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Abstract

In this paper we have obtained some novel generating functions of modified Jacobi
polynomial plemp )(x) by using Weisner’s group theoretic method with the suitable in-
terpretation of the index (n) of the polynomial under consideration. Moreover, it has been
shown that the generating functions involving Jacobi polynomial PT(La‘B )(x) found derived
in [1&] by means of the same technique of Weisner with the double interpretation of (n, «)

can be easily obtained from our results by the mere replacement of o by a + n.

Furthermore, we have made some comments on some recent works in the light of the

present paper.

1. Introduction
The Jacobi polynomial, denoted by P{*” )(a:) and defined by [27]:

1+ a),

P> P)(z) = ( 2 F —n Lradt b4

. 1z | (1)
n! 14 o SR

is a solution of the following ordinary differential equation:

d?u

@4-[6—@—(24—@4—6):1:]2—;-1—71[1-1-04-1-54-”]”:0- (2)

(1-2?)
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Replacing o« by a — n, we get

(1+a—n)y,

plo=nb)(z)y = —

oI

—n, 1+ o+ f;
1 . 1-([]7 (3)
+OZ—TL, 5

which satisfies the following ordinary differential equation:

2
(1—x2)%—|—[,B—a—i-n—(2+a+,3—n)x]%—i—n[l—ka—l—ﬁ]u:O. (4)

In this article we shall obtain some novel results on generating functions

pieP) (z), by using

of P (), a modification of Jacobi polynomial -
Weisner’s group theoretic method [35, 136, 137] which is lucidly presented in
the monograph “Obtaining generating functions” written by E. B. McBride

l23].

From eighties and onwards of the last century, L. Weisner’s group-
theoretic method has been mostly used in the investigation of generat-
ing functions for the various special functions, particularly for the classi-
cal orthogonal polynomials and their different modifications. Based on this
method, a large number of generating functions of Jacobi polynomial and
its different modifications have been obtained vide the works [5, 6, 7, [16, [17,
18,119, 120, 21, 122, 125, 126, 130, [11, 28, 129, 2, [4].

In [18], Ghosh obtained some generating functions of Jacobi polyno-
mial by Weisner’s group theoretic method with the suitable interpretation
of (n,a), but in Weisner’s method double interpretation is a little bit cum-
brous in comparison with single interpretation.

The aims of writing this article are

(1) to investigate the modified Jacobi polynomial - ple—ms )(a:) by means
of Weisner’s group-theoretic method with the single interpretation of
the index (n) of the polynomial for obtaining some novel generating
functions,

(2) to show that all the results of Jacobi polynomial found derived in [1§]
can be easily obtained from our results of this paper in a straightforward
way and finally

(3) to make some valuable comments on some recent works in the light of
the present paper.
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In fact, while investigating PT(LQ’B ) (z) for obtaining generating functions
found derived in [18], one can easily observe that the double interpretation
of (n,a) is not only cumbrous in comparison with single interpretation in
Weisner’s method but also quite unnecessary and may be replaced by the
single interpretation of the index (n) while investigating Péa_"’ﬁ ) () by the
same technique of Weisner for obtaining the same results found derived in

[18] in a straightforward way - making the original problem simple and easier.

2. Group-Theoretic Discussion and Lie Algebra
Replacing % by a%’ n by ya% and u by v(z,y) in (d]), we get the following
partial differential equation:

0%v ov 0%v
— 2 _— J— — _—

—I—[1+a+ﬁ]yg—z =0. (5)

Thus vy (z,y) = plemP) (z)y™ is a solution of () since plemA) (z) is
a solution of ().

We now define the infinitesimal operators A4; (i = 1,2, 3):

A=A L @00 40 g
Oz oy
as follows:
0
Al = y—
1 y@y
0 0
_ -1~ _ =
Az = (L+a)y ox Oy
Ay = (-l 220 (14 at B)@—1)+2a]
such that

AP A (@)y") = nP ) (@)y”
A (P A (2)y") = (B+ )Pl D @)yt
A3(P ) (2)y")

—2(n+ 1) P @)y
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Now we proceed to find the commutator relations. Using the notation:

[A, Blu = (AB — BA)u,
we have,
[A1, Ao] = —Ag,  [A1,A3] = A3, [A2,A3] = —(441 +2(1+B))  (6)

From the above commutator relations we can easily state the following the-

oremm.

Theorem 2.1. The set of operators {1, A; : i = 1,2,3}, where 1 stands for
the identity operator, generates a Lie algebra L.

