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GREEN’S FUNCTION OF BOLTZMANN EQUATION,
3-D WAVES
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Abstract

We study the Green’s function for the linearized Boltz-
mann equation. For the short-time period, the Green’s function
is dominated by the particle-like waves; and for large-time, by the
fluid-like waves exhibiting the weak Huygens principle. The fluid-
like waves are constructed by the spectral analysis and complex
analytic techniques, making uses of the rotational symmetry of the
equation in the space variables. The particle-like waves are con-
structed by a Picard iteration, making uses of the exchange of reg-
ularity in the microscopic velocity with the regularity in the space
variables through a Mixture Lemma. We obtain the pointwise es-
timates in the space and time variables of the Green’s function

through a long-short waves and particle-wave decompositions.

1. Introduction

Consider the Boltzmann equation for the hard sphere model
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We consider the perturbation of the Boltzmann solution around a Max-

wellian M:

{le\/l—i-\/Mu, 12)

Ou+&-Veu=Lu+TI(u).
The Maxwellian is global and, for simplicity, its mean velocity is assumed

to be zero, and the Boltzmann constant, its density and temperature are

assumed to be one:

_le?
M= (1.3)
= @ .
L is the linearized collision operator:
2B (M, \/Mh)
Lh=— —~ (1.4)

VM ’
and IT' is the nonlinear term

B(vMh, vMh)
'hy=—=. (1.5)
vM

The main goal of the present paper is to study the wave structure of

the solutions of the Boltzmann equation, (LII), or, equivalently, (I.2)). We
are interested in the precise, pointwise structure of the solutions around a
Maxwellian state. There are particle-like, entropy, rotational, and Huygens
waves. For the study of the basic structure of these waves, it suffices to

consider the linearized Boltzmann equation

{atg +¢-Veg=Lg,
g(7,0,§) = go(w, &),
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and study its Green’s function:

G + ¢ - V,G = LG,
{t +¢ (1.6)

G(x707£7£0) = 5($)5(£ - 50)

There are two main reasons for studying the Green’s function. The first
is that the general solution can be expressed as the convolution of the initial
data and the source with the Green’s function. In fact, one may solve (L.2))
by this approach. The second reason is particular to Boltzmann equation,
namely to study its particle-fluid dual property. In fact, Boltzmann equa-
tion occupies the middle ground between the interacting particles system and
the continuum equations of fluid dynamics. It is well-known that the fluid
dynamics equations can be derived from the Boltzmann equation through
various limits of zero Knudsen number, see [15, 39] and references therein.
On the other hand, the particle-like behavior of the Boltzmann equation al-
lows for its description of phenomena such as the ghost effects and thermal
creep that the fluid dynamics equations cannot, [31]. The Green’s func-
tion describes the dispersion and dissipation around a thermo-equilibrium
state M of the particles that initially concentrate at the origin z = 0 with
uniform microscopic velocity &y. The short-time behavior is dominated by
the particle-like waves. For large-time, the dissipative fluid-like behavior
emerges. It is the transition from particle-like behavior to fluid-like be-
havior that the Green’s function describes. Thus we aim at the pointwise
description of the Green’s function. With sufficient understanding of the
Green’s function, it is possible to study the wave structure of solutions to
the full Boltzmann equation.

The linearized collision operator (L4 consists of a multiplicative oper-
ator v(£) and an integral operator K , (2.1),

Lg(§) = —v(§)g(§) + Kg(&).
For the hard sphere model,
v(§) ~ 1+

The integral operator K is compact and its kernel K(, &,) has singularity at
& =&, (2.1). the hyperbolic nature of the Boltzmann equation, the kernel
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is written as the sum of K(§, &) = Ko(§, &) + K1 (&, &x), with K; the regular
part without the singularity at £ = &, and Ko the hyperbolic part, (4.1).
The particle-like waves are constructed based on the solution operators St
for the damped transport equation

hy +& - Vah +v(§h =0, h(z,t,§) =S'h(x,0,¢)
and the operator Q% for the truncated linearized Boltzmann equation:
Jt + & Vaj +v(8)j = Koj, j(z,t) = Opjo ().

A Picard iteration based on these two operators is designed to extract the
particle-like waves. The remaining part of the solution is regular. These are
explained in Section 4.

For the construction of fluid-like waves, we use the Fourier transform
and concentrate on the low frequency, the long waves. The reason for this
is that the fluid-like waves are the result of the equilibrating mechanism of
the collisions. Since the Boltzmann equation is dissipative, as evidence of
the H-Theorem, long waves survive and represent the large-time behavior of
the solutions. By Fourier transform we have, symbolically, the expression of
the Green’s function

G(z,t,¢) = S /11&3 et (=it L)t g (1.7)

(2m)3

The analysis of long waves is done by studying the spectrum of —i& - n+ L
near origin, Section 5. There is a long tradition of the study of the spectrum
and the relation of the Boltzmann equation and the Navier-Stokes equations
for gas dynamics, [11, 20]. For our study of the wave structure in the later
sections, we need to study the analyticity property of the point spectrum
near origin. For this we start with the one space dimensional case and make
essential uses of the rotational symmetry of the Boltzmann equation for the
three dimensional case. This allows us to use the complex analytic techniques
in the study of Huygens waves, Section 6, and contact and rotational waves,
Section 7.

By simple scaling, one sees that, for Boltzmann solutions, the large-time
behavior corresponds to the small Knudsen number. In the zero Knudsen
number limit, the solutions of the Boltzmann equation would approach the
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solutions of the Euler equations. Thus we briefly review the waves for the
linearized Euler equations in gas dynamics in Section 3. The Huygens waves
are the solutions of the linear wave equation for the density. Other waves
correspond to momentum and entropy. The explicit expression of invscid
waves gives us the basic information from which we design the wave pairings
on the level of the Boltzmann equation in Section 5. Such pairings are
physically correct and therefore have the desired analyticity properties that
are needed for the study of wave structure in Sections 6 and 7.

The Green’s function has been studied for planar waves, x € R, [27],
and shown to have the dual particle-fluid property. The present paper is
concerned with the three dimensional case, € R3, which has richer geo-
metric features for the waves. On the other hand, it should be pointed out
that nonlinearity plays a stronger role in the one-dimensional case. Thus
in [27], the asymptotic state of the solutions contains the nonlinear kinetic
Burgers waves. For three dimensional case, there is the stronger dispersion
of waves and therefore the solutions to the full Boltzmann equation behave
closer to the Green’s function than in the one dimensional case. For brevity,
we will not study the full Boltzmann equation in the present paper.

The particle-like waves are constructed along the same line as [27] with
the help of the Mixture Lemma straightforwardly generalized here. However,
the particle-like waves for the three dimensional waves contain d-waves of
lower dimensions, Section 9. The analyticity properties that are needed for
the study of the fluid-like waves here are analytically and geometrically more
intricate and interesting than for the one-dimensional case. We expect our
general techniques in Section 5 to be applicable to other systems endowed
with the natural rotational symmetry as the Boltzmann equation.

With the particle-like waves and fluid-like waves constructed, the re-
maining term is regular and small time-asymptotically. This allows us to
apply the calculus and use the weighted energy method for the complete
study of wave structure, first for rough initial values at Section 8 and then
for the Green’s function at Section 9.

There is the macro-micro decomposition, [28] that decompose a function
u = u(€) into macro, fluid part Pou and micro, non-fluid part Pju. The
projection Pgu maps into the kernel space {v/M, VM, VM, VM,
|€]2v/M} of the linearized collision operator L. The fluid part Pou is further
decomposed here into isotropic part Pi°u, projection into {v/M, [¢]2v/M}
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and the momentum part PJ, projection into {£1vVM, £2v/M, €3V/M}, (2.6).
For the underlying Mawellian state, (L3]), the one-dimensional fluid waves
have speed A\; = —c, Ao =0, A3 = ¢, where ¢ = \/% is the sound speed for
the monatomic gases that the Boltzmann equation models, Section 3. The
Boltzmann equation is dissipative as the result of the H-Theorem. Thus it
is related to the Navier-Stokes equations in gas dynamics. The dissipation
parameters A;, i = 1,...,5 for the Boltzmann equation are related to the
viscosities u, p' and heat conductivity x for the Navier-Stokes equations as

follows:

= §(PLEEPVM, (=L) TP EPVM) = 5,
Ay = Az = (P1ETEVM, (—L) 1P EVM) =
S(P1EMEVM, (—L) P iETEVM) = 4/

Ay =As=r+ .

In our main results below, we see that the macroscopic part and microscopic

part have different behavior.

Theorem 1.1.(Main Theorem I) The Green’s function G(z,t) as an Lg

operator-valued function satisfies, for some constant C' > 0,

\wF (lz]—ct)?

e C0+1) C(1+t)

< ~(al+1)/C
IG(,t)] .2 C<1 )3/2+ (1+t)2 te )

for |z| < ct+ 1+t
1+t \/1+ t+|z|) = (1.8)

for |z| > et + V1,

(lz|—ct)?

is0 e C(1+t) e C+t) Ml
IPEG (e, )l < c( o e e +t>/0), (19)
‘C‘(ﬁf 7 - (‘C‘(Iff
e t e t Az
Gz, )Pz < C<(1+t)2 R ( '“VC), (1.10)

|1 (Iz]—ct)?

C(e_C(Ht) L e o +e—(x+t>/0). (1.11)

IN

leG(‘Tat)Pl”Lg (1 —|—t)5/2 (1+t)3
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In fact, it is possible to describe the leading particle-like and fluid waves

as in the next theorem. We will use the notation a(£)vM @ <ﬁ(£)\/ﬂ‘ to

denote the projection operator of mapping a given function g = g(&) into:

VM & (3VM] o(€) = ale)VM(©) [ BEIVM(ENals.)de..

Theorem 1.2.(Main Theorem II) The Green’s function G(z,t;€, &) can

be written as the sum:
G(z, ;¢ &) = [ho+h1 +ha+G)+G3+G3+G+G3+G|(, t;€, &) (1.12)

Here the particle-like waves are giving as:
ho(z,t,€) = e "6 (z — &ot)3(6 — &o),
(. 1,) = / K (€, €o)e O VO)35(x — (1 — 5)¢ — sgo)ds

fL’,t,f / /R3 / t 81 (61)(81_8)_1/(50 SK(gﬂgl)K(é-th)
0(z — (t — 51)€ — (51 — 8)&1 — s8p)dsd§1dsy.

(1.13)
The leading fluid waves are:
1
GY+ G = < / Hi(x + cty)dS, + — / Hy(x + cty)dS,
4 ) J iy =1 Ar ) Jjyi=1

ct / VHs(x + cty) - ydS,,
lyl=1
Huygens waves,

1 _l=®
68 = 5 (4rAst) eIt gPVM @ (jg]
_e2 3 .
G+ G2 = (4rAgt) 3% 1 Y VM e <5J\/M ‘
j=1

M|, entropy waves,

T;jTy

{ rotational waves.
(1.14)
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Here

S ((r )32 i,

=1

'x (&M@ (|6 VM| + g2vM o (VM)
3

Hy, =54, Z </t(4ﬂA17)_3/26_%d7’> VM ® <§"3\/W
0 T,

jk=1

_ =2
b () 2T VM @ (JePVM]|

[an}

Tj

The particle-like waves hg and hy are generalized functions and hs is a reqular
function. The remaining term is continuous and decays faster than the fluid

waves:
( _ 1/2
[ [ 16t copa]
R3
<C ~1/2( e_ Céf“ 6_(‘5‘(;%2 —(l=[+t)/C
<Ct+1) (ropz * o T (1.15)
1
for |z| < et + 1+t
10l A+ (WV1+t+ |z 2
0 for |z| > et + V1,

Remark 1.3. The particle-like waves, as an operator in Lg decay expo-
nentially in |z| and ¢, Section 9. From Theorem 3.1, Lemma 3.2 and Lemma
3.3, the leading fluid waves have the same decay properties as stated in
Main Theorem I. Thus, Main Theorem II is a more precise description of
waves than Main Theorem 1. We will, however, prove Main Theorem I first
in Section 9 and present the leading fulid waves in Section 10.

There are two general types of existence theory for the Boltzmann equa-
tion: For existence theory of smooth solution based on energy method, see
[16, 24, 30, 33, 34, 36] For existence of weak solution using upper-lower solu-
tions approach, see [1, 18] and renormalized weak solution see [10], and also
[38].

The study of pointwise estimates of nonlinear waves for general dissipa-
tive system is an interesting subject because it offers explicit expression of
the coupling of nonlinear waves. For viscous conservation laws, it is initi-
ated by [21]. The study of Green’s function for viscous conservation laws was
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done first by [40] and later in [17, 22, 23] For the study of dissipative finite
differences, see [25, 26]. Although there are the common features between
our present study for the Boltzmann equation and other dissipative partial
differential equations, there is also the major differences, chiefly because the
Boltzmann equation is, essentially, differential equations of infinite dimen-
sions. This accounts for the rich wave structure and demands the elaborate
combinations of analytical and physical considerations of long-short waves,
particle-wave, and short-long times decompositions. For the study of Green’s

function for stationary Boltzmann equation, see [8].

The pointwise study of the Green’s function is the basic and necessary
starting point for more general quantitative analysis of the Boltzmann equa-
tion. Such an analysis is needed for the physical understanding of the crucial
initial, shock, and particularly the boundary layer behavior of the solutions
of the Boltzmann equation. It would be very interesting and important to
study the Green’s function for the Boltzmann equation with the boundary
effects, c.f. [31, 32]. Such a study would rely on the knowledge of the Green’s
function for the initial value problem. This and other issues, however, are
left to the future.

2. Preliminaries

The contents in this section are mostly standard and can be found in or

easily derived from [7].

