark 9.3. We note that t = 0 implies that ag = 7/2. This is
equivalent to ¢ = —1, and then (2.51) gives the z-axis itself as the trajectory
of the geodesic. Thus A(¢) = 7/2 is not allowed when gy # 0.
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Corollary 9.4. After completing n full periods n=1,2, ..., the geodesics
of (9.3), (9.4) send the domain (—7/2,7/2) x (0,00) onto the half plane
(z,y0,t), t >0 in a 1-1 manner.

Remark 9.5. This suggests that nonlocal geodesics, in our case this
refers to those which cross the y = 0 plane, are unreliable when giving
information about the local behaviour of the manifold around the point
(0,90,0). We recall that the y = 0 plane is the boundary of the uniformly
step 2 domain y > 0 which contains the point (0, y9,0), yo > 0.

Geodesics with aena = ™ — o after n + 1/2 periods, y(ag) > 0.

These are the geodesics of (8.6) explicitly given by formulas (8.13), (8.14)
which we write in the following form:

J(A(¢),¢)
= o™ =0 p I A 9.26
T (0407C) (a07C)+ n(c—l—SiHOé())l/2’ ( )
P=wm = m—— 2l 9.27
(a0, ¢) = ¥(ao, ¢) + "t sinag) i’ (9.27)
n=20,1,2,.... Chapter 8 contains the discussion of the n = 0 case, and here

we shall consider the cases when n =1,2,....

Proposition 9.6. (x,y0,t) cannot be joined to (0,yo,0) by an infinite
number of distinct geodesics of the form (9.26), (9.27).

We shall follow the argument developed in the proof of Proposition 6.1.
In particular we shall refute the two possibilities of Remark 6.2.

Lemma 9.7. The function

1(A(¢),Q)

(¢ +sinag)3/2 (9.28)

1s a strictly decreasing function of (. It is also a strictly decreasing function
of ag with its minimum at o = /2, where we have

I{A©),¢) _

¢——1 (<+ 1)3/2 = 00, (929)
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I(A(Q),¢) _ 2
Proof. Clearly

3/2 o 3/2

CrL V7 losina (9.31)

¢ + sinap) ¢ + sinag
is a decreasing function of ¢, and by (9.15) so is

1(A(¢),¢)
m. (9-32)

Therefore so is their product which is (9.28). Also (9.29) and (9.30) are

immediate consequences of (9.19) and (9.18), respectively. O

Lemma 9.8. Let

1(AQ).¢)

£O = T(40).0) - =75

(9.33)

Then f(C) and f'(¢) are both decreasing functions of . f(C) decreases from
f(=1)=m/V2 to —00 as ¢ — 1. f(0) > 0, and therefore f(¢) has a unique

zero (o € (0,1). Furthermore, one has

d f©)

Proof. We recall that v = —(. Then (9.17) shows that f(() is decreas-
ing, and (9.16) yields

l—s —ll——l—s)) 1
/ \/:< 2 1_S)>1/2 - (2_ — ﬂ{(2 ))3/2>d5. (9.35)

The integrand is a strictly decreasing function of ¢, hence f’(¢) is a decreasing

function. f(—1) and f(1) can be obtained from Lemmas 8.1 and 9.1. Next
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we have
L ds 1 1
0:2/ —— (y/2-Z(1=-s) - ————
) —wl—sz< 2 2_%@_3))
1/1 \/1—5\/ 1
- 2——(1-s)d
2/)_4V1+s 2
_Q/l ds 3+s
4 ) VT2 \/3+8
5 —(3-2v2) 3-2v2 1 d 2 _
=£/ +/ +/ s B 28 g 55
4 \J —(3-2v2) J3avz) V1—s2 3+