It is easy to verify that the partial differential operator L, given by:

0 ov 0%v
Lv = (1—3;2)@ +B-a—Q2+a+ Bl +(1+x)yayax

0
+(1+a+ ﬂ)ya—z,

can be expressed in terms of A4; (i = 1,2,3) as follows:
(1+2)L = AzAy + 247 + 2BA;. (7)

From (6 and (), one can easily verify that (x + 1)L commutes with each
A (i=1,2,3) ie.,

[(1+x)L,A;]=0, i=1,23. (8)
The extended form of the groups generated by A; (i = 1,2, 3) are as follows:

e M fz,y) = f(z,e™y)
Ty + as >

ea2A2f(:L‘7y) = f< y Y — a2
Yy —a2

e f(z,y) = (1—2a3y)*{l —asgy(l —z)}17>F

«f r+az(l—x)y y
l—as(1—2)y’ 1 —2a3y )’

Therefore, from above, we get

6“3A3e“2A26“1A1f(ac, y) = (1 — 2a3y)*{1 — azy(1l — ac)}_l_o‘_/j
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y z+a3(1—a)y + Z(1 - 2a3y){l — as(1 — z)y}
{1—113(1—35)9}{1— 21— 2a3y)} ’
y{l -2 (1~ 2a3y)}) _—

al

1 — 2asy

3. Generating Functions

From (@), v(z,y) = o, B)(x)y” is a solution of the system:

Lv =0
(A1 —n)v = 0.

From (8), we easily get

S +a)L (PP (@)y") = (1+2)L8 (P (@)y") =0,

where S = @343 ga242 a1 41

(a—mn, B) (x)

Therefore the transformation S ( n y”> is also annulled by (1+x)L.

Putting a; = 0 and replacing f(z,y) by P* ™ (z)

ety (pio-n )y

=(1—2a3y)* "{1 —azy(1 —z)} " F{1 - %(1 — 2a3y)}"y"

y™ in (@), we get

péa—mb’) r+a3(l—x)y+ 2 (1 —2a3y){1 —as(1 — x)y} . (10)
{1 —as(1- m)y}{l — 2(1 = 2a3y)}
But,
6a3A36a2A2 (P(a—n,ﬁ) (:L,)yn)
> X 2a3y %Q)k(_/j n) 1.(n—k+1), pla—n+k—p, B) n
Z > ! . G Pt Dy ()
p— k:

Equating (I0) and (L), we get

(1= 2a3)* "{1 — agy(1 — )} F{1 — %(1 — 2asy)}"
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ey ((E 3= 0+ 20— 2051~ aal1 — 2)g)
n {1—a3(1 —:E)y}{l - 3(1—2a3y)}

- n+p 2a3y (—2)* (a—n+k—p, B)
_ZZ k:y' (=B-n) p.(n— k+1)ppn°i ip P (). (12)
p=0 k=0

The above generating function does not seem to have appeared in the earlier
works. This, in turn, yields some particular novel generating functions by

attributing different values to as and ag.

Before discussing the particular cases of (I2]), it may be pointed out
that the operators Az and Az being non-commutative, the relation (I2]) will
change if we change the order of the element e®43¢%242  In fact, by this

change, we get the following generating relation.

(1= 22)"(1 = 2a0y(1 = “2)" {1 = agg{(1 ) - 2;‘2

((az+%>+a3y< — o)1 2) - 2—])
(1— 2)[1 — asy{(1 — 2) — 222]]

(—2a3y)?P (_%)k (a—n—p-+k, §)
:ZZT(nJrl)p | (=B=n—pP, (z). (13)

et

X P(O‘_nv B)

n

The above pair of generating relations, (I2]) and (I3]) does not seem to appear

before. We now consider the following particular cases of the relation (I2]).

Case 1. Putting ag = 0 and replacing (%2) by t, we get

(1=t plemmd) <f = > =2 (_;ﬁ)k (=8 =P, 5" @), (19)
k=0

Case 2. Putting ay = 0 and replacing (asgy) by t, we get

-t (D)

= (_;t)p (n+1), PP (). (15)
p=0 ’
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Case 3. Putting as = —%, a3 = 1 and replacing y by t, we get

(1 26971 — ¢(1 — 2)} =81 4 %(1 o

« pla-n5) {z+tl-2)} - L1 -20{1—t(1—2)}
{1-t1 -1+ L1 -2t)}

1\k
w)

p! k!