For a hard sphere model, the collision operator L can expressed explic-
itly, [14]:

Lg(é) = —v(£)s(&) + Kg(¢),
= Jps K(§,&0)8(&) dés,

2 N T s
HE&) = Tame—el™ 0 (= e )
_lE-ad (_w) (2.1)
2 P 4 ’

v(é) = \/%(26_%2 (\§| + |£|> /|§| e du),
v(§) ~14+[¢-
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Consider the space Lg with inner product

(0.1) = | a©nh(e)de

The weighted norm space Lgf’ﬁ, also in the £ variables , is
gz, )z, = sup (1 +[€])"[g(x, t,€)]. (2.2)
' £€R3

We will also need the Sobolev spaces:

1
_ o o 2
105 2) = ( Z‘/R?)(ﬁmf,(‘)xf)dx) (2.3)

|| <3

Lemma 2.1. The operator K is a compact operator and K¢ and K¢, are

bounded operators in L?, where

Keel6) = [ | Fele.e)e(e) de..
Ke.£6)= [ Kel66el6) de..

The boundedness properties are due to that both K¢(§,§,) and K¢,

(£,&4) are integrable in &, variable.

Lemma 2.2. For any B > 0 there exist positive constants C'(B) and Cy
such that

IKillzgs,,, < COillzz,.

IKillzgs, < Callillzz-
Lemma 2.3. For any B > 1 there exists a positive constant C([3) such

that the nonlinear term I'(g), (LH), satisfies

IT()llzes, , < C’(ﬁ)||g||%g?ﬁ.
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The kernel of L is spanned by the orthogonal basis:

B = {XO)X17X27X37X4}7
ker(L) = span(B),
Xo = VM
Xi = gzm for Z = 1,2737
xa = (6 = 3)VM.

(xi» xj) = 67

(2.4)

L is negative definite on ker(L)t = {g € L§|(g,xj) =0,j=0,1,...,4}.
Lemma 2.4.([5]) The operator L is symmetric and non-positive definite:
(Lg,h) = (g9, Lh), (Lg,g9) <0
Moreover, there exists vg > 0 such that

(g.8) < —wo(g, Lg) for any g € ker(L)*.

From the expression (7)) of the Green’s function, there is a need to
generalize the above to the consideration of the eigenvalues A of the operator

—in - £ + L in functional space Lg for each given fixed n € R3:
(—in- €+ L)Y = M, (\,9) € Cx L.

o(n) = {\ € C| there exists non-trivial e € Lg such that (—in-§+L)e = Ae}.

From Lemma 2.4, 0(0) consists of zero of multiplicity five. The following
lemma, [11], says that around the imaginary axis the spectrum consists of
only the curves bifurcating from the origin.

Lemma 2.5.([11])
(1) o(n) C {z € C|Re(z) < 0}.

(2) There exist ko > 0 and k1 > 0 such that for |n| > ko

o(n) C {z € C|Re(z) < —K1};
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and for |n| < ko, in the region {z € C|0 > Re(z) > —k1}, the set o(n)
consists of five smooth curves o1(|n|), o2(|n|), os(|nl), o4(|nl), o5(|n|) through

the origin.

We will study the fluid-like waves, which are the long, low frequency
waves. For this, we make the following long wave-short wave decomposition

of the Green’s function:

Grg(x) = /RS Gr(z —y,t)g(y)dy,

Gyg(x) = /}R3 Gs(z —y,t)g(y)dy,
1

ir (=€ D g
(2m) /|T7<Ho/2

GS z,t) = / eir-n+(—i§-?7+L)tdn'
(@) (27) Jin> 072

Gp(z,t) =

The solution h(z,t) of linearized Boltzmann equation can be represented

_ eix-n—i—(—in-&—i—L)tE(n’O) d77
(2m)? [/|77<H0/2

_|_/ eix-n—i—(—in-&—i—L)tH(n’O) dﬁ]
[n|>ko/2

= G h(x,0) + G5h(x,0).
From the spectral property of Lemma 2.5 one has the following;:
Lemma 2.6. The exists v1 >0, C' > 0, and C; such that

(G}, + Gf@)hHLg(Lg) < Clhllzz 22,
IGLhll g r2) < Cillhllzz 22). (2.5)
HG%hHLi(Lg) < Ce_ylt”h”Lg(Lg)a

where || - HH;'.(Lg) is given in ([2.3)).

A macro-micro decomposition (Pg,P1) on Lg was introduced in [28] The
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kernel of the operator L is the fluid, macro part, which is now further sepa-

rated into the isotropic pressure and entropy waves, 630 , and the momentum

waves, Pg':
(
g = Pog + P1g, (macro-micro decomposition)
P1g = g — Pog. (micro components),
Pog = Pwog + P{'g, (isotropic-non isotropic decomposition for

macroscopic components) (2.6)

pésog = (x0,8)x0 + (X4,8)x4, (isotropic components)
3

0'g = Z(Xj’ g)x;. (momentum components)
j=1

The orthogonal complement of the fluid, macro part in Lg is called the non-
fluid, micro part. From Lemma 2.4, the linear collision operator is negative
on the non-fluid part.

3. Euler Waves

The linear convection ¢ - V, has a matrix representation in the macro-
scopic component with respect to the basis B of (2.4)):

3
[Po& - VuPols = Y [Po&/Polmd,s-
7=1

Due to the rotational symmetry, in our later analysis we only need the matrix
representation of the one-dimensional [Po&!Pglops

01 00 O
10 00 /2
[Po'Pols = (Xi:6'X5)) 55 =10 0 00 0
0O 0 00 O
0 \/g 00 O
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This matrix can be diagonalized:

\/é—\/éﬁoo —c 0000

_ /s 5 0 0000
o |VE 0 Vo

o o o0 01|09 0000

|
_ O o O
wno
- © o SHen
Nt | N
o O = O O
o =R O O O

where ¢ is the speed of the acoustic wave around the state p = 6 = 1 with

velocity zero, (L2)), (T3],

E, = \/§X0 — 1/ 5X1 + X4,
Ex = —\/3X0 + x4,
Es = \/gxo + \/§x1 + X4, (3.1)
Es = X2,
Es = Xx3;

Pof'Er = —cEy,

Pof'Ey =0,

Po&'Es = c E3,

Po&'Ey =0,

| PoclEs = 0.
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Here, E; and Ej3 are related to the vector components of sound waves prop-
agating forwards and backwards; Es is related to the vector components of
local fluid velocity; and both E4 and E5 are orthogonal to z-direction, which
is the direction of wave propagation. These are the eigen modes for the lin-
earized Euler equations, obtained from the linearized Boltzmann equation
(L6]) by assuming that the solutions consist of only fluid part. We now de-
rive the linearized Euler equations by assuming that a solution h(z,t,&) of
the linearized Boltzmann equation is of the form

h($7t) = hj(l'vt)Xj,

M-

j=0
then substitute this into the conservation laws
(M2, hy + & - V,h — Lh) =0,
(6M2,hy + € - Vzh — Lh) = 0 for j = 1,2, 3, (3.2)
(EEMz,hy + £ V,h — Lh) =0,
By straightforward computations, the system (3.2]) is the linearized Euler
equations for the conservative quantities p = (vVM,h), m = (£&¥/M,h), E =
(EE /M, h):
pt+ Vg -m=0,
m¢ + 2V, E =0, (3.3)
Ei+3V,-m=0.

Here, in consistent with the Boltzmann equation, the above Euler equations
are polytropic and for Mon-atomic gases. The eigenvalues and eigenvectors

for the Euler flux have been given in (B.1]). In the above form (3.3]), we have

2
Pt = _v:c My = v:c : <§VIE> ’

<gp _ E>t 0. (3.4)
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This yields the wave equation:

5
(8? - czAx) pt =0, where c = 3" (3.5)

The wave equation for pi(x,t) is solved by Kirchhoff’s formula. This yields
the formulas for p(z,t) and E(z,t) in terms of the density p(z,t) from (B3.4):

p(,) = p(z,0) + /0 pe(a, 5)ds,

E(z,t) = E(z,0) + 5/ pi(x, s)ds.
0
This in turn yields, from (B.3]), the momentum:
9 t
m(x,t) = m(x,0) + 5/ ViE(z,s)ds. (3.7
0

The above procedure yields explicit solution formula for the linearized Euler
solutions. For the much more complex Boltzmann equation, we will use the
Fourier transformation. For this, we will now recast the above procedure for

the Euler equations in the Fourier variables. The Fourier transform of the

system (B.3)) is

p 07 0 p
| +i|0 0 Zn||m|=0
E), 059" 0) \E

A

One can represent the solution (p,m, F) as follows:

LT (=1 + cos(elnlt)

p(n, t) e ‘\’Z)' el p(n,0)
) [ =0 =t e’ g g (1, 0)
E , T 43¢ sin(c E ,0

(n,1) 0 igesinlelnlte cos(elnlt) (n,0)

Here, the tensor product n ® n' represents a 3 x 3 sub-matrix (1’ nk)jk for
j,k = 1,2,3. Thus the solution operator involves the Riesz transform of a
particular form. As the system is invscid, Dirac-d functions are involved also.
The resolution of the wave equation, the exhibition of Huygens principle, by
the Kirchhoff method through the Fourier transform method is based on the
following:
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Theorem 3.1.(Kirchhoff) Let w(x,t) be a function given by its 3-D

Fourier transformation:

in(c|nlt
o _ Sintehlt)
cn|

wy = cos(c|n|t).

Then, for any functions g(z) and h(x) one has that

w*g

wt*h

g(x + cty)dS,,
477//@/ =1 Y

ty)d —
47T//y , h(z + cty)dS, +47T

(3.8)

/ Vh(z + cty) - ydS,.
ly|=1

(3.9)

To study the dissipation of the Huygens waves in the Boltzmann solu-

tions, we will need the following viscous version.

Lemma 3.2. Let w(z,t) be the inverse Fourier transformation of sin

(c|n|t) given in Theorem 3.1. For any positive integer I > 0, one has that

e _ (z|-ct)?
e C(t+1) e 2C(t+1)
w * <0(1)———, (3.10)
(t+1)2 (t+1)z
o xf? _ (z|—et)?
e CG+1) e 20(t+1)
wpk —| < 0(1)7l+1. (3.11)
(t+1)2 (t+1)=

Proof. By the Kirchhoff formula (3.8)), we have

ol ey
J=w* e —aot// eildy.
(t+1)2 yl=1 (t+1)2

Now, we consider this integration in two cases.
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Case 1. ||z| —ct| < O(1)vV1 +t.

t\y|2
t+1 //y| 1 t+1
1 )\? 1
_ O(l)(t+1)(t+1)% (W) _0(1)m. (3.12)

Case 2. ||z| —ct| > O(1)v/1 + t.

J1

Since
min |z — cty| = ||z| — ¢t|,
ly|=1
we have
_ Jz—cty|? _z—ctyl®_ (lzl-ct)?
e O+ <e 2C(t+1)  2C(t+1) ; (313)
and

lz—cty|? _ |z—cty|?

e 20(t+1)  2C(+1)
J1 = (t+ 1) // 1 dy
lyl=1 (t+1)z

) _la—ety|? _zl—e)?
_ (lzl—ct) e 2C(+1) e CQ@+1)

< (b4 1)e st / / Ly < L (314
=1 (t+1)2 (t+1)2

From (B12) and (3:14) we conclude (BI0). (BII) is shown similarly. O

In carrying out the viscous version of the procedure (B.6) and (B.7) we

will need the following:

Lemma 3.3. For |z| < ct

C .
A 4t)(|z| + VEF 1)

_Jz— C'ry\
——————=dS, pdr| <
ly|=1 1+t (1+1¢)5/2 } =

and for |z| > ct

¢ e_\w—g;y@ Ce—(‘x‘zé'it)2
—————=dS, pd7| < ———.
/o {//| 1+ 1) } ' R
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Proof. From (B.13)), we have that

lz—cry|?
¢ e Ct
————dS, pdr| <
0 {T//|y=1 (1 +¢)5/2 y} "=

The proof of the lemma using (B.I5]) is separated into three cases.

e cry\ _ (zl=en)?
/ / as, bar
ly|=1 (1+ t)5/2 Y

(3.15)

Case 1. |z| < O(1)v1+t.

_lz—eryl® CTy\
——————dS, pdr
[ s
/-\/1_-|—t+/-t // o= cry\Q <\x\;cctf)2 Iy
-
0 JITE lyl=1 1+t)5/2 Y

VTt ¢ (lzl—er)?
< / ;“dwou)/ T e e, oW
o (L+1)¥ VIF(t+ 13 T (1+1)2

Case 2. V1+t<|z|<ect++1+t.

\z c‘ry\
———dS, pdr
(L s
/\/1Tt+/t // _l=— cw\ (\z\z—cctﬂ? <l
-
0 JIF lyl=1 1+t)5/2 !

(lz|—er)? (lz|—er)?
- t T te”  2Ct

‘1+ 2Ct
< ——-d7 + O(1 / dr = .
[ T row T N

IN

IN
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Case 3. |z| > ct + 1 +t.

t e_\w—g;y\z
————dS, pd
J {//|: TETE } '

t " _lz—eryl? _ (Jz|—er)?
< /2+/ 7_// e~ 20t e 20t as g
S \Jo s w=t (112 !
§ e e U b e
S dT + O 1 / dT
/o (1 +1¢)>/2 o t(t+1): T
_ (z|=cr)?
_ o
B (1+1)2
These complete the proof of the lemma. O

Lemma 3.4. For any given positive integer I,k > 3, one has

2 2
[z—yl ly] |z

e CG+D)~ T(s+1) o(1) e CG+D)
/// T rdy < =3 E=3 3
R3 (t—s+1)2(s+1)2 (t—s+1)z2 (s+1) =z (t+1)2

This lemma is a simple consequence of semi-group property of heat

kernel. We omit its proof.