The integrand is a strictly increasing function of s € (—1,1), it is negative if
—(3—2v/2) and positive when s > —(3 — 21/2). To prove that f(0) >0

it suffices to show that

</—(3—2\/§)+/1 ) ds (3—1—8)2—8
_1 3-92V2 \/1—82 \/3—1-8

:/1 ds ((3+3)2 8 ( —5)2—8>
3-2v2 V1 — 52 vV3+s V3—s
> 0. (9.37)

This is true, because the integrand in the third integral of (9.37) is positive.
Therefore f(0) > 0, and there is a unique (g € (0,1) with f({y) = 0. As for
(9.34), we note that

1O 2MQE+D - fQ)
CVTFT T 2R

d
dc

and this is negative if

Set F(¢) = —f(¢). Then F({o) = 0, and F and F’ both are strictly

increasing functions. Consequently

F'(¢) > (9.39)
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which implies

f(©) _ F'(¢) 1 1
= 4
7O " FO T -G A (9:40)
and we have derived (9.38), and therefore (9.34). O
Remark 9.9. From (9.35) one has
o d 1(4(0).9)
fi(-1)= d_C (J(A(Oa() ﬁ) -
___/ [1—s —il—s L)y
B 1+s 2\/5
1-5
U1+s5+8
_ 1 1-— s )
= 8\/5 _1<4\/ +s 1 s)ds
97
STl (9.41)
SO
(=1 < -1, (9.42)
and f(() starts decreasing at ( = —1 quite rapidly.
Lemma 9.7 implies
min _1{4©.9) min HA©.) _ 2 (9.43)

a0.¢ (¢ + sinag)3/2 ¢ (C+1)32 %

and since ¥ (o, ) > 0, we have

Corollary 9.10. For sufficiently large n there are mo geodesics of the
form (9.26), (9.27) joining (z,yo,t) and (0,yo,0).
This refutes possibility (i) in Remark 6.2 and we are left with eliminating

the second possibility which will prove Proposition 9.6.

Lemma 9.11. Given a fixed positive integer q, it is not possible to join

(z,y0,t) and (0,y0,0) by an infinite number of distinct geodesics which can
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be represented by

(#,8) = (29 (ag, (), ¥'9(ay,()), (9.44)

C € (_17 1)7 Qg € [A(C)aﬂ-/2] .
Proof. For a given ¢ € (—1,1), ¥(@(ay,() is a decreasing function of

ap € [A(Q),7/2], U (g, ¢) decreases from W9 (A(¢),¢) = o0 to

I(A
min ¥ (g, () = ¥ (Z,¢) = 2q$. (9.45)

Consequently,
t =0 (ag,¢) (9.46)

has a solution ag(t,(¢) if and only if
1(40).) o

t>2q(C+1)3/2.

If the solution a(Z, () exists, it is unique. According to the proof of the first

statement of Lemma 9.7

I(A(9),¢)
(C+1)%2

is a strictly decreasing function of (. So to have any ¢ € (—1,1) for which

(9.46) has a solution ag(#,¢), we must have

1(-31) 4
~ ? q

In this case for each ¢ € [(;,1] (9.46) has a solution ao(t, ), where G is

uniquely defined by

MG

Given ag(t,¢), ¢ € [¢i, 1], we shall show that

i =09 (ag(,¢),¢) (9.50)
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can have, at most, a finite number of solutions ¢, ¢ € [(;,1]. As in Lemma
6.4, in view of the analyticity of ®(@ (ao(f, (), ¢ ) in the ¢ variable, it suffices
to show that the end points of the interval [(;, 1] cannot be limit points of

the set of solutions of (9.50). We note that

ao(t, G) = g (9.51)