Il
()¢
3
+
=
0
Do
=
=

(n—k+1),(-B—n) PP (16)

It may be of interest to note that the mere replacement of o by av+n on
both sides of (I4]) — (L) above yields all the results obtained by B. Ghosh [1§]
while investigating generating functions of Jacobi polynomial using Weisner’s
group-theoretic method with the double interpretation of (n, «).

The above discussion reveals that the double interpretation of (n,«)
for obtaining the generating functions found in [18] is not only cumbrous
but also unnecessary and may be replaced by the single interpretation of
the index (n) of the polynomial while investigating plemP) () by the same
technique of Weisner for obtaining the same results. This is what we wanted
to prove.

Now we would like to mention that the above three results (I4])— (L6l),
with the help of the symmetry relation:

PO (=) = (=1 P (a), (17

n

give rise to the following generating relations,

nplafn) [T - (=a = n)k ,(a, B—n+k) k
(1—-t)"Py <—1 — t> = ];) i Py (z) tF, (18)
(14265 {1 +t(1 +2)} 7B ples—n) (W)

1+t(1+x)
_2,5)17
p!

(n+ 1), P50 P (), (19)

M

3
Il
o

(1420571 + (1 + 2)} 2B + %(1 +2)n

« Pl B=n) <{x +t(1+a)} + () A+ 20{1 + (1 + x)})

" {1+t +2)H1+ (L)1 +20)}
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oo Nn+p 1 \k
—20)° (— ) o o
= Z ( e ) k:!t (n—k+1)p(—a— ")kpr(urpﬁ_k p+k)(x). (20)

Now one can easily note that the mere replacement of 8 by 5 + n on
both sides of (I8) - [20) gives rise to the results found derived in [5] while
investigating the generating functions of Jacobi polynomial P,S“’ h) (z) by
using Weisner’s group-theoretic method with the double interpretation of
(n, B).

Here also, for the same reasons as before, we see that the double in-
terpretation of (n, ) may be replaced by the single interpretation of the
index (n) while investigating the polynomial plep=m) () by the same tech-
nique of Weisner for obtaining the same results found derived in [5] in a

straight-forward way - making the original problem simple and easier.

4. Derivation of Some Interesting Results

We now discuss the generating relation (I3]) to obtain some interesting

results given below.

(a) Now replacing = by (—x) on both sides of (I3]) and then using the sym-
metry relation (I7),

we get

(1-2) 120y (1- 2 )yl - gl + ) - 22y e

xpwﬂﬂw<l_ 1-e )
" (1— )1~ agy{(1 + ) — 222}]

= i §(2a3y)p(_%)k (n - p> <a + Z + p> Pﬁ,pa_—kn—mk) @). (1)

p

Finally, interchanging «, 8 and writing u, v in place of (—‘;—2) and (2asy),

we get

(1 4+ )™ (1= o+ )P L= S0 4+ 2) + 2}

(a, B—n) _ 1—=z
X Pt (1 (1+u)[1—%{(1+x)+2u}]>
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oo n+p
n+p\ la+n+p Sy
33 () (T A e, )

which is found derived in [13].
(b) Now putting as = 0 in (2I)) and then replacing 2a3y by w and finally
interchanging «, 8 we get,

Y 1—a— pla,p-n) (2= 3(1+7)

—u)’ 71 - = x “ R e YE T

(1 )B {1 (1+ )} ' BP” ’ <1—§(1+$)>
—Z /(") R ) )

which is found derived in [32, [33].
Again if we put n =0 in ([23)), we get

(1—u)’{1- gu ) B i PP (z)u?, (24)

p=0

which was also derived by E. Feldheim [15], W. A. Al-salam [1] and V. K.
Verma [34].

5. Comments on Some Recent Works

Recently, some results on generating functions involving Jacobi polyno-
mials are obtained by P. K. Maiti and A. K. Chongdar [22], B. Samanta and
K. P. Samanta [28], and K. P. Samanta |29] while investigating

(i) P ()

- a modification of Jacobi polynomial qua’ﬁ ) (z),

(ii) 2F1(—n,q,;v + n;z) - a modification of Hypergeometric polynomial,
2F1(—n, a;v;2) and

(iii) F,(«, B+n, ) - amodification of extended Jacobi polynomial, F,,(«, 3; x)

by Weisner’s method with the double interpretation of (n,«) in case of (i),
(n,7) in case of (ii) and (n,3) in case of (iii) respectively.
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In this section, we shall show that all the results involving Jacobi poly-
nomials obtained in (i-iii) above can be easily obtained from our results

(I4)—([@9) as follows.