4. Particle-like Waves

Boltzmann equation for hard spheres is basically semi-linear hyperbolic
and thus the roughness of the initial data will propagate into the later time.
To apply calculus, we need to extract waves of increasing regularity so that
the remaining part is sufficiently smooth. This is done as follows: First, we
extract an essential kinetic wave from the solution to the initial value prob-
lem for the linearized Boltzmann equation. Then we apply Picard’s itera-
tion to yield particle-like waves with increasing regularities. The procedure
is a slight generalization of that introduced in [27] for one space dimension.

Rewrite the linearized Boltzmann equation as follows:

B + € - Vzh + v(€)h = (Ko + Kp)h.
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The operator K is decomposed into Ko = Ko p and K; = Ky p:

Kiz(©) = [ Ki(€€)2(6.) dé. tor i = 0.1,
R
Ko(€,&.) = cho (L551) (¢, €.),
K1 (6,6 = (1= cho (5550)) K (6.6, (4.1)
cho(r) =1 for r € [-1,1],

Supp(ChO) C [_272]7 ChO € CgO(R), X0 2 0.

Here the cutoff parameter D will be chosen to be small. The operator Kj is
a smoothing operator because it does not inherit the singular nature of the
kernel K (§,&,) at & = &,.

Lemma 4.1. For any h € Lg and any given i > 0,

|VEKihll2 = O(1) Il 2

Proof. From the definition of Ky in (@.1]),

ograne) = [ wieag ((1-e (5 50) ) wece) e

The function K (§,&,) is smooth for |£ — &| > Dvy. Thus, ((1 — cho( |£D50*‘ )

K(£,€4)) is a globally smooth function. It is easy to see that for any i > 0

the function 82(( cho(‘ngg NK (&) € Lé and so defines a bounded

operator from Lg to Lg, and the lemma is proved. O

Definition 4.2. Denote by S' and Q% the solution operators of the
following two initial value problems:

gt +& Vegt+v(§g =0,

g(z,0) = go(z) € Ly for = € R?,
glx,t) = Stgo(x),

jt + & Vaj +v(8)j = Koj,

i(z,0) =jo(z) € Lg for z € R3,
iz, t) = Ohjo().
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where §>5/2and 0 < D <« 1.

The function Q%;hg(z) is called the “essential kinetic wave” of solution
of the linear Boltzmann equation with initial value hg.

Lemma 4.3. For any 3 > 0, there exists positive constants C and Cg
such that the operator St satisfies

18112 ey < Coe™,
)

||St||Lg(Lg < Ce ™,

Proof. The first estimate is a direct consequence of the following solution

formula of hyperbolic equation with damping.

S'go(x, &) = e " Olgy(z — &t,€). (4.2)

The second estimate is proved by the energy method as in the proof of the
next lemma. We omit the proof. O

Lemma 4.4. There exist positive constants Cy and Ci such that for
any D € (0,Cp) the operator Qt, satisfies

H@)%HL%(L@) < Che 2,

Proof. First, we regard Qf, as an operator on L2 (Lg), and consider the
initial value problem

{u+s-va+u@n—Km=o
i(x,0) = go().

Consider the energy estimate
/3 (yjt +&- Vaj+v(§)j — Kod) dx = 0.
R

Since the Lg norm of |Ko| is O(1)D, this results in

s [ 63de < -wr0D) [ G
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Thus we may choose D sufficiently small so that —vp+O(1)D < 0. This
implies that there exist positive constants C7, Cy such that, for D € (0, Cy)

d .. 20 ..
= de < -2 d
7 R3(71) z< - /R3(J,J) ,

whence the lemma follows:

. _
Iillzz 2y < €7 llgollzzr2): 0

This lemma results in the existence of the operator O}, in the functional
space L2 (Lg) and the global decaying rate in time. We next use the Picard’s

iteration to analyze the operator @tD in the sup norm.

Lemma 4.5. The operator QY is also a bounded operator on L°( goﬁ)
for any B > 0, that is, there exist positive constants Cy and C71 such that,
for any D € (0,Cy),

1080l (1,) < Cre™ g0l e s,

Proof. From Lemma 2.2,
HKOh”L?BJA < CﬁD”h”LgoB for ,B > 0. (43)
From this and Lemma 4.3,
t Sk
H/ . / St—sl Kossl—sg KOSsz—s3 Ko--- S8k Sk+1 KoSskHdSk-i-l ---dsy HL
0 0

< (Cﬁ)k+1Dk+1€_V0t/2.

Thus, Picard’s iteration gives a convergent geometric sequence in L5°( 205)
for sufficiently small D > 0:

t t rs1
(O)tD = st +/ St1K S dsy +/ / ST K S T2K 0S5 dsadsy + - - -
0 0 JO

t Sk
+/ . / St_sl K0S51_82 K0S52_53 Ko e Ssk_skJrl K0S5k+1d8k+1 cee d81
0 0

T (4.4)
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and the lemma follows. O

The following lemma yields the significant hyperbolic property of the
operator S* and Of,. Note that the property v(§) 1+ |¢| for hard sphere
model is crucially used in its proof.

Lemma 4.6. For any given 8 > 0, there exists sufficiently small D > 0
such that

—2vgt —vyly—al
St ~ <O(1 T[ o 4 3 ~ ]

IS0 ()| zge, < O(1)e |H%13><<tHgo(y)HLm max € lgo(W)llLge,
(4.5)

l()t —Vl‘y_l"
10Dg0(2) e, < O(1)e™= { max [|go(y)||Lge, + max e™ 4 IIgo(y)Ingoﬁ},
’ ly—al<t P |yt .

(4.6)

where vy are relate to the function v(§) given in 2.1), see (L8) below; and
vy 18 given in Lemma 2.4.

Proof. We use the representation (2] for S'. For |¢] <1,

S'eo(@, &) < e O (L +1¢) P gl — &8, e,

< e 314 |¢) P max |go(y)llLe, - (4.7)
ly—a|<t &

For |¢] > 1, we use the basic property of hard sphere collision model
1
5’/(5) ~ v1|¢] as [€] — oo, (4.8)
Vi€t < v(€)t for € € R,

Thus, for || > 1

S*go(x, )|

IN

e VORI (1 1 1€)) 7P lgo (@ — &8, )|z,
< e (1 1)) 7P go(a — 2, )| es,

< max e IPTIETROUS( 41e) TP |go (y) || nes, . (4.9)
ly—z|>t &

The estimate (A5]) follows from (7)) and ([9). From the construction of
0%, in Lemma 4.5, one can view Q% as a small perturbation of S*. From
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(#£3]) and ([4.5]), one has that

t Sk
H/ X / St—sl K(]Ssl_s2 KOSSQ—Sg KO . Ssk—8k+1 KOSSk+1gOdsk+l e dSl H
o Jo Les

< (D) e[ max [lgo(®)llzzs, + max e gy () 1|
ly—z|<t B ly—z|>t &p

(4.10)

Thus, the Picard’s iteration in (4.4]) converges for sufficiently small D > 0
and (4.6]) follows. O

The iteration (4.4]) gives rise to the operator of alternating the operations

K and S that has increasing regularizing effects that we now study.

Definition 4.7. For any gy € L%(Lg), k-th degree Mizture operator ML,

is given as follows:

t rs1 S2k—1
MZgOE//--'/ SITSIKSSIT52KSS2 758K . . . S5 TSk KSS2k gy dsop, - - - dsy.
0J0 0

Lemma 4.8.(Mixture Lemma) For each given k > 0, there exists posi-

tive constant C} such that

IVEMLgollza(z2) < Cx "2 (llgollzzez + Vgl ez ) -

Proof. This proof is a modification of the 1-D version given in [27] and
is proved by induction in k. For the case k£ = 1, it is to show that there

exists C1 > 0 such that for any gg € Li(Lg) the following inequality holds:

|

< Oy e ot <||go||Lg(L§) + ||V$g0||L%(L§>) '

t S1
Vm/ / StSIKS® 15K S godsdsy
0 JO

L2(L2)

We consider the derivative with respect to 2! and decompose it into two

parts:

t $1/2 s1
B, / ( / + / >St_51KSsl_SKSSgodsdsl =1, +I».
0o \Jo $1/2
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Here I, and I, represent “large time scale versus short time scale in a time
scale s;1 — s”. For large time scale, we use Fourier analysis; for short time
scale, the direct characteristic method for PDE is used. Consider the Fourier

transformation of I; with respect to x':

TN (&) d

V/(2m)3 /R3
51/2
= 9 8:01/ / St_leSsl_sKSsgodsdsl)(n,f)
0o Jo

t s1/2
— it / / / v / ol @ (t—s1)~lim-€1-+(€)] (s1-5) ~[im &2 v(€2)] s
0 JR3Jo R3

K(&,61)K (£1,82)80(n, §2)dEadsdS dsy. (4.11)

Substitute the identity

Z-nle—i§1~77(81—8) - _ 1 (9516_i§1'77(51_8)

S§1—8 1

into (AI1)) to result in

e "N (z, €)da

V( 27‘(’ R3

s1/2
_ / / / ' / o~ lImE+V(©)](t—s1)—[in-€14(€1)](s1—5)—[im-Ea+v(E2)]s
0 JR3Jo R3

xag(fl) (&, 6K (£1,6)80(n, £2)dEadsdE dsy
1

+ s1/2
+ / / / ' / o~ lImE+V(©)](t—s1)—[in-€14(€1)](s1—5)—[im-E2+v(E2)]s

1 O(K
o ( (57 516)61 (517 52)) (,’7’ fz)dé'zdsdgldsl

= (0. t,€) + I;(1,1,6). (4.12)

From Lemma 2.1 and (4.12), there exists C' such that

<2 ot A
(0.t < C e [[go(n, )] 2 for all n € R, (4.13)

1
For I;, we have from the smoothness of v(¢), (2], that there exists a
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positive constant C' such that

~1 _ “
1Ttz < C e go(n, |z for all y € RS (4.14)

From (@I3]), (£14), and the Parseval’s identity, there exists C' such that

112, ')||L§(L§) < C€_V°t||g0||L§(Lg)-

For the term Iy, we use characteristic curves to analyze as follows:

wro=[ [ o [ g K 6, e)

Op180(x — &(t — 51) — &1(s1 — 52) — &252, &2)dEadE 1 dsads; .

This is rewritten in a new set of variables V; and Va:
{‘/i. = é- - 517
=& — &,
I 2 x,t f

//81/2 /1R3 /]RS e Vs EN I QI K (¢, 6) K (61, &2)

X [avzlgo(x —Et+ 51 Vi + 52Va, &) — gout (z — €t + s'V + 52V, &)
dV2 dV1 d82 d81 s

where

afo(l‘, 5)

fo;j(l',g) = 859

where j = 1,2, 3.

By integration by parts,

(2,1,€) = / / / / )(t—s1) = (€2) (s1-5) ~v(Ea)s
51/2 JR3 JR3 82

L‘??f [K(&,61)K (&1,8)]g0(x — &t + s1V1 + 52V2, 69)
2

+K(£,6)K(61,82)800 (z — &t + s Vi + s2v2,§2)]dv2dv1d32dsl. (4.15)
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From the boundedness of the operator (K(&,&1)K (£1,82))y, we have

1205822y < O(1)e™! <||go||Lg(Lg) + ||351g0||L§(Lg)) :

Hence, for i =1,

t S1
10, / / 811K K godsds [ 212,
0 JO

< O (lgollzzzz) + I Vegoll 1) (4.16)

Similarly, (£I6]) is also valid for i = 2,3 and the lemma is proved for k = 1.
Next, suppose that the lemma holds for k = [. We have

t t1
e R / / SITHKS! TR KM P dtydty
0 Jo
t t1
_ / 9,1 I KSH 2 KOL, M dt ety
0 Jo
We may use the same proof for the case k =1 to yield
”85;1M1lt+1g0”L§.(Lg)
t
= o(1) /0 e (1100 M ol 2 12) + 1960 Migoll 2 12, ) ds.
This and induction hypothesis will imply the lemma for k =1+ 1. O

Remark 4.9. Note that in the above proof, we need two operations
of K to make the change of variables, (£I2]) to work. In other words, to
gain one degree of regularity we need two operations of K. This accounts
for the definition of the mixture operator. Note also that, as in the overall
behavior of the Boltzmann solutions we have been discussing, the large-time
part Iidescribes long waves and is effectively studied by Fourier transform,
c.f. Section 5. On the other hand, for the short-time part I, it is the

particle-like behavior and so characteristic method is used.

Consider the initial value problem for the linearized Boltzmann equation

{&g +¢-Vag = Lg,
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Here, the initial value g;, has compact support

gin(z) € L2(L2),

up lgin (@) iz, < 1,
|z|<1 ’

but with no assumption on its regularity.

First, we extract the essential kinetic wave from the solution as follows
_— ¢
g=g—0gin.
The equation for g is

OE+ & - Vg — Lg = KiO'gjn,
(4.17)
gz, 0) =0.

Remark 4.10. That we define the essential kinetic waves with the
operator O instead of the damped transport operator S! is so that the
equation for the remainder g, (£17)), has the source K;Q'g;,,, which is smooth
in the £ variables by Lemma 4.1. This allows us to carry the next step of
constructing increasingly regular, in the x variables, waves using the Mixture

Lemma.