Also, ag(t,1) is the solution of
t =0 (ag(f,1),1), (9.52)
so, —m/2 = A(1) < ap(,1) < /2. Since
@ (ag(f,1),1) = —o0, (9.53)

the upper end point of [(;, 1] cannot be a limit point of solutions of (9.50).
As for the lower end point (;, we shall show that

d - -
1?7 (e0t.0.0)| _ #0. (9.54)

and therefore (; cannot be a limit point of solutions of (9.50). This will prove
Lemma 9.11. First we need the ¢ derivative of ¥(9) (ao(f, (), () at ( = (; to

obtain af((;), where we set ag(¢) = ag(t,¢). Recall that ag(t,¢;) = /2, so

I(A(0).¢) )
(C + sin ao(o)?,/z ao(¢)=

/ d I(A(¢),¢
,r> ao(¢) + 2qd—Cw,

d

0= ac (\I'(ao(é),C) +2¢

or,

QI(A(C%C)‘
TX T 1) =g
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Next we find (9.54):

i<q’(ao(ﬁ)7ﬁ)+2q JA0).¢) )

ac (¢ +sina0(€)"* ) a2
0P , d J(A(0);¢)
( 2 (a0(€1.0) aong)%(o +2 O
2 d J(A(©):¢)
_(+1a0(<)+2qd_§ Dk

and therefore one has

4 @ _ o, 4
2 (00(f.0) C)(CZQ =23

J(AQ.0 1409 _,
(N (G

see (9.34). This proves Lemma 9.11 and we have completed the proof of

Proposition 9.6. O

Geodesics with aeng = ™ — g after n + % periods, y(0) < 0.

These are the type (iii) curves of the introduction to chapter 9. To obtain
their formulas we use (2.63) and (2.64) again while carefully following the
motion of a € [A(C),m — A(¢)] as described in the paragraph after (2.48).

Since ag € [7/2,m — A(C)], after one-half period (9.1) yields

o a0) = 1 / /A(C / sin ad oy
p—
0 972 A0 Jaw© (¢ + sin 04)1/2

1 2/“_0‘0 sin ado +/”_A(<) sin adev
2712 A@Q) (¢ +sina)t/2 A(Q) (C+sina)t/2 )"

(9.55)
One full period is

9 /W—A(O sin ada J(A(O’ C)

2712 J a0y (¢ + sina)t/2 D
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so adding n full periods one finds

1 T—aQ 3 d 1
- [ e (o otic.0)

We change ag to afy = m — ap, so afy € [A(¢),7/2), and
N % sin ad oy 1
() = 37 (/A(C) Ctsma)? <"+ 2)J(A(O’C)>’

which leads to

3 2 0 sinada 1
o W</A(O C+sna)Z * (n+ §>J(A(C),C)), (9.56)

and, similarly,

s ; o'y) ) / . 1
t= (<+Sinao)3/2 (A(C)(C‘FSlna)l 2gin ada—+ <n+2)I(A(C),C)), (9.57)

where we dropped the ' from o). Note that for a fixed ag € [—7/2,7/2] we

have

—sinap < ¢ < 1. (9.58)

& and # represent fixed numbers, but we shall use #(™ (ag, ¢) and £™(ag, ¢)

to represent the right hand sides of (9.56) and (9.57), respectively.

Proposition 9.12. (z,yo,t) cannot be joined to (0,yo,0) by an infinite
number of distinct geodesics represented by (9.56), (9.57).

The proof again consists of refuting the 2 possibilities of Remark 6.2.

Lemma 9.13. i(">(a0,g) is a decreasing function of (. It decreases
from £ (ag, —sinag) = oo to t™(ag,1) > 0 in the interval (9.58), ¢ €

[—sinag, 1). More precisely one has

. N 2(2 — /2 4
i (ag, ¢) > ™ (ag,1) > %ﬂ + ?” (9.59)
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Proof. We start with

o fj‘&)(g + sin a)/2 sin adox

5 (T amanp
- % j(oo % B %fj&)(ﬁ + Sina)1/2 sin ada
(¢ +sinag)3/? 2 (¢ +sinayg)5/2
1 @0 sin ado
_ : _3 .
2+ simag)? /A(C) (¢ +sinag — 3(¢ + sina)) ¢ +sina)l/?