If we replace

(a) a by a + 2n in the relations (I4]) - (I6) and then simplify, we get the

results found derived in [22],

(b) @ by a + n in the relations (I4]) - (I6) and then simplify, we get the
results found derived in [28] and
(¢) a by a+ 2n in (I4)-(3) and 8 by £+ 2n in (I8)-([19) and simplify, we

get all the results obtained in [29].

Thus we see that double interpretation in each of the above three cases
(i-iii) is quite unnecessary for obtaining the generating functions of Jacobi
polynomials found in [22, 128, 129] and may be replaced by the single interpre-
tation of the index (n) while investigating the modified Jacobi polynomial,
ple—mp )(a:) by the same technique of Weisner for obtaining the same results

involving Jacobi polynomial found in [22, 28, 129] in a straightforward way.

6. Applications

In this section, we shall discuss some useful applications of the generating
relation ([I3]).

In fact, here we shall show that a number of theorems and results on
bilateral, mixed trilateral and trilateral generating functions, which are of
general interest and very much useful for generalizing the known results, can
be easily obtained in course of application of our result ([I5]). The following

theorems and corollaries are the main results of this section.

Theorem 6.1. If there exists a unilateral generating relation of the form:

Gla,t) = an PP (@) 7, (25)
n=0
then

ST RSP @) only)

n=0
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—(1+)° (1 + %(1 - x)>_1_a_5_r a (”1“: 28:3 1th> . (26)

where

o) = ay (Z N jj) . (27)

p=0

Theorem 6.2. If there exists a bilateral generating relation of the form:
G(x,u,t) Zan ,SiTn’B () gn(u) t", (28)
where gn(u) is an arbitrary polynomial of degree n, then
ZPJL”’B ) gn(u,y) t"

— (1 41t)® <1+%(1—:¢)>_1_a_ - G(”“’_? _i)’”’ s > (29)

where

. r+mn
n(u,y) =) a (u) " (30)
g ) P P (T‘ + p> 9p Yy

Theorem 6.3. If there exists a unilateral generating relation of the form:
Oé nvﬁ n
Zan n-+r ) t ) (31)
then

ST PP (@) 0u(2) T(w) w”

n=0
_ 1 a p1 “lea—por_(x—8(1-x) 2zp
=50+ (1450 -2) G<1+&(1—x)’1+p1
2
1 P2 —1l-a=B-r r—2(1-x) zpy
1 1422~ 32
+ 34 (145 0-0) G<1+%(1—x)’1+p2 » 32)

where T, (u) is the Tchebycheff polynomial of degree n, p1 = t(u+ vVu? — 1),
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p2 = t(u — Vu? —1), and

on(2) =) ap <r * n> ZP. (33)
o r+p

We now proceed to prove the above theorems serially.
To prove the theorems, we shall use the generating relation ([I5l) which,

on simplification, reduces to:

(4 1)y (ap,
=Y e @ (34
p=0
Again, ([B4), with the help of symmetry relation (7)), becomes
—1l—a—B—n t
t r—5(1+2)
1-0)° (1--(1+ P(O"B)<72 >
(-1p (1- 30+ 0) o0 (s
o (4 Dp oo,
=3 RET () . (35)
=0 P
Proof of Theorem
L.H.S. of [28) = ZPJL""? (@) only) t"
= r+p+ 1) (a—n—p,B)
= ZT Py ()t
p=0 n=0
—l—a—p—r o0 P t
a yt (a—p8) (£ —3(1 -7
= (1+6)* (1+=(1— )P
(1+4) < +2( x)> pzz;)ap<1+t> i 1+ 5(1—x)

(using the relation (34])

S (vetomn) o (1)

= R.H.S. of (20),

which is found derived in [§, [12].



2023] WEISNER’S METHODIC STUDY 463

Corollary 6.4. Putting r = 0 in the above theorem, we get the following
result. If

t) = a, PP (x) " (36)
n=0

then

[e.e]

> BT (@) oyt
n=0

:ﬂ+ﬂa<y+;1—@

N———
L
|
i
=
@Q
7 N\
=&
+ 1|
JEINIES
|
— | =
L]
—
+s
o~
N———
—~
w
J
~—

where

ouly) = noap (%) o (39)

= \r
which is the correct version of the result found derived in [14].