Next we define a finite Picard’s iteration to produce particle-like waves
Rk(x7t) = g($7t) - Ak’7
t t s
/ St_sKl@ngdS —I—/ / St=SKSS 51 Kl@slgmdslds
0 0o Jo
k t t rs .
+Z ( /0 MK 0°ginds+ /0 /0 Mj—81K881—8K1@8gmdsdsl>,
j=1

t s
By = / / ML KS*1 5K, 0° g dsdsy . (4.18)
0 JO

>
ko
Il
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From Lemmas 4.4 and 4.5, 4.6 the kinetic waves Ag(x,t) satisfy

1Akl Lge(r2) < Ok e t/2,

(4.19)
”AkHLg(Lg) < O(1) e7v0l/2,
and, by the Mixture Lemma and Lemma 4.1,
HV'gZBkHLg(Lg) < O(1)e 2, (4.20)
The remainder R solves
OsRr + & - ViR — LR, = KBy,
(4.21)

Rk(l‘, 0) = 0.

Since G' is a bounded operator on L?C(Lg), we have from (£2]]) and (.20)
that the remainder is smooth, that is, there exists C' > 0 such that

HV':ZRkHLg(Lg) < C for t > 0. (4.22)
Thus we have the decomposition of the solution
g = O'gin + A + Ry,

with the first and second terms decay exponentially and the third term
smooth.

5. Discrete Spectrum near Origin

The Boltzmann equation is independent of any reference inertial coordi-
nates. Thus, there exists a rotational symmetry for the velocity variables. In
this section, we will make uses of this basic property to reduce the spectral
properties for three dimensional operator from those for the one-dimensional
operator, the planar wave case. In particular, we will study the analytic
property of the spectral data. This is the first step in studying the long
waves that will be carried out in the next two sections.
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5.1. SO(3) transformations

Define a SO(3)-action on Lg as follows

v:(9,f) € SO(3) x L — L,
u(g,f) — of,
of(§) = f(gf),

where g¢ is the image of the linear isometric transformation, g : £ € R3

g¢ € R3. Thus, each g € SO(3) defines an operator on Lg:

g:feli— of € Lf.

Lemma 5.1. The collision operator @Q is invariant under the SO(3)

transformation:

Qg = gQ for any g € SO(3), i.e

2 Q 2
Lg —— L

.
%1

Proof. For any g € SO(3) and Q € 52,

(06 =218 (g0 (oot a0 = (S 55 - (@ (c-€))0) =t

(06 = 8 1 (g0 (ge—gegn=0(* 5 10 (-e)0) ot

(5.1)
For any f € L2,
Q)¢ <>< £)
- / () + F((0))F(E) Clot — £, Q)dUE,.  (5.2)
(9595*S9>0

£.€R3
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Let Q = gQ and &, = g&.. Then, from (5.) we have

{(_95)’ = g, (5.3)
& = 9és.
From (5.2) and (5.3)),
9Q(f) (&) = Qf)(gé)= / (F(g6)f (&) +f(a€)f (g€)) C(E—Ex, Q)dQUE,
(=€) 20
Qes?
£+€R3
= Q(gf)(&). O

Corollary 5.2. The linearized collision operator L is invariant under

SO(3), i.e. for any g € SO(3)

gL = Lg.

Lemma 5.3. Let g € SO(3) be any transformation which maps n/|n| =
(wh, w?,w?) to (1,0,0). Then,

gXo = Xo,
3 .
ox1 = wx;, (5.4)
j=1
X4 = Xa-

This lemma is a direct consequence of SO(3) action. The proof is omit-
ted. Here, gx2 and gys are not specified, as the element g € SO(3) mapping
n/In| to (1,0,0) is not unique.

5.2. 1-D problem spectrum

First, we consider a special eigenvalue-eigenvector, (p,e), problem:

(—in'e! + L)e = pe for n' € C. (5.5)
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Denote by p(¢) the point spectrum of the operator —i(&t + L:

p(¢)={o € R| the problem (—i(¢'+L—0)e=0 has a nontrivial solution
ec€ Lg}

Lemma 5.4. There ezist ko > 0 such that for any |(| < ko (1)
p(¢) C {z € C|Re(z) < 0}. (5.6)
(2) the functions

p(€) = {p1(€); p2(€)s p3(C)s pa(€), p5(C)}

are real analytic functions in € = i( around ¢ = 0:
pi(C) =iC Y (i) pjn: pik R, (5.7)
k=0

i.e.

pi(Q) = iCAH(C?) + A3(C%);
{A?(m) . real analytic functions inx for j=1,...,5 and k=1,2
(5.8)
and there exist normalized eigenfunctions e;(C) € Lg which are analytic in
¢:
ej(O) = Ej, j = 1,2,3,4,5,

CZ iij77
&;(¢) kzzo( ) €k (5.9)

€k S Lg,
(&;(Q),ex(Q)) = 0%, j, k € {1,2,3,4,5}.

Furthermore, these normalized eigenfunctions e;j(() can be written in the

form:
&;(¢) = €J(¢*) +i¢ej(¢%), €](0) = Ej,

where e(;(a:) and e} (z) are Lg-valued analytic functions in x € R.
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Proof. (5.6)) is already given in Lemma 2.5. We now prove that p;({)
are real analytic function in € = i¢ and (5.9]).

Replace p(¢) by ey(¢) = i(y({). We rewrite the eigenvalue problem
(5.5) in the following form

(—eft + L)e = eve, (5.10)

and solve v(().
Apply Macro-Micro decomposition to (5.10) and e:

— Po&! (Poe + Pre) = 7Poe, (5.11)
Pl(—Eél(Poe + Ple) + LPle) = eyPle. (5.12)

From (IB]ZI), one can express Pie as
Pie = (L — eP1& — ey) 7 H(eP1E Pge). (5.13)
Then substitute (5.13)) into (5IT) to yield
[—Po& (1 + (L — eP1&' — ey) " (eP1€1)) — 7] Poe = 0. (5.14)

Since dim(PoLg) = 5, one can represent Pge in (5.I4]) as a vector in R
and [—Po&(1+ (L — eP1&! — ey) 71 (eP1£!)) — 7] can be identified as a 5x 5
analytic matrix in both n and p. Thus, in order to have a nontrivial solution
Poe to (5I4) one needs to impose that

det [—Po& (1 + (L — eP1&" — ey) 7! (eP1€h)) — 1], . = 0. (5.15)

Since L is a symmetric operator, both (L — eP1&! — ey) and Py(L — eP1£! —
ey) 1Py are symmetric operators. Now, we consider

(xj, —Po&' (1 4 (L — eP1&" — ey) ' (eP1€"))x)
= (xj: —Po&'xk) + (x5, —Po&" (L — eP1&" — )7 (eP1€ ) x)
= — (Pog" s xk) = (P1& . (L — ePr€! — e9) ™ (ePr€!)xn)
= — (Po& xjy xk) — ((L — eP1&" — e9)"'P1& x5, (eP1€Y) xk)
= — (Po&'xj,xx) — € (Po€" (L — eP1&" — ev) " 'P1& x5, xi)
= (xk, —Po& (1 + (L — eP1&" — ey) 1 (eP1€))x5) (5.16)
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Hence [—Poél(1 + (L — eP1€! — ey) 71 (eP1£Y))]5x5 is a symmetric matrix.
J

Next, we denote by Aj(e,7), j = 1,...,5, the five eigenvalues of the
matrix [—Po&l (1 + (L — eP1&! — ey) 71 (eP1€Y))]5x5:

det ([_Pofl(l + (L — 6P1§1 — G’Y)_l(fplfl))]sxs - Aj(eﬁ)id) =0,

([Pog" (1 + (L = ePrg! —en) ™ (ePr&))] 5, — Agle)id) | Ej =0,
(5.17)
where id is a 5 x 5 identity matrix.

Thus

I Ay, A) = det ([—Pog! (14 (L = ePié! — &) (ePr€h))] )

is analytic in 77 and €. Note that there is the five multiplicity of zero eigen-
values at 7 = 0 for the operator L. Even as we factor out € = i(, there is still
the three multiplicity. Thus one cannot conclude directly the analyticity of
each of the eigenvalues as claimed in the lemma. Our procedure below is to
design a cascading of reducing the problem to a 3 x 3 matrix with distinct

eigenvalues corresponding to a one-dimensional waves.

By symmetry, (5.17)), we have
Ay = As. (5.18)

Now, we introduce 1-D and 2-D macro-micro decomposition (P(I)D , P%D ) and
(P2P P2P) for functions g satisfying (x2,g) = (x3,8) = 0:

PePg = (x0.8)X0 + (x1,8)X1 + (X4.8)X4
Pi’g =g - Pg;

and for (X37 g) =0,

{P%Dg = (x0,8)x0 + (x1.8)x1 + (x2,8)Xx2 + (X4,8) x4
PtPg =g - P§"g.

Through the above two macro-micro decompositions, one sees that Aq(e, ),
Ao(€,7), As(e, €) are the eigenvalues of a 3 x 3 matrix:

[—PEPE (1 + (L — eP1PE — ey) 1 (eP1PEN)], 4 -
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From (5.16]), we conclude that the above the matrix is real and symmetric in
(e,7). This 3 x 3 matrix has 3 distinct eigenvalues for (e,) around origin.

Thus the three eigenvalues are analytic in (¢,) around origin. Hence,
Aj(e,y) are analytic function in (€, ) around origin for j =1,2,3. (5.19)
Similarly, Ay, ---, A4 are eigenvalues of the 4 x 4 matrix
[~PEPE (14 (L — ePIPE" — )1 (PPN, 4
and so

I, A (67) = det ([~P3P€ (1 + (L — ePEP¢! — )71 (eP3P€1))] )
(5.20)
is analytic in (e,7y). Thus, from (5.20) and (G5.19)

A det([-PgPEN (1 + (L — ePTPE! — &)1 (PTPE)] )
4(6,7) - det([—PéDﬁl(l + (L _ Ep%Dgl _ 6’7)_1(6P%D£1))]3X3)

is analytic in (e,7). From (G.I8]) we have
Aj(e,y) are real analytic in (e,7) around origin for j =1,...,5.

With the five eigenvalues Aj(e,v), j = 1,...,5,, the problem (G.I5]) have

solutions given by the implicit relations
Aj(e,v;) =, for j=1,...,5.

Thus the real analyticity of Aj;(e,v;) yields that v;(¢) = pjl.—(co is a real ana-
lytic function in € = ¢¢. This proves (0.7) and (5.8]).

The proof of (5.9) is a simple consequence of the eigenvector v;(e,v) of
the operator —Po&l(1 + (L — eP1€! — ey) 71 (eP1£1Py)) being normalized as
(vj,Ej) = 1 and its analyticity in the variables (€,7), (¢ = i¢). Then, the

eigenvector e;(¢) is given by

&5(C) = (1+ (L — i€P1€" —iC35(0) ™ (1CP1EP)vs i€, % (0)),
()= ——9&
NGRS
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Finally the orthogonal property is a simple consequence of a symmetry of
the operator —iC&t + L. O

5.3. 3-D spectrum

The eigenvalues and the eigenvectors given in Lemma 5.4 can be related

by the following lemmas.

Lemma 5.5. For |C| sufficiently small and € R,

{pg(C)—pl( ¢),
Je3(—¢) = e1((),

where J € SO(3),

3(€H€%,6%) = (—€1,€2,67), T = Identity.

Proof. Consider the identity
J(—iCEr + L)TTe; = p1(¢)Tey.
From Corollary 5.2 and that J¢'J = —¢1,
(iCE* + L)Je; = p1Jey.
From the property Je; (0) = Eg, this concludes that

{mo = p3(—C),
Je1(C) = es(—C).

The second identity of the lemma then follows from that 32 = Identity. O

Lemma 5.6. For ¢ € R, the eigenvalues p2(C), pa(C), and ps(C) satisfy

p2(¢) = A2(1 + #2(¢?)) €
pa(C) = ps(¢) = AsC?(1 + f4(§2)) €eR
H2(0) = _Z4(0) =0
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where _Fo(z) and f4(z) are real analytic functions in z.

Proof. The proof for the above two identities are similar, we only prove
the first one.

First, we take the complex conjugate of the equation for ey(():
[iC¢" + Llea(C) = pa(¢)e2(C)-

Since €2(0) = Eg, this yields that €»(¢) is the second eigenvector for the
iC€' + L. Thus, its eigenvalue is p2(¢); and it follows that

p2(—¢) = pa(¢). (5.21)

Now, substitute (.2I]) into the expansion series (5.7 to result in

i(=0) Y (=i0) pa = (i€ (1) p2se)-

k=0 k=0

With the property that ps; € R for all £, one concludes that

0= iCZ(iC)2jp272j for |¢| < 1.
=0
Thus,

p2,2; =0 for all 7,

p2(C) = iCZ(i<)2k+1P2,2k+1 =¢? ZPzng(—l)ngzk
k=0 k=0

= ACP(1+ #2(¢%) € R for ¢ € R. O

Corollary 5.7. For ( € R, the spectrum property of p;(n) in (B8) can

be expressed as

p1(C) = iCAL(C?) — AY((?),
p2(¢) = —A3(¢?),

5.22
p3(Q) = —iCAL(¢%) — AT(¢?), (522)
pa(C) = p5(¢) = —AL(C?),
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where A;“(x) are real analytic functions and satisfy

7

(5.23)

where _#;(0) =0 for j =1,2,4. Furthermore,

A; = —(P1E'Ej, LP1¢'E;)) for j = 1,...,5.

Let €;(¢) be the j-th eigenvector of the operator —iC¢! + L, (—i¢€! +
L)e;(¢) = pj(Q)ej (). Set

e;(¢) = 2;(¢) + b;(Q),

2;(¢) = Poe;(¢), b;(¢) = P1ej(Q), (5.24)
a;(¢) = aj(¢)xo +ajx1(¢) + a3 ({)xa,

ak(¢) = ak(¢?) +icak (¢?).

Here, the functions a?l(x) are real-valued analytic function in ¢ € R.