1 @ /sinog — sin« ) 2
N iz 2 dov.
2(¢ + sin ag)5/2 /A(C) <(C—|—Sina)1/2 (¢ + sina) sin adov

We integrate by parts:

@ ginog —sina
i S ada
A(¢) (+sina)

o
= 2/ (sin o — sin a) tan ad (¢ + sin ) '/
A(¢)

ag
= —2/ <—sina+(sinao—sina) 5 > (¢ + sina)/2da
A cos® av
0 @0 ; 1/2
= 2/ (¢ +sina)/?sin ada — 2/ (sin ap — sin a) (¢ +sin 2a) da,
A©) A(C) cos?
so one has

fj(og) (sinap — sin ) (¢ + sin a)l/zd_a

cos? o

o IX&) (¢ + sin ) sin ada
a¢ (¢ + sin ag)3/2 - (¢ + sinag )52
<0. (9.60)

According to Lemma 9.7

I{A(Q),¢)
(C + sinag)3/2

is a decreasing function of (, so we have the first statement of Lemma 9.13.
In view of (9.60)

Zfi?/z(l + sin a)'/2 sin adar + #

min @ (a ,() = min @ (a ,1) = min ,
min (a0, ¢) = mint™(ap, 1) = mi (1 1 sinag)?2

where we used (9.18). The numerator is always positive. Indeed, it is small-
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est at ap = 0, where

0
1+ sina 1/281nada—/ V2 -2
/_m< ) VTFr = 2(VE -2,
and therefore
0
/ (1 4 sin )2 sin ada + % = g(\/i —-1)>0. (9.61)
—7/2
Consequently,
8
0 s(vV2-1)  22-+2)
g}){?t()(ao&b =g >0,
and,
. 202—v2) n¥2  22-v2) 4n
(n) 3 _ il
g?(l)lfclt (v, ¢) > 3 + o3 3 + 3

which is (9.59). Finally, (¢ 4 sin ag)/2(") (ay, ¢) is positive and bounded
away from zero, so f(")(ao, —sin ag) = 0o, and we have completed the proof
of Lemma 9.13. O

Clearly, (9.59) yields

Corollary 9.14. For sufficiently large n, there are no geodesics of the
form (9.56), (9.57) which join a fixed (z,yo,t) to (0,yo,0).

We still need to prove that the second possibility of Remark 6.2 cannot
occur; that will prove Proposition 9.12.

Lemma 9.15. 9i"(ay,¢)/0ag has a unique zero a(()ng in the interval
[A(C),7/2]. Indeed,

0<a™ <X 9.62
0,¢ 9

For each fized ¢, {™ (g, ¢) decreases from £ (A(C), C) = o0 to 1™ (oz(()"g, <)

)

> 0, then increases to

I(A(Q),¢)

i (T ) 1AK©).<)
i (2,C>—2(n+1)(<+1)3/2.

(9.63)
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Proof. We have

ot (g, ©) _ cosayp

= _ gf(n)
dag ¢ + sin ag (2tan ap — 31" (ao, (). (9.64)
We note that
ai(”) (Oéo, C)
ot i, 5) <0, |
8040 < 0’ a0 = 0 (9 65)
Also, (9.64) yields
ot ol 5
00 B ()=t o

Consequently, 65(”)/8a0 has at least one zero. To see that it has no more

than one zero, we note that

0 (¢ +sin a0)1/2 ot 2 ‘ "
dag oS oy dag  cosZayg (¢ +sinap)™* > 0. (9.67)

Therefore d1(™ /dag has exactly one zero, and it is in (0,7/2) according to

(9.65). This completes the proof of Lemma 9.15. O

We need Lemma 9.15 only when ( = 1. The next result is not needed

in the argument but it helps to clarify the structure.