Proof of Theorem The proof being exactly similar to that of The-
orem [6.T] is left for the readers. This theorem is also found derived in [31]
while unifying a class of trilateral generating functions for certain special
functions. O

Corollary 6.5. Putting r = 0 in the above thoerem, we get the result found
derived in |9, 24].

Proof of Theorem

LHS. of @) = ZPnir"’ﬁ (&) 0 (2) T (1) w"

S ) gt (VT ) w0
(Z&L”’ﬁ I+ 3 o)

3
—

S
—
S
NI

\/

1 —1—a—6—r r—81-x) zp
= o) (1450 -2) G<1+%(1—x)’1+p1>
1 P2 —l-a—f-r r—2(1—-xz) zp

—(1 1 1-—
(L) (14 5 (1= 0) G<1+%2(1—x)’1+p2

by Theorem
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= R.H.S. of @2),

where

p1=w(u+ Vu?—1),p0 =w(u— Vu*-1),

and
- n+r
Un(z):Zap< > 2P,
=0 p+tr
which does not seem to have appeared in the earlier works. O

Corollary 6.6. Puiting r = 0 in the above theorem, we get the following

result:
If
G(z,t) = f: an P79 ()™, (39)
then =
i P8 (1) 0, (2) T, (u) w"
n=0

eae _p2(q_
+%(1+P2)a (1+20-2) 1 G(‘Lég g 1:’1)2/)), (40)
where
1 =wu+Vuz—1),p2 =wlu—vVu?—1),
and

on(2) = f: a (Z) P, (41)

which also does not seem to have appeared before.

6.1. Observation

Here it is easy to observe that the above theorems and the corollaries are
not only very much important but also of general interest for their usefulness
in generalizing the known results.

In fact, the importance of the above theorems (Theorems [E1HG.3)) lies
in the fact that whenever one knows a generating relation of type: (a) (25]) or
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(b) @8) or (c) ([B1)), the corresponding bilateral or mixed trilateral generating
relation or trilateral generating relation with Tchebycheff polynomial can at
once be written down from (i) (26]) or (ii) ([29) or (iii) (B2). Thus, one can
get a large number of bilateral or mixed trilateral or trilateral generating
relations with Tchebycheff polynomial from (i) (26]) or (ii) 29]) or (iii) (B2)
by attributing different values to a,, in (a) ([28) or (b) 28]) or (c) BI)).

Finally, we would like to point out that the above theorems, with the
help of the symmetry relation (7)), yield the following results analogous to
the theorems —

Theorem 6.7. If
Zanp,ng o) 1", (42)

then

Z n-i—r On (y) tn

which is found derived in [8, 12].
Theorem 6.8. If

G(z,u,t) Zan n+r (x)gn(u) t", (45)

then

Z Péif x)gn(u, z) t"

—(1- 1) <1—§(1+x)>_1_a_ - G<x_§(1+?,u, = > (46)

1-5(1+4z) "1-t
where
"~ n+r
1.2 = Y a1 a0 (4)
=0 p+r

which is found derived in [31,19].
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Theorem 6.9. If
Gla,t) = an P (@) 1, (48)
n=0
then

SRS @)on(z) Tu(u)t”
n=0

1 —1l—a—pB—r xr — &(1 + .T) z
L B(i_P 2 2
=51 —p1) (1 2(1+x)) G<1—p—21(1+a:)’1—p1>
1 P2 —l—a—B—r x—L2(1+x) zpo
T8 (1-72 3
+5(1=p2) (1 2(1+1’)> G(l—%?(lJra:)’l—pz @

where Ty, (u) is Tchebycheff polynomial of degree n in u,

p1 =t(u+Vu2—1), po=rt(u—vu?-1)
and

onl(z) = zn:ap <Zi:> 2P, (50)

p=0

Here we would like to mention that without taking recourse to symmetry
relation (7)), one can easily prove Theorems[6.7] — [6.9 by proceeding exactly
in the same way as done in Theorems [G.1] — and using the generating

relation (B3] in place of (34]).

Corollary 6.10. Putting r = 0 in Theorem [6.7, we get the correct version
of the result found derived in |10].

Corollary 6.11. Putting r = 0 in Theorem [6.8, we get the result found
derived in [24].
Corollary 6.12. Putting r = 0 in Theorem [6.9, we get the result found
derived in [3)].

The above three Theorems - are of same importance as that of
the earlier three (Theorems — [63), as mentioned in the Observation at
the start of Subsection 6.1.
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