Corollary 5.8. The macroscopic components e1(¢) and e3(C) satisfy

a1(¢) = (a1 0(¢?) +iCa1 1(¢%)) xo0 + (a1 o(¢?) +i¢at 1(¢?)) x1

+ (a20(¢?) +i¢at 1 (¢?)) xa,
32(0 a3.0(¢%)x0 +1i¢a3 1 (¢*)x1 + a3 o(¢*)xa, (5.25)
3(¢) = ( % (¢*) - zCal 1((2)) Xo + (_3170@2) + z’Cail(Cz)) X1

+ (31,0(<2) - ZC"=‘1,1(C2)) X4-

We finally consider the eigenvalue-eigenvector (A(n),v(n)) problem for

the general three dimensional waves:

(—in - €+ L)Y = My for n € R3, (5.26)
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For a given 1 € R?, let g € SO(3) be a transformation which maps 7/|n| to
(1,0,0). We then have

g ' (—in- &+ L)g = —in|¢! + L. (5.27)

Thus, from Lemmas 5.4 and 5.5, and (5.27]) we have the following eigenvalues
and eigenvectors for (5.26)):

(=in - &+ L)y = pi(|nl)y,

(o5(n) = pj(Inl) for j =1,....5,

P1(n) = gei(|nl),

P2(n) = ge2(|nl), (5.28)
¥3(n) = gJer(=[n)),

Ya(n) = gea(|nl),

¥s(n) = ges(|nl)-

Apply the macro-micro decomposition to 1;:

{wjm) = aj;(n) + B;(n),
o = Poyy, B = Py

The above expressions relate the eigenvalues and eigenfunctions of 3-D
problem to those of 1-D problem. We still need to clarify some analytic
property of 1;(n) since the group action g does give the analytic property
explicitly.

In (5.:28), we have a basic relation between 1-D eigenfunctions e;(|¢])
and 3-D eigenfunctions 1;(n). The following lemma make use further details
structure of the 1-D eigenfunctions to obtain a closed form expression of the
eigenfunction v;(n).

Lemma 5.9. Forn € R3 with |n| < 1, the eigenvector1j(n) of —in-é+L
satisfies, for j =1,2,3,

i) = (1+1L =P & = py(nl)] " iPry-€)

x (a3 (1nl)xo -+ a3(1n) Z% Hbxa). (5.29)
=1
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Proof. First, we apply the macro-micro decomposition to (—in - & +

L); = pj(Inl)¢y:

—iPon - & (aj + B) = pi(Inl)ay,
—iP1n - §(ay + B;) + LBj = pji(nl)B;- (5.30)

From (5:30), we have
Bj =L —iPin-&— p(In)]~"Pi(n - §)ay. (5.31)
Next, from (5.25) we have
¥i(n) = gej(Inl) = a(a;(Inl) + b;(Inl) = ga;(Inl) + gb;([nl). (5.32)

Since the SO(3) group action preserves the macro-micro structure, we have

from (5.32]),
a;(n) = Poy;(n) = ga;(|nl). (5.33)

From Corollary .4, we have from the expressions in (5.24]) and (5.33]) that

3
a;j(n) = aj(In)xo + a3 (|n]) Z (In)x (5.34)

Then, we substitute (5.34)) into (5.31]) to obtain 3;; and combine the result
with (5.34)) to yield v;(n). This completes the proof of the lemma. O

Corollary 5.10.

3
a1 () = (b oIl +ilnlal o (10%)) xo-+ (22 o (In[) +ilnla3 o (111%)) nﬁj
7=1
+ (a3 o(Inl?) + ilnlad o (In*) )X34,
as(n)= (a1 o(In|*) —ilnlal o (1n*)) xo+ (=ai o(In*)+ilnlad o (In1*) > ﬁﬂ
7j=1
+(af o(In1*)—ilnla3 o (In1*)) x4

(5.35)
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This corollary is a consequence of (5.34)), and (5.28), (5.4).

5.4. Pairings

We will encounter different types of integrations such as contour integral,
two dimensional double integral, and three dimensional triple integral. We
will explicitly specify them by ¢, [[, and [[[ to avoid confusion. For each
given 7 € R3, one can define an eigen-projections II,, to the space spanned

by {; (7])}?:1 and its complement H# as follows:

1
IIh= — i&-n— L~ th
n 27TZ fé‘[z + 25 n ] dZ,

(5.36)
I =1—1I,

I': The path for thg contour integral
' \

Im(z)=c| c—e

r

|

Re(z) =-2x, Re(z) e

I

\

v om)

K
Inl<—2
n 2

Region‘Containing the essential spectrum

J\

Im(z)=—c ¢ —oo

Figure A

Here the path I" encloses the point spectrum curves o(n), || < 4, as
illustrated in Figure A. Thus, the operator [z +in- & — L] is invertible when
z €T and |n| < 5. With this, the operator Gr(x,t) is decomposed into:

1 ) )
GL(I‘,t) = — /// ezx77+(—z$-77+L)t(H + HJ')d’I’]
@m)2 S S < n
=Gro(z,t) + G, 1 (2, ),

where the triple integral is over {|n| < %2} C R3. When || < %2, the project
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operator II,, can be represented explicitly by the eigenvectors of —i& In+ L.

5
yh =Y () ® (¥ ()| h, (5.37)
j=1

where the notation v;(n) ® (1;(n)| is an operator on Lg defined as follows:

For any j, k € Lg,

{j®<k|:I6L§»—>j®(k|leL2,
i@ k1= (k1) j.

From (5.37)), one also has that

$a @ (ha(n)| + 5 @ (Ya(n ij (5.38)

With this eigen-projection 1I,,, one has a rather explicit expression for Gr,.g
(z,t) and G, (z,t):

Grolz,t) = zﬂgz/// wtei Mty (n) © (b (n)l diy

N |<52

GLJ_ .T t /// ix-n+(—ig! 77+L)tHJ_d77
(27)3 ’

inl< %0 (5.39)
GtLO // GLO :L‘ - Y, )h(y)dy7

Gl h(z // Gr;(z =y, t)h(y)dy.

Applying the spectrum gap, Lemma 2.4, of the operator (—i§ - n + L)
when |n| < 1, there exists k2 > 0 and positive constant C' such that, for
In| < kK2/2,

.1 _
|| el "+L)tH#k||Lg < Ce “2t||k||L§ for any k € L?- (5.40)

Since the Fourier transform of the operator GtL. | has compact support inside
In| < ko/2, we have from (5.40]) that there exists C' > 0 such that for any
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g e L3(L7),

HGtL;J_g”LgO(Lg) < Ce_t/CHg”Lg.(Lg)- (5.41)

From (5.28]), Lemmas 5.5, and 5.6 we have the pairings of the eigenval-
ues 0j(n). These pairings and (5.38) leads to the pairing structure in the

representation of Gp.o(x,t) as follows

Gro(z.1) /// [t (1) @ (s ()| 47D sy () @ (W) ]

Inl<ro/2

- / / / e e My () @ (o ()| dn
Inl<ro/2
/// girn oa(n)t H _Zzpj \]dn. (5.42)
Inl<ro/2

We rearrange the pairings in (5.42]) to define the following pairings:

Huygens Pairing

ST ey @ (i)~ Y e PR () @ (PR ()]
je{1,3) jeils)
Contact Pairing

C(n,t) = ey (n) @ (Pa(n)|

Rotational Pairing

Fin(n, 1) = e (11, Z% i+ Y. Piwsn) @ Py ) )

Je{1,3}

Riesz Pairings
PR, t) = Y (e — e NPT (n) @ (P ()]

A (L3} A
‘B}R(U’ t) = mml (777 t) + mm2 (777 t)a
TR (n.t) = > eTDPTY;(n) @ (PFab;(n)]

je{L,3}

A —eMIS e 1.0y PR () © (PG5 (1)

PR, (1, 1) = (A0 — e N 7 PR () @ (P ()],

Jje{1,3}

(5.43)

Here, P{" is the momentum component of macro projection, (2.6]). Thus we
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have the decomposition of the long waves in the Green’s function into the
Huygens wave ), contact wave € and others:

Gro=9+C+R+ PR

Here, as understood before, the Fourier inverse is defined for long waves part,

1 -
_— & (. £)d.
(27)? ///|T7<ﬁo/26 (1)

OWVL+ ¢ Jlxl-cf|<OUN1+¢

for instance,

H(z,t)

w7 o], =i
\\_//
14 =
N

R3

Remark 5.11. The above pairings are designed with two things in
mind. On the one hand, waves of different physical nature are separated.
Thus, in the Huygens pairing the momentum component je1,3} e (Mt Py
¥i(n) ® (Pg;(n)| is excluded and only the pressure component is kept.
This physical consideration turns out to be natural analytically. In fact, the
pairings make it possible to study the crucial analyticity properties of each
of the pairings. This prepares us for the application of complex analytic
techniques and the Kirchhoff formulas as stated in Section 3. The long wave
structure of those pairings are illustrated in the figures above and will be
justified in the next two sections.

The inverse Fourier transformation $) of Huygens Pairing § is an iso-
tropic wave. It is concentrated around the surface of the acoustic cone. Its
inviscid version is the Huygens principle in the wave equation. The other
two pairings ¢ and DA‘{n carry waves along and perpendicular to macroscopic
velocity direction, respectively. Thus, they are concentrated around the
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center of the acoustic cone. They are realized as contact waves and shear
waves in acoustic equation. The Riesz pairing ‘BAER is due to the coupling
of isotropic waves and shear waves within a cone. Its disturbance fills the
cone with algebraic rates. It should be noted that in planar wave equation
there is no such pairing since there is no shear waves. The Riesz pairing is
so named because the pairing ‘Bb‘i(n, t) contains the factors 77n* /|n|?, which

are the Fourier transform of Riesz operators. For the corresponding invscid

waves see (B.5)—(B7).

6. Huygens Waves

The Huygens pairing ) gives rise to Huygens waves §) corresponding to
the pressure waves for the wave equation (B3.5]) in the Euler equations. This
will be analyzed by making uses of the Kirchhoft’s formula, Theorem 3.1,
and the related subsequent Lemmas 3.2, 3.3 and 3.4. The essential element

is the analyticity property in the following lemma.

Lemma 6.1. The Huygens pairing f)(n, t) can be written in the follow-

ing form

S, 1) = e ATl cos(A%<|n|2>|n|t>£1<n>+S””%'z)‘”'t)&(n) L (6.1)

where &(n) and &(n) are analytic functions in 1 with the properties

£1(0) £ 0, &(0) = 0. (6.2)

Proof. From (5.22]) and (5.28]),

{01(77): ilnlAL (I
a3(n) = — ilnlAi(|n

Then, from (€3] and (535),

i(,t) = e (ar(n) ® (e (n)| = Pirar(n) @ (Pgaa(n)])
+e7 " (a3(n) @ {as(n)] — Pias(n) ® (P§as(n)])

(In*).

2) — Ai(ln
1(Inl?).

|
%) —A
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e~ MU [(cos(AL(In[?)Inlt) + i sin(AL(1n[?)In|t))

x (a1 (1) ® (o ()] — Pas () ® (P e (1))

+ (cos(AL(Jnl)nlt) — isin(AL(In[*)Inlt))

x (a3(n) @ (as(n)| — PPas(n) © (PFas(n))))- (6.4)

Now, from (5.35) there are analytic functions </, %, ¢, 2 in n € R? so
that aq(n) and as(n) are related by

€
) = o () + ol (20) + ).

as(n) = /o)~ ol (0 + 7).

6.5)
@ (
Pras() = 2() + 5,
¢
Pytas(n) = 2(m) — £,
]
Here, the analytic function % (n) contains a factor n - . Thus,
%(0)=0. (6.6)

Then, we substitute (6.5]) into (6.4) to result in

A1, 8)=e M cos (AL (Inf)|m[t) €1 () + AL ! Sin(A%(IM\P)'W) 2(n),

! (6.7)
where both 01 (n) and €y(n) are analytic functions in € R? determined by
the analytic functions o/, £, ¢, and Z:

O1(n) =24 (n) @ (' (n)| +2%(n) @ (¢ (n)| + 2% (n) @ (Z(n)]
—29(n) @ (2(n)| + n|*2%(n) @ (B(n)],

O(n) =24/ (n) @ (€ (n)| +2€ (n) @ (' (n)| —2¢(n) ® (Z(n)|
—29(n) @ (€ (n)] + 2> (o (n) @ (B(n)| + 28(n) © (< (n))).

From this and (6.6)), we have

05(0) = 0. (6.8)
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Next, we consider

FH(n,t) = D (a1(n) @ (Bi(n)| + Br(n) ® (o1 (n)])

+e73M (az(n) @ (Bs(n)] + Bs(n) @ (as(n)]) -

From (531)) and (5:22)), 51(n) and B3(n) are related by

{ﬁm = (L —iP1n- & —iln|AT(Inl*) + AT (In|*)) " Prin - € au,
B3(n) = (L —iP1n - &+ iln|AL(In]*) + A3(In*)) ' Prin - € as.

[March

(6.9)

(6.10)

Here, L—iP1n-¢, i|n|Al(|n|?), and A%(|n|?) are commutative; and the operator

L is bounded from below; and A%(O) = (0. With these properties, we can
expand the operators (L —iP1n-& —iln|Al(|n]?) +A2(|n]?))~! and (L —iPin-

¢ +in|AL(In)?) + A3(|n]?)) ! when || < 1 as follows

1

(L —iP1n - £ FilnlAL(In?) + AT (In]?))
1

‘ i Al 2
(L =P - &+ AF(In)(1 + (L_mv‘fi(/@(\zv|2>>)

_ 1 N +ifn|Af (|n]*) ’
(L =P €+ AT(In?) Z ((L —iPim- &+ A?(IW)))

3=0
1 inlAL (Inl*)

T Punt AT () i(—l)j ( [n2AL(n]?)? >j
( n[?))?

