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Abstract

In this paper, we study the asymptotic behavior of the heat kernel with respect to
the Witten Laplacian. We introduce the localization and the scaling technique in semi-
classical analysis, and study the semi-classical asymptotic behavior of the family of the
heat kernel, indexed by k, near the critical point p of a given Morse function, as k — co.
It is shown that this family is approximately close to the heat kernel with respect to a
system of the harmonic oscillators attached to p. We also furnish some asymptotic results
regarding heat kernels away from the critical points. These heat kernel asymptotic results

lead to a novel proof of the Morse inequalities.

1. Introduction

In his marvellous paper [15], Witten gave a new proof of the Morse
inequalities by considering the family of the so called Witten Laplacians
Ap = A+ k2 |df|2 + kA, where k > 0 is a parameter, f is a Morse function,
and A is an operator of order 0. He proved that the spectral functions of
Ay is approximately close to the spectral functions of a system of harmonic
oscillators attached to the critical point of f, as k — oco. His idea of studying
deformed operators indexed by k has led to several breakthrough in several
fields.

In complex geometry, Demailly [6] discovered the holomorphic Morse in-
equalities that describe the k-large asymptotic upper bounds for the Morse-
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Witten sums of the Betti numbers of 9 on L®* in terms of the Chern curva-
ture of the Hermitian holomorphic line bundle L. The key of finding such in-
equalities is that he managed to localize the problem by converting the local
frame of L to the local weight function that plays a role of a Morse function
in [15]. This in turn, led to the consideration of the family of operators [y
analogous to Ay. Meanwhile, Bismut gave the heat equation proofs of Morse
inequalities in [2] and of Demailly’s holomorphic Morse inequalities in [3],
using the probability theory. Subsequently, Demailly [7] replaced Bismut’s
probabilistic argument and recovered his holomorphic Morse inequalities by
investigating the heat kernel asymptotics. In view of the recent progress,
we feel that it is important to investigate the heat kernel asymptotics in
Witten’s classical setting.

In this present paper, we study the asymptotic behavior of the heat
kernel with respect to the Witten Laplacian Ay and in turn recover the
Morse inequalities.

Let us briefly illustrate how we obtain our semi-classical heat kernel
asymptotics (see Theorem [[.T]). Our asymptotic behaviors of the heat ker-
nel are achieved based on the two techniques: localization and scaling tech-
nique. We seek to localized the heat kernel near the critical point p of the
Morse function by constructing a metric that is flat around p together with
the Morse lemma. The localization of this kind was indeed motivated by
Witten’s work [15]. To obtain the asymptotics, we introduced the scaling
technique in semi-classical analysis. This technique allows us to consider the
family of the so-called scaled heat kernels near the critical point p, indexed
by k, and study the asymptotic behavior of this family as k& — oco. It turns
out that this family is approximately close to the heat kernel with respect to
a system of the harmonic oscillators attached to p that resembles Witten’s
finding. We would like to stress that these two techniques effectively tackle
the asymptotic behavior of heat kernels in a computable way.

These techniques have been applied to several projects. In CR geometry,
for example, Hsiao and Zhu |10] investigated the semi-classical asymptotics
of the heat kernel with respect to Kohn Laplacian using these tricks and
obtained the CR and R-equivariant Morse inequalities. On the other hand, in
complex geometry, Chiang [5] made use of these techniques and obtained the
semi-classical asymptotic behaviors of Bergman kernels and spectral kernels.
We refer the reader to [1], [13], [8], [9] for further related scaling techniques.
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To recover the Morse inequalities from the heat kernel asymptotics, we
use the classical trace integral formula (see [14]) in the local index theory.
It turns out that, somewhat surprisingly, we need more delicate asymptotic
results regarding the heat kernels away from the critical points (see Theorems
and [L.3)). Perhaps one of the causes of the difference from Hsiao and
Zhu’s work [10] would be that they investigate their semi-classical heat kernel
asymptotics for each point in the underlying manifold, while we only consider
the asymptotics of this kind near the critical point. These delicate results

are obtained based on certain Bochner-type estimates.

1.1. Statements of the main results

In this subsection, we state our results in detail. We refer the reader to

Section 2 and Subsections 3.1 and 3.2 for the terminologies we use.

Let M be a compact smooth manifold of dimension n and let f be

a Morse function on M. We equip M with a metric ¢ = (:|-) such that

for every critical point p of f, we can choose a coordinate chart such that
o) o)

(371 97/

Lemma) near p, where ¢ is the Kronecker delta (see Theorem B.I). For

= 5; and f is written as a quadratic form (according to Morse

each k > 0, denote the Witten Laplacian (acting on r-forms) by
A = dydi + didy,

where dj, := e *fde*/ is the deformed exterior operator and dy, is its formal

adjoint with respect to the induced L?-inner product from the metric g.

For each critical point p € Crit (f), denote the scaled heat kernel by

Ay (ty) = kBt <i,i> ,
(k),p( y) \/E \/E

)

on r-forms.

(r)
where e 7t2k (

x,y) denotes the heat kernel with respect to A,(;
(r)

Moreover, denote by e s (z,y) the heat kernel of the system of harmonic

oscillators AE]:; attached to p (see (8.2])). Then our semi-classical heat kernel

asymptotics is stated as follows:
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Theorem 1.1. For each critical point p € Crit (f),

A(")
! fp (‘Tay) .

. - o

kli)ngo Al p oz y) =e
in C-topology in each compact subset of RT x R™ x R™. Consequently, we
obtain the following pointwise asymptotic

n (r) _ (r)
lim k™ 2e k2% (p,p) =e A5 (0,0).
k—o00

Theorem [I.1] shows that the leading term of on-diagonal heat kernel
. (r) .. . . .
expansion of e~ 7% (z,y) at the critical point p as k large is given by

(r) (r)
e i (0,0). We can further unwind e B (z,x) by Mehler’s formula and

then capture the information of the critical point p (see Theorem [5.5]).

Now, let us state the asymptotic results of heat kernels away from the
critical points. Denote by Bpr (¢) C R™ an Euclidean ball centered at ¢ with
radius R. For each r-form w (on R™), let |w| be the norm of w induced from
the (flat) metric g (on R™). Define the norm |-|, for the space of the linear
transformations A" T/R" @ (A" TAR™)" by

S
|S], = sup |Sw|
we €N TER™ w#0 |wr|
for each S € A" TIR" @ (\"TR™)".

Theorem 1.2. There exists D > 0 such that if k is large enough, then for
each p € Crit (f) and for each N € N,

Ay tw2)| < C Nl ™,

where C (t, N) depends on