Lemma 9.16. ozé"g is a decreasing function of C,

—a <. (9.68)

Proof. We drop the “n” in oz(()nc), and use

and note that ag = ¢ is the unique solution of

2 tan ag — 3t (g, ¢) = 0. (9.70)
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Therefore,
d 2(n)
0= € (2tan ag¢c — 31" (g, ¢))
_ 2 (2tan ap—3t™ (o, ¢)) ey +2 (2tan ag =31 (a0, )
Doy =09, S ’ 7
thus
i(2 tan o — 3£(n)(a C)) a/ — 38tA(n) (a C) <0
e 0 0, a0=ao.c 0, — 8( 0,¢» )
or,
( 2 3(9{(”) @ C))O/ <0 (9.71)
— P~ Berg 0,¢5 0,¢ . .

Integration by parts yields

/ao sin o ((¢ + sin oz)l/zdoz)

A(Q)
2 2 [0 d
= gtanao(C + sina0)3/2 ~3 /A(c)(C + sina)gﬂﬁ,

and therefore,

ot 2cosag (/ao (C+Sina)3/2d_o‘_§(n+%)I(A(C),C)>'

dag (¢ +sinag)®? \ Ja cos2a 2

We integrate by parts again,

a . a .
/ w(mﬁm)mda) _2 / wdgﬂmaw
A(¢) CosTa 3 Jae) cos®a

— g(CJFSiHOéo)s/z _ /ao (¢ + sin )3/ ( ! - 3Sina(C+Sina)> da.

3 cos?ap A() cos? a cost a
Therefore,
ot _ 2cosap 2 (¢ + sinag)®/?
dapg  (CHsinag)®2\3  cosdag

ao i /
—/ (1+3Csina+28in2a)Mda—§(n+1>I(A((),()),

A(Q) cos* a 2 2
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and
2 ot
cos2ag - Oag (20, ¢)
3 cos ao ) .5 (CHsina)’/?
=" 1 2 ——d
(€ ¢ sinag)?? </A(C)( + 3(sina + 2sin® a) oo o

+g (n + %)I(A({), g))

> 0.
Indeed, with —( < sin a,
1+3Csina + 2sin?a > 1 — 3sin® a4+ 2sin®a > 0.
In view of (9.71) we have (9.68) and Lemma 9.16. O

Definition 9.17. Fix an ag € [~7/2,7/2] and a £ > (") (ap,1). We
shall denote by ¢(™ (ag, ) the unique solution of

&=t (ay, Q). (9.72)
Our results on ¢ imply the following results on ¢,
Lemma 9.18. (i) Let
il 1) << (2,1). (9.73)
: 2
Then ¢™ exists when og is in the interval
oz(()l) < g < a((]2), (9.74)

where

f=imd 1), =12 (9.75)

We note that

oz(l) < oz(") < a(z). 9.76
0 0,1 0
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(ii) Let

f>ﬂM(g@)

Then (™ (ag,t) exists for all o in the interval
O5(()1) <ap < 27

where aél) is the solution of (9.75).

(iii) No solution (" (ag,t) exists when

205

(9.77)

(9.78)

(9.79)

Lemma 9.19. Given a fized positive integer q, (x,yo,t) cannot be joined

to (0,y0,0) by an infinite number of distinct geodesics which have represen-

tations in the following form:

(#,1) = (29 (ag, ¢),#V(ap, (),

ap € [—-7/2,7/2], ¢ € (—sinay,1).

(9.80)

Proof. As 3@ (ao, ¢ (ao)) is an analytic function of ag in its interval

of existence, it suffices to show that the end points of that interval are not

limit points of solutions «aq of

i = &% (ap, ((a0));
here we used ((ag) = ¢ (ap, ). Note that

lim ) C(QO) = 17 ] = 1727

«Q —)aoj

and therefore

lim 2@ (ao,((ao)) = —00, ji=12.

ao—>a(()3)

()

(9.81)

(9.82)

(9.83)

So agy’, j = 1,2 cannot be limit points of solutions of (9.81). This leaves us
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with the end point ag = 7/2. Here (9.77) implies that