- (L =P+ AR (NP) = L —iPyn- &+ Aj(

imlAL(Inl?)
L+ e Ay

‘ 2A2 2)2
(L —iPin- &+ AF(In2)(1 + (L_i‘gln-éﬁzli()\n|2>>2)
= () £ [n|-#a(n).

Both .#1(n) and .#>(n) are operators analytic in 1 € R3.
Now, combine (6.10), (6.5), and (EI1]) to conclude

{61(77) = A (n) + In|%1(n),
Bs(n) = <1 (n) — n|%1(n),

(6.11)

(6.12)

where both .7 (n) and %;(n) are analytic functions in n € R3. Substitute
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(63) and (612) into (69) to yield that

_ _ sin(Al 2 t
o, ) =M cos(AL (1n[2) nle) 6 () e~ S ﬁ'ﬁ‘ 0 6,0,

where both @3(n) and €4(n) are analytic functions in 1 € R3.

Next, for

F3(n,t) = e MB1(n) @ (Bi(n)| + e B3(n) @ (Bs(n)] ,

use (6.12]) and the argument leading to (6.7) to conclude that

_ _ sin(Al 2 t
Sy, ) =M cos(AL (1n[2) nle) 65 () e~ S 1“:\‘ W) gy,

(6.13)
where 0 and Og are analytic functions in n € R3. (6.1)) follows from (6.7,

6.9), and (@.13).

Both pairings % and .#3 contains microscopic components 3, and Ss.
From (6.10), both 8; and S5 contain 7 - £ factors. Thus,

H5(0,t) = #3(0,t) = 0.
This and (6.8) implies that &5(0) = 0, and (6.4)) is proved. O

Before applying the inverse Fourier transformation to the pressure Huy-
gens pairing, we need to analyze the phase component eIt in the

pairing. Expand
Im(pr(In)t) = [nAL(|n*)t = elnlt + [n| 2 (n]*)t,
where J# is an analytic function in |n|? with
2(0) = 0.
We have the following identity to split wave with velocity c:

{COS(IUIA%(InIQ)t) = cos(e[n|t) cos(|n| A (|n|*)t) —sin(c|n|t) sin(|n] 22 (|n|*)?),
sin(|n| AL (|n[*)t) =sin(c|n[t) cos(|n| A (|n|*)¢) +cos(e|nlt) sin(|n| A (|n]*)t).
(6.14)
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Lemma 6.2. For any analytic functions 5€(C) in ¢ € R, both functions
cos(|n|2(In?)t) and sin(|n|2Z (In|*)t)/|n| are analytic in n € R3.

Proof. Consider the power series expansions of both cos(|n|#(|n|*)t)
and sin(|n].72(|n*)t)/|n]:

[l (In?)* | [l o2 (In?)*e!

cos(|n]A(|n|*)t) =1 — 5 + i
Il @)%
6! ’
sin(nl A (nP)t) _ | [PA (PP | nl* 2 (0t (6.15)
I 3! 51
_nlfA ) e
7!

The RHS’s of (6.I5) are analytic function in |n|?. Thus, they are analytic in
n € R3. O

Lemma 6.3. For any given Mach constant .# > 1, there exists C > 0
such that the Huygens wave $(x,t) satisfies

560z = gy /[ e9000
Inl<ro

_ (zl-ct)?

C[ +e t/C] for x| < A ect. (6.16)

(1+1)2

Proof. With (6.14)), one has the following

/ / / e (n, t)dn
Il <to/2
— /// e~ A 1)t cos(cln|t)
Il <wo/2

x (‘cos(|nl# (In[*)0) i (n) +

n / / / gz —A3(n2y Sinlelnlt)
[n|<ro/2 |77|

x (= sin(Inl 2 (In)) |0l () + cos(|n| 7 (1n2))Ea(n) ) d

= wy*x [1 +w* o,

sin(|nl-7 (Inf*)t)
T () )dn
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where

Lz t) = / / / g —A2 (02t

|m<no/2 o
x ((cos ([l (Inf2)0)é (n) + 20000 gy ) ) ay,

n]
2, 1) /// giv A3 (nl?)t

In|<ko/2
(= sin(lnl 2 (nf?)0) 0l 1) + cos(Inl. A (11 )1) 6 (n) ) .
(6.17)

Thus, from the Kirchhoff formula one only needs the data of I1(x,t),
Vil (z,t), Is(x,t), and V Iz(x, t) with |x| < (4 +1)ct in order to determine
SIS <o j2 €590, t)dn for [a| < Aet.

The analysis for I1(z,t) and Iy(z,t) with |z| < (# + 1)ct are identical;
we estimate I (z,t) only. For given x € R?, we can find a element g* € SO(3)

so that g* | = = (1,0,0). We have (g*)~!(z - n)g® = |z|n'. With the change
of coordinates, the functions & and & remain analytic in € R3. Without

ambiguity, we still use &; to denote (g%)~1&g%:

: 2
[1(x,t):///6ixnl@_A%(UIQ)t |:COS(‘7]|¢%0(|77‘2)Z€)51+Sln(|n|%(|n| )t) & d77

Gl
Ini<ko/2

(6.18)

The integration is divided into two regions:

L(z,t) = (///+ /// e~

B {Inl<Ko/2}NBe

<[eostal 2, + SO0 5 g

Ii(x,t) + I3 (z,t).

where

Ko %0} [ Ko %0} [ Ko Ko

2V2'2/2 22 22 2v2' 221

For n € {|n| < ko/2} NB®, we have |n| > xg/v/8, and so there exists C' > 0
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such that
|I2(xz,t)] < Ce™C for x e R, (6.19)

To analyze I{(x,t) we use complex analytic technique for (z,t) in a finite
Mach number region. This can be done because, by Lemma 6.2, the function

e~ Al ()t [cos(\n|%(\n|2)t)51 + w&] is analytic in 7. Use (5.23))
to write A% (|n|?) = A1ln|*(1 + _#1(|n|?), and so

/ / / A A i) A (PP o (Dl
B

sin(|n] o2 (In|*)t)
ul

42‘;421/ / / A iR AL ()4 ()0 )l
B2

KQ_ _KQ \z\)

If(z,1)

x| cos(nl# (InP)t) 6 + G| dn

:e_

2v27227tMy

sin(|n] 2 (In|*)t)
bl

x| cos(Iml# (Inf2)t)é1 + &y dn' P dn’,

where
By = 2,36R2: 2, 3<—/{0}
o= {or®) e B L <

and the contour F(;—\’;%, %, ¢) is chosen with a parameter ¢, Figure B:

I',(a,b,c)

Im(z)=c [(ab,c)

T(a,b,c)
Re(z)=b

R

e ————

Figure B

I'(a,b,¢) = TI'i(a,b,c) Ul'9(a,b,c) UT's(a,b,c),
I'i(a,b,c) = {n|Re(n) = a, Im(n) is from 0 to ¢ },
Iso(a,b,c) = {n|Im(n) = ¢, Re(n) is from a to b },
Is(a,b,c) = {n|Re(n) = b, Im(n) is from c to 0 }.
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On the contour F(—%, %, %) one has the growth rate of

con(o (). sin(|n|ﬁ<|n|2>t>' < O,
Thus, for |z| < (A4 + 1)ct
1 1 e e
i(z,t) <C <t3/26 ot +e > . (6.20)
Hence, from (6.19]) and (6.20)
Ii(x,t) < C (ﬁ%e—g—f | e—t/0> for |x| < (A +1)ct. (6.21)

With the Gaussian-like structure of I;(z,t) in (G2I]), each differentiation

—-1/2

gives an additional decaying rate of (1 + ) . This can be shown by the

same procedure for obtaining (6.21)):

1 L
\Volh(x,t)| <C (t—ze_ﬁ + e_t/c> for x| < (A + 1)ct. (6.22)

From (6.2]), & contains an 7 factor. Thus, the integrand for Iy(x,t) in
(617) has one more 7 factor compared to that for I1(n,t) in (GI7). This

extra factor n results in I5(x,t) gaining an extra decaying factor (1 + t)_l/ 2.

2
||

Lz, t) < 0(% +e7!/C) for |a] < (A + et (6.23)

Since the estimates for I(z,t) and Is(x,t) in (621), (6:22]), and ([6.23) are
valid in |z| < (A + 1)e, the Kirchhoff formula in (3.8) and (3.9)) is valid for
|z| < .# ct. Thus, Lemma 3.2 yields, for some constant C' > 0,

(lz|=ct)?
fwr o I, 8)] < C(1+ )2~ 470,

(lz]—ct)?
|w>x<[2(:z:,t)|§0[(1+t)_2e_ ot +e—t/c]

This concludes the long wave structure (6.10) of the Huygens waves. O
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7. Contact and Rotational Waves

The study of contact and rotational waves follows that for the Huygens
waves. Thus we will not carry out again explicitly the complex analytic
techniques that has been used there. We start with showing the analytic

structure of the pairings.
Lemma 7.1. The contact pairing @(n,t) can be written in the form
E(n,t) = e A gy (), (7.1)
where &(n) is an analytic function in n € R3.

Proof. From (5.4)), (5.25), and (5.33),

3
as(n) = Prgaz(|n]) = abo(In*)xo + ia3 1 (In1*) Y n?x; + ab o(In]*)xa- (7.2)
=

Thus, ao(n) is an analytic function of n € R3. From (5.22)), o2(n) = p2(|n|) =
A%(]n|?) is an analytic function in n. Thus, (L — iP1n - & + A3(|n]?)) is an
analytic function in € R3. This, (T2), and (5.29) yield that »(n) is an

analytic function in 7 € R3. This concludes the lemma:
e_Ag(m‘Q)t?[)g(n) ® (1h2(n)| analytic in n € R3. (7.3)
O

Lemma 7.2. The rotational pairing S)A%n(n,t) can be rewritten in the

form

Ra(n, 1) = e AT (), (7.4)
where &4(n) is an analytic function in n € R3.

Proof. In this pairing, due to (£.36) and (Z3)) the components II,, and
¥2(n) ® Y2(n) are analytic. We just need to show that }-;cr 51 (¥;(n)®
()] = Pg"y;(n) @ (Pg'ej(n)]) is analytic.
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Use ([6.7)), we have

Ji(n,t) = e My () @ (a1 ()] — Pras(n) ® (Pas(n)]
+as(n) @ (as(n)| — PPas(n) @ (PFas(n)))
e MW (207 () @ (o ()| +2B(n) © (€ (n)|+26 (n) @ (B(n)]

—29(n) @ (Z(n)| + 2[n|> 2 (n) @ (#(n)]).

This shows that .#4(n,t) is analytic in n € R3.
Similarly, using (6.5]) and (6.12)), one can show that both .#5(n, t) and Zs(n, t)

are analytic, where

F5(,t) = (% aj(n)®<ﬁj(77)l+ﬁj(n)®<aj(77)l)

je{1,3}
A2
Fyln,t) = e AT gy @ (8] ).
j€{1,3}
This completes the proof of the lemma. O

Lemma 7.3. The first Riesz pairing can be written as

PR, (n,1) = e AP Sy

1<5,k<3
sin(A(|n)?)|nlt tsin(AL(|n|?)|n|T
(i <|\m| i) g, [* SR (1

where éalk, 1 =1,2, are analytic functions in n € R3,

Proof. The lemma follows directly from (5.25) and (£.33):

TR, (n, 1)
— Z 71 Py (n) @ (PFp;(n)]
jE{l 3}

—e ATt Z Po' () @ (PG";(n)]

j€{1,3}
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CA2(112 1 — cos(AX(|n|?)|nlt
— 9o ATt Z (aio(‘mz)z( (|771‘(2|77| )Inlt))

1< k<3
sin(Al([n[®)nlt)\
L | )77]77ka ® (x|

~2ai o(Inl*)a? 1 (In]*) "

_ A2 2 .
+2e AN G (1n?)2(1 = cos(AL () Inlt)n’ n*x; @ (xl
1<5,k<3
t
ALl /0 sin(Al (|n[?)nlr)dr
n|

sin(A{(|n]*)[nlt)
Ul

t 1 2

o2 sin(A{(]n?)|nl7))

+2¢ ALt E 3%,1(|77|2)2|77|2/ : | 77]77ka®<><1<:|-
1<7,k<3 0 7

A2 2
= 27 M0 ST (3 o(InP)

1<j,k<3

—2ai o(Inl*)at 1 (Inf*)

)njn'“x]' ® (Xk|

O

Lemma 7.4. When |n| is sufficient small, then the second Riesz pairing

PRy (1, 1) can be written as

if IAL(InD| < AT (n]),
. AGIY ik
PRy(n,t) = e 2 Y iy

1<5,k<3
/o A3 _@A3 (%) -AZ(n*)r
/0 <e 2 ﬁ;7k—e 2 ﬁfk,> dr;
. 2 2
if [AL(InDI < |AZ(nDI,

. _ A (nl)e ik
FRo(m,t) = e 2 > iy
1<j,k<3

¢ A3 (In1>)r A3 (In12)=A2 (%)~
_ A lm _ 4Un 1un
/ <€ 2 ﬁ]{k—e 2 ﬁik> dT, (76)
0

where ﬁjl.’k are analytic functions in n € R3.

Proof. Without loss of generality, we consider the case |A%(|n|)| <

[AZ(Inl)| only.
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This case is a consequence of (5.25]) and (5.33)):

mm2(777t)
_ A2 2 _ A2 2
= (7N — AW S Py (n) @ (0|
je{1,3}
ey [ (P
0 2
_2A%(|77|2)2— ALl - <2A?<n2>;A3<n2>>f)dT
2 2\2
j a170(|77\ )
2 it e bad (- 2aha PP 27 )
1<j,k<3 "
A3 (In)t A S (D eAZ(nI)—A3(n1?) T
| > 7#177 (e_ 5 Ol —e B ﬁik)dT, (7.7)
1<jk<s 70
where ﬁi ., are analytic functions in n € R3. g

Corollary 7.5. For the contact and rotational waves €(x,t) and R,
(x,t), there exists C > 0 such that

el = || [ff e,

el = | [ff e oan

_l=?
e Ct

(1+1)3/2

2
LE

C’[ + e_t/c]for |z| < (A + 1)et. (7.8)

Proof. Due to (1)) and (7.4]), the procedure of using complex analysis

in (6.18)—(6.21) can be applied directly to yield this corollary. O

Lemma 7.6. For the second Riesz wave PRy (z,t), there exists C > 0
such that

e W

L2
ol <ro /a2 ¢
e
< [73+e-t/0] for |z| < #et.  (7.9)
(1+1)3
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Proof. From (7.6]),

1] =i

In|<ro/2

/// ix- Ne™ A2 (‘77| Z ,’7 ,’7 (/ A2(‘77| )— AZ(MP))TdTﬁj k)dn

[n<ko/2 1<5,k<3

/0 /// (eiz-ne_A?;(\m?)tnjnk)e(Af(|?7\2)—A421(\77|2))Tﬁj7kd17) dr. (7.10)
1<5,k<3

In|<ro/2

The lemma follows by applying the procedure in (G.I8]) - (621)) to (ZI0):

|2
ix- e C0+D —2t/C
H /// PR (1, d"H <o /0 ((1+t)5/2+€ / )dT
In[<ro/2
e c‘(jfl) —t/C
< O(l)(m +e ) for |z| < (A + 1)ct. O

Lemma 7.7. For the first Riesz wave PR (z, ), there exists C' > 0 and

A > 1 such that

_ (z]—et)?
e CG+1)

— 4O € [et, Hct),
o8, (e ) < 0f (rpp O kel el gy

——— for |z| < ct.
t(|lz| + vt +1) ol <

Proof. From (.5,

[ e=mimintian

Inl<ro/2

; . 3 Al 2 t
= [[[ et 5 (g SALBOI
Inl<ro/2 1<5,k<3

t : Al 2
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By (6.14) and Kirchhoff formula (3.8), (ZI2) becomes

/ / / IR, (1, t)
[n|<ko/2

= Z w(z,t) * I]{k(az,t) + wy(z, t) * I]%k(a:,t)
1<5,k<3

t
+/ w(z, T) * J]{k(aj,r; t) + wr(z, 7) * Jj%k(a:,r; tydr, (7.13)
0

where
in-r— 2 2 .
Doty = / / /| ST o) cos( ()t
nxkKo
i A2(In[2)e i sin (2 (|n|?)|nlt
12 (2,t) 2/// Atk gl () AOll?) g,
In|<ro/2 |n]
in-z—A2 2 ]
Tiplw,mit) = . /2e’7 AL enink &2 (n) cos (A (Inl*)Inl)dn,
nx>ko
ina—A2(In2) i sin(2(In)?)|n|m
Tipla T t) = Ay 2, o SN o,
In|<ro/2 Gl

Again, by the procedure in (6.18)-(6.2I]) we conclude that there exists C' > 0
such that for |z| < (4 + 1)ct

2
||

IDYE o, Bl zn 12T < € (7 Sy +¢7/€)
PN ACS) Lg> EASNASSRE Ly = (t_|_1)(5+|“/|)/2

for 1 <j,k<3,1=1,2 7€]0,t].

Substitute this into (ZI3]) and use the Kirchhoff formula, Theorem 3.1, and
Lemma 3.4 to conclude this lemma. O

8. Global Wave Structure

The purpose of this section is study the wave structure of solutions to
the linearized Boltzmann equation when the initial value is concentrated
around x = 0. This gives us a clear picture of the propagation of waves.
Thus we consider the following initial value problem:

{atg +¢-Veg=Lg, 5.1)

g(x,0) = gin(x).
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Here, the function g;, has compact support and is in the weighted norm,

2.2),

gin(z) =0 for |z| > 1,

8.2
sup [lgin (@)l 25, < L, (8.2)
|z|<1 ’

and there is no assumption on the regularity of g;, ().

We will need to make uses of the analysis of long waves in finite Mach

region in the previous sections. We summarize it in the first two lemmas.

Lemma 8.1. For a given .# > 1 there exists C > 0 such that for
|z| < A ct,

_ (z|—ct)?

e e ct e
ED R ]

1
for |z| < et,

+C< T+ )"z +vE+1) (8.3)

0 for |z| > ct.

x

.‘2
Ct

IGro(.Hllz < C

Proof. The lemma follows directly from (6.16]), (7.8)), (7.9) and (Z.11)). O

The Green’s function applied to non-fluid part, Gr.o(x,t)P1, has faster

decaying rates:

Lemma 8.2. For a given .# > 1 there exists C > 0 such that for
|x| < A ct it holds

__l=)? _ (z|=ct)?
iso e CQO+t) e OO+t e
IP6*Gro(@, )z < € <(1+t)3/2 MRTET ), s
- C‘éfl) - (‘g“(t_fi)f
e e .
”GL;OpluLg < C[(l o2 + TENEE + e ( |+t)/0}7 (8.5)
|| (|| —ct)?
e CG+D e CGEFD)
P1Gr.oP1l 2 < { —(\w\+t>/c]' '
IP1GroPillrz < C R + TEE +e (8.6)

Proof. First, note that the pairing 2]35{1, (543]), contains macroscopic
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factors in momentum components only. Thus,

PEOPR, =0,
{ GBIy 87)

PR, P, = 0.

The factor m in (83) is due toBR;. Thus, from (B7), the com-
ponent WM does not show up in the estimates, (84]), (83]), and

B.4) for HP%)SOGL;OHLgv IGL0Pll 2z, and [IP1GLoP1l[ 2

The product Gr,oP; forces all pairings in Gr,.oP1 to contain only micro-
scopic components. From (5.31]), every microscopic component contains an
n - & factor. This yields a gain of extra factors  and O(1)|n|? in the pair-
ing Gr,0P1 and P1Gr,0P1 as compared to the pairings 5%, é:, and R,,. Thus
Gr.0P1 gains an extra derivative in the space variable x, which, for the long
waves Gr.o, results in the gain of a (1 +¢)~1/2
P1Gr,0P1 gains a factor (1 + t)~!. This concludes the lemma. O

decaying factor in time; and

Now we start with the study of the initial value problem (&), (82I).
The initial value g;,, € L%(Lg)

The Long Wave-Short Wave decomposition can be applied to yield that
HG%E;mHLg(Lg) <0() e_yotHgmHLg(Lg)-
We now follow the procedure in Section 4 and write the solution as
g = O'gin + Ap + Ry
These terms satisfy (LI7)~(@22). Now, we consider the following identity
Ggin + Gsgin = O'gin + h = O'gin + Ay + Ry

This, ([4.22]), and ||Gf;gm||H§(L§) = 0(1), [23), result in

IVE(Glgin — O'gin — Az ) = V5 (Re — GtLgm)HLg(Lg) =0(1). (8.8)
From Lemma 2.6 and ([£19), one has that for some 5 > 0

|Gsgin — O'gin — Arllrzrz) < 0(1) s (8.9)
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Then, by (8.8) and (8.9) combined with Sobolev’s inequality one has that
there exists vy > 0 such that

||Gt5‘gm - @tgin - AkHLgO(LE) < O(l) 6_V2t.

Again, with (£.19) one has that there exists v5 > 0 such that
IGsginll Lo () < O(1) 7. (8.10)

Now, combining (5.41]), Lemma 8.1, and (810]) we have the following theo-

rem:

Theorem 8.3.(Finite Mach Number Region) For |x| < .# ct there exists
C > 0 such that

G gin )] .2

e_\g_@ o (zl_en? ct)2 o= ch
<C : €= _as,Vdr +e7C
= o T e / //y 1 (L+2)52 } T }

for any g, satisfying (8.2).

Next we consider wave structure outside finite Mach Number region
|z| > .# ct. The structure is obtained by the energy estimates which origi-
nated from [27] for 1-D problem. Here, we modify it for this 3-D problem.

In order to obtain pointwise estimates from the energy estimates by
Sobolev theory, we need some regularity property. Thus, we consider the
variable Ry defined in (£I8)) with & > 6. The condition k£ > 6 is for the use
of the Sobolev’s embedding theorem in R3.

Lemma 8.4. For each given k > 0 there exists Cy > 0 such that
10 gin(@)ll gz [Ac(, )2, [1Bi(a,t)] 2 < Cre(#1+0/%,

Remark 8.5. This is a consequence of hard sphere collision model that

the collision frequency v(£) = O(1)|{]; and D < 1 which is the parameter
for Ky given in (4.1)).
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Consider the weight function
Wz, t;Q,€) = ecl@ A et)

in terms of a non-negative parameter € and a direction Q € S2. Here, the

number ¢ is chosen to relate to the constant in Lemma 8.4:

< .
- 20
Under this condition
VO i L2 2y, VA )2 2y, - IVITBC 1) 12, O(1)e 7"
(8.11)
Now, choose g € SO(3) with g = (1,0,0)* and consider the following
new coordinate system:
T=g(x— ActQ),
t=t,
s

o
I

Under this new coordinate system,

W = e
OfRy — A cOz1 Ry, + 5 VzRi — LR, = KBy.
Now, consider the weighted energy estimate

W (zY)(Ry,, KBy, )dz

R3
= W(:i'l) (Rg, OfRg — A cOz1 Ry, — LRy) dx
RS
1d _1 _
= —— R R
537 ., V)R Rz
+ [ W(@") [e(Ry, (e —EMRy) — (PiRy, LP1Ry,)] dz.
R3
Since A4 > 2,

(PoRy, (¢ — EPoRy) > (o — 1)e(PoRy, PoRy) > ¢(PoRg, PoRy).
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By choosing e sufficiently small, we have from this and Lemma 2.4 that

1 € 1
~ [ W@ Ry, Re)dz + —/ (Rye, Ri)dz < O(1)=||[VWBL 75 12
2 R3 2 R3 € v

From this and (8.11), there exists C' > 0 such that
||\/WRk||L3(L§) < e t/C. (8.12)
From (4.22])
||vgich(.,t)||L3(L§) <Cfort>0,je{l,. .. kb (8.13)
From (8I2) and (8I3)), we have, for even number k,
IV R) 122 < O(1)e~2¢ for 1 < j < k/2. (8.14)

On the other hand, the proof for showing (8I2]) can be also used to show
that (8I4) is true for j = 0.

By letting £ = 4 one can use Sobolev’s embedding theorem to show that

sup [|[WYARL(Z, B 2 < O(1)e 20,
ZER3 ¢

We thus conclude that there exists C > 0 such that
IRe(@. Dz < Ceée ™/,

or

IR ”Lg < Qe t/Ce—[Qa—sel]/C

Here, the coefficient C' is independent of the direction © and so, for |z| >

M ct,

- — ||+
||Rk||L§ < Qe tCel-lal+det]/C
From this we can conclude that there exists C' > 0 such that for |x| > .#ct
IRkllz < Ce~Flzh/C (8.15)

From (BI5) and Lemma 8.4, we have the following theorem for wave struc-
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ture outside the finite Mach number region:

Theorem 8.6.(Outside Finite Mach Region) For |x| > .# ct (with .# >
2) there exists C > 0 such that the solution of (81 satisfies

lg(, )l 2 < Ce ¢/,

9. Green’s Function.

Consider the initial-value problem for the Green’s function

{&G +¢-V,G = LG,
G(2,0,£,&0) = 6(x)d(§ — o).

To study the wave structure of the Green’s function, we reduce the situation
to the case of the general initial-value problem as in Section 8. For this we
construct the kinetic-like waves. The first term is particle wave:

ho(z,t) = S'6(2)8(€ — &)

hi(z,t) = /t S'*Khy_1(x, s)ds for k > 1. (9.1)
0
From direct calculations,
ho(z,t,€) = e 5(z — &t)3(€ — &),
(o, £.6) = / K (€. 8o)eO0)55( — (1 — s)¢ — sgo)ds

st = [ [ [T o ek ke gk 6.6

0(x — (t —s1)€ — (51 — 5)&1 — s&p)dsd€ds.
(9.2)

Both hy and hy are generalized functions. However, hs is regular function

due to the extra mixing in the space and as well as in the velocity variables.
To analyze these, we start with a definition of scattering path:

Definition 9.1.(Scattering Path) Let (£,&,70) € R? x R? x Rt. We
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denote Z¢ ¢, -, is a scattering path of a particle with velocity {y which scatters

into the velocity & at time 79:

Becom = {(E(T — 70) + &m0, 7) €R? x RY 1 7 € [r9,00)}.

y T
EyTo7)
(x.p

A

(%9 = E({=T) +ET: P

(E()T(I’Tﬂ)

Figure C

With € and & € R3, the path E¢ ¢0,70 18 represented in four dimensional
space R? x RT in Figure C. With this, we denote regular point by %:

Z =R3 xR x RT/ U0 {(2,t,8) : (7,1) € Be gm0 )-
EeR

Lemma 9.2. If (z,t,§) € #, then

x—(t—71)§—E&T #0forall T € R. (9.3)

Proof.

(x,t)

Figure D
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This lemma is clear from geometric consideration, Figure D. ([l
Lemma 9.3. If (z,t,§) € %, then
|h2(3§’,t,£)| < 0.