—1< C(g) <l (9.84)
We shall show that
o Ge() 059

which proves that the end point oy = /2 cannot be a limit point of solutions
of (9.81). Differentiating ¢ = (%) (a0, ¢(ap)) we have

i@ x om
Z%(?C(E))
i@ T (@) T ST
:%S’%))+a§—g(§’<(§))'<(§)’
P 2o+ 1 d I1(A(¢),¢) _C,g)’
(3

(5 A
which gives us (’(7/2); note that ¢'(w/2) > 0. Next, we differentiate
(9 (a0, ¢(a)) at ag = /2

7(9)
o <g,<(g>>

d J(A(C).C) /(X
+2(g+ 1) A3
<%) +1 WCEHD | o(3) ()
. 1
2 2g+ 1)~ J(AQ 9 o)
. d 1/2
C<5)+1 e+ =<(2) (4 + it v =(3)
dc (<+1 3/2 (<+1>1/2 (z)
¢=¢(3
) )
¢=(3)

>0

in view of (9.34) and the proof of Lemma 9.7. Note that ¢(7/2) =@ (7/2,1),
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so the derivative does depend on ¢. This gives (9.85), and we have completed

the proof of Lemma 9.19, and established Proposition 9.12. O

y0:O.

For geodesics that leave the origin one always has
-1<¢<1, (9.86)
and (2.61) implies that
ap = A(C) = Arcsin(—(). (9.87)
Formulas (2.62)—(2.64) hold with
A(Q) <a<m—A(Q). (9.88)
A given geodesic with parameters (¢, 7) returns to the plane y = 0 at

a =m — A(C) after n periods, n=20,1,2... (9.89)
a = A(Q) after n periods, n=12.... (9.90)

We may assume that g(cog) > 0.

(i) « =7 — A((C) after n periods, n =0,1,2,.... Here

. 1 /W—A(C) sin ad o N mn /W—A(C) %
- 2rl/2 A (C+sina)t/2 2712 [y (¢ +sina)l/2’
1 /“—A(C) T
t=c-3n ¢ + sina)"? sin ada
27 Juo )
2 m—A(()
* Tg/? /A(C) (¢ + sina)'/? sin ada,
or,
J(A(©),¢)
x=(2n+ 1)27_71/27 (9.91)
I(A

273/2
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(ii) @ = A(C) after n periods, n =1,2,.... Here

on (740 sinada J(A(C), ¢
r= 1/2/ o =m ( 1/2), (9.93)
T A®Q) (¢ +sina) o
2n m=A(0) . 1/2 . [(A(C)a C)
t= 2,372 /A(c) (¢ +sin)'/? sin ada = ZnW. (9.94)
Combining (9.91)—(9.94) we have
J(A(©):¢)
_ I(A),¢)

p=1,2,.... Formally this mapping agrees with (9.3), (9.4), and Proposition
9.2 yields

Proposition 9.20. (i) For each p =1,2,..., the mapping

J(A(©),¢) I(A(an) (9.97)

sends the domain (—m/2,7/2) x (0,00) onto the half plane (z,0,t), t > 0 in

a 1-1 manner; ag = A(C) replaces the parameter (.

(ii) When A(¢) = m/2, i.e. ( = —1, we have the 1-1 mapping

271/2 2r1/27

o (x,o,0)=p<@,o,o> —p( var 0,0) (9.98)

of (0,00) onto the half line x € (0,00) for each p=1,2,....
(iii) When £ = 1 (¢ = —1) and 7 > 0, Hamilton’s equations give us
another set of geodesics

z(s)=s, y=0, t=0, (9.99)

see (2.51), with x(x) = x > 0; recall that s is arclength. For each fived
x € (0,00) this geodesic may be looked upon as a continuous set of geodesics
joining (x,0,0) to (0,0,0), one for each T € (0,00).
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