Proof. From the representation (0.2), we can integrate the ¢ function
with respect to &; variable to result in

h2($7 t7 5)
t s1o—v(§)(t—s1)—v(&1)(s1—5)—v(8o0)s ¢ K
:// e 3 (& €1)K (&1, 0) dsdsy.
0J0 (81 - S) §1=x7(t;i17)§7550
From (@.3]),
min |z — (t — s1)§ — s1&0| > 0.
51€[0,t]
Thus there exists C' > 0 and 6 > 0 such that
— (t — —_
7 = (8= 51)¢ = s6o| whenever [s; — s| < 0.
|s1 — s |s — s1
This and the expression for the collision kernel (2.1]) yield
(s1—s)—0 (81 — S)
whence we have
ha(z,t,€) < oo for (z,t,£) € Z%. O

Remark 9.4. By a proper decomposition of § function, one can show

that Ugcps Z¢ ¢ - are removable singularity.
TeRT

Lemma 9.5. For each | > 3, there exists C; > 0 such that

|’hl(x7t)|’L§_3 < Cpe~(el+)/C

Proof. From (O.]), this lemma can be proved by induction on the index
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l > 3 of hl.
The above two lemmas and the operator St are sufficient to obtain that there

exist C' > 0 and C5 such that
lha (, )] 2 < Che~=IHD/C (9.4)
Then, from (@.4) and Lemma 2.2, one has that
—(|z|+t)/C
IKhz | Lge, < O(1)e(e+0/€,

Substitute this into ([@.I) and from (45]) one can conclude this lemma for
[ = 3. We assume that this lemma is true for [ < k. This assumption

combined with Lemma 2.2 yields
||th||Lg°_2 < Cpe(24/C

Then, from (@J)) and (43]), we can conclude that this lemma is true for
l=k+1 U

Theorem 9.6.(Main Theorem I) Green’s function G(x,t) as an Lg

operator-valued function satisfies that there exists C > 0 such that

|| (lz|—ct)?
e Ca+o e CO+
G(x,t < C —(z|+8)/C

1
for |z| < et++v/1+1t,
+C{ (L) (VI+t+]z]) (9.5

)
0 for || > et + /1,
iy Y
iso € € —(|z|+t)/C
< .
IPe°G (@, D)z < C Qo2 " ageE T © ; (9.6)
- c‘(lllft) - “3‘&32
e e
< —(lzl+t)/C )
”G(‘T7t)Pl”Lg = c (1+t)2 + (1+t)5/2 +e ’ (9 7)
__l=? _ (zl=et)?
e Ca+D e C(+i)

IP1G (z, )P4 | 2 + e~ (=l+0/C ) (9.8)

IN
Q

L+0p7 ~ (Lrip
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Proof. Decompose the Green’s function G(z,t,&;¢p) into

=2}

G(z,t,&&0) = Z hi(z,t,&) +r(z,t,§).

=0

Treat 216:0 h; as an Lg operator-valued function. Then, from Lemma 9.5,
there exists C' > 0

26: h|| < Ce=l+0/C (9.9)
=0 iz

The equation for r is
Or + & - Vyr — Lr = Khg. (9.10)

From Lemmas 2.2 and 9.5, we have
||Kh6||,;§o4 < Ce=IPHD/C for some C > 0. (9.11)

With this condition, (9.I1]), the analysis for the solution of (8I)) can be
applied. Thus, from Theorems 8.3 and 8.6, the solution r of (0.I0) satisfies

__l=l? _ Uz]=ct)?
e C(+n) e C(+t)
< —(\x\+t>/c)
HI’(IL’,ZL/)HLE — C<(1 —l—t)3/2 + (1 —l—t)2 te
1
for x| < et+ 1+t
+C ¢ A+ )(VI+T+ [z]) (9.12)
0 for || > et + V/t.

Then, follow the argument in Section 7 of [27] for obtaining estimates in
-l L, from estimates in -l 12 to yield that

|| (z|—et)?

e CO+y) e CO+y
+
<(1+t)3/2 (1+1)

1
for |x| < ct+ 1+t
colurowmrirmy W 913

0 for || > et + /1.

Ir(z, )L, < C

&4

1 e—(|m|+t)/c>

With this estimate for ||r| L, > one can treat the function r as an Lg operator-

valued function. Thus, (@9) and (@I3) result in (@.5).



70 TAI-PING LIU AND SHIH-HSIEN YU [March

The procedure for obtaining (Q.6), ([@.7), and (O.8) are similar. It is

omitted. This completes the proof of Main Theorem I. O

10. Leading Fluid Waves

We finally prove the Main Theorem II. The main remaining step is to

study the leading fluid waves. We have from, (5.39), c.f., (5.9), (522)), (5.28)),
that the leading fluid waves are

GO = emimlet=AilitgE) @ (gE; | + e~ 42" gEy © (gEy|
+ei|n\ct—A1\nl2th3 ® <9E3‘+6—A4\n|2tg|§4 ® (gE4|+e_A5|77‘2th5 ® (gEs|

= imemnig [y L) e oy 26 4 Ly v
ree-intig( [ty L) e gy /261 + Liep /i

2 2
+6—A2|n2tg%|\/m ® <g%\/ﬁ| + e AlPtge? VM @ (€M)

e MPged VM @ (g3 VM|
GY + Gy + Gy + Gy + GL.

(10.1)

Direct computations yield

G? + G
=e—A1"'%{(e—“ﬁcwei'ﬁct)( ot VWi (g VI + €V (1*V M)

+\/§ (et — i) (gl N o (Je M+ (€*VI @ gglmw}

3
— e A con(fyler) {5 || TV (VM LIV @ (je V)
k=1
Ay |2t S0 (Inlet)
e nlben) \[z WEVI @ (P M+ ¢V Mo (VM)

(10.2)
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Set
in
= —A1|77\2t77
iy a— )
’ \nl2
O, = APty
Ok = —Are= Ml tyink,
A= [e-MinPteinegy = gr3/2F.
We have
_ 2 . —_— _ 2
Agjap = _/e A e dn, Ry, = —e M oy,
8té]k = AlAmjwky
and so
2, . 3/2 Lo
OZji = Mgz, = | A1(dmArt) e 140 :
TjTy
ij = </ Al 47TA4T) 3/26 4A1"d7’>
TjTp
— “ || 2
Ay = iQy, Q5 = (—i(Am Ayt)=3Pe 3000,
Thus
G?+Gg:w*H1+wt*H2,
where
Hy =54, Z / (A4mAyT)~ 3207 4A17d7’) 53'\/M® (5’“\/M|
TiTp
k=1 !

2
||

3
> (mary e,

e

C»Jl"

71

_lal®
+1—8(47TA1t)_3/26 it |¢2VM @ ([€PVM,

(&M@ (g VM| + g2VM & (VM)
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From (B.8]), we conclude that

1
GY+GY = / Hi(x + cty)dSy + — 1 / Hy(x + cty)dS,
ly|=1 TJJyl=1

— / VHy(x + cty) - ydS,.
lyl=1

Next we consider

~

G§ = e 21" gEy ® (gEy|
The inverse Fourier transform can be computed directly and we have
Gs = %<4wA2t>—3/2e‘5;|£|2N @ (g VM|
Finally we study
G + G — (4mAst) e A0 (VR (g€ VM| + g€ VW @ (g€ V).

Take an orthogonal basis «, [ of the space orthogonal to the vector 7.
In the coordinate system with basis {n/|n|, «, B}, we have g¢ = g(¢&);,
06 = (€ 6 g B), € = (€ )k + (€ aa+ (€ B)B, and & =
(& )+ (6 a)a+ (& - B)B. Thus

(G +G)h
= e_A4‘77|2t <£ : am/i* ' a\/M_*h(f*)df* + é ' /B\/M/é* : /8\/M_*d€*>
= e ([ e+ €0 Vit ac.

= et ([ {e e o VG e ). (103)

Thus we have

G+ GY = (4mAgt)=3/2e—Adll*

3
(Zlffm@@j\/m ij\/_uz (M),
=

7,k=1
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and

e S .
Gf+G§ = (4rAgt) 32 40y~ VM@ (VM|

j=1
3 t o] .
— Z [/ Ay(AmAyr)™ 3/2¢7 4A4Td7'] gJ\/M®<£’“\/M|.
k=170 Tk

This completes the study of the leading fluid waves and we have Z?Zl G
is of the form (L14]), as stated in Main Theorem II as stated in the Intro-
duction. The leading particle-like waves have been studied and estimated in
Section 9. It remains to show that the remainding long waves decay faster

in the fluid wave region |z| = O(1)ct. We will only consider the following

D0y () @ (1 ()] + e D a(n) @ (W3 ()] — G + G
— eilnlet—AnPt (eol(w )l t+ilnlOa(Inf)e _ 1) $1(0) @ (11(0))|

teinlet—Aun|*t (eol(ml )nl?t=iln|O2(In|*)t _ 1) ¥3(0) @ (1h3(0)]
" Wa(m) @ Wr(m)] = ¥1(0) @ ($1(0)])

I (3(n) ® (¥3(n)| — ¥3(0) ® (3(0)])
= &3+ EL + &Py + & (10.4)

The first two error terms
(f§’1173)0 + (51273)0
= e~ MO0y (Inf?)|n|*t cos(Inlet) — sin(|nlct) Oz (|nl?) nl¢]
~(¥1(0) @ (11 (0)] + 13(0) @ (13(0)])
+e M [i04 (|nf?) n Pt sin([net) + cos(|nlct) Oa(|n[?)[nlt]
~(¥1(0) @ (11 (0)] — ¥3(0) @ (13(0)])
_ it (01 P lnPtcos(llet) - Ol e 1) )

3 .
(5 Z VR (VI -+ 316V I (6 VH)
Jrk=
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N | Ot

_ ) sin 1
—e A (104 () P 0ol ) 3

3
LA r Ve (-VM £ eV e (EVH).  (105)
j=1

When compared to G + GO, the term I = (5011’3)0 + (5012’3)0 has extra fac-
tor of O(1 )\7]|2t77] or O(1)|n|*t. Moreover, PoII = IIPy = 0. The gain
of |n|?t and 77|"72 translates to a gain of ¢! decay. Similarly, replacing

cos(|n|ct) with n; cos(|n|ct) also translates to a gain of ¢t~ decay. In sum-

mary, (51173)0 + (6012’3)0 has extra decaying factor of t~! when compared to
G + Gg, though with slightly larger base of e~lel?/(A1+6)  For the expla-

nation fo these decaying properties see Remark below. For the next two

remaining terms, we have from

(G33)0+(Gl4)0 = e mlet=Alnlt (4, () @ (1 (n)| — 11(0) @ (¥1(0)])
etllet=Arlnlt (4 (1) @ (13 (1) —1p3(0) @ (13(0)]) (10.6)

3
1 () = ai(Jn) VM + ai (|n]) Z a1(|77|)\/—(|£|2_3)m

3
= (a1 o(In*) +ilnlat 1 (In*)VM+(a? o (InI*) +ilnlad 1 (Inl) Zﬂ—

(1€ = 3)VM + gba(Jn]). (10.7)

Sl

+(ai o(Inl*) +ilnlai 1 (Inl*))

ws(n) = (aio(Inf*) —ilnlal,(Inl*)VM

3
U
+(=af o(In*) +ilnlai 1 (Inl*) Z|—

+(at o(Inl*) —ilnlas 1 (Inf? ))%(IEI2 = 3)VM + gIby(=[n]), (10.8)

¥1(0) = al o(0)VM + a3 (0) 7, S VM + ad (0) s (€[2 - 3)VM,

J=1 In|
3(0) = al o(0)VM — a3 4(0) S5, VM + af 4 (0) (€% — 3)VM,

J=1 Inl

SI
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that, except for the microscopic terms gbi(|n|), gZbi(—|n|), and macroscopic

terms with extra factor of 5|2, the main terms are
(6?13:3)00 + (5[}14,3)00
= 2e~ A cos(clnlr) \f > Viie (o) (0)VM

0)—= (€2 — 3)VM)

40ty (0= (16 = 3)VM] —i(a 01V + a1 (0)

3 3
®<\/§an5j\/ml +iai 1(0) Y WEVMe <élﬁl2ml
j=1 =1

+igléPVM® (ol 03 pevi |

7j=1

. 3
+26—A1|n2tsm(|f7||77|t) [ma%,l(o) Z njnkﬁjm@? <£km|

k=1
(e O)VM + af (0) (€2 = VM © (5 2V
2
+IIEPVM® (ol VM + o (0P - VM. (109)

Thus the purely microscopic term in 55’73 + 51473 has extra decay factor
of only ¢t~/ when compared to GY + GY. The terms gby(|n|) ® (gb(|n|)| +
aIbi(—|n|) ® (gIbi(—|n|)| have factor of |n|? and so decays with extra factor
of t=1.

Thus Pl(éafj?, + 6014,3) and (601%3 + éafj?,)Pl have extra decay factor of ¢t~ 1.

Remark 10.1. An extra factor of n® term yields extra decay rate of
t~121/2 in the fluid region |z| < O(1)t. This is seen by an example in the
following: Consider the integral paths in Section 6, Figure B: The main
contribution for integrating n' is on {n'| Im n! = 2‘&‘1, |Re n'| < ko/2}.
Write n! = a+ i, 8 = %, |a|] < kp/2. In the fluid region, |z| = O(1)t, we
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have

/ / i / e~ PP Rl 0 (1) ) !
Bs 1’*(_ “027”70 L)

2v272v2" tMg
_lal® _ 1_, 1zl y2_ 212 3|2
= e 4Ajt // andn?’/ e Ai(n ZQAlt) Ar(In??+|n°| )tO(l)‘Oé—i-,B”dT]l
Bs Tt

o2 K0/2 f
= ¢ // dn?dn? / " et @ ool +
B2 —Ko/2 t

||

2
= O(1)t73/2~ 12 marFan (10.10)

The same works for other terms such as the Huygens waves. This completes
the estimates (LI5) for the remaining terms, and the proof of Main Theorem
IT is complete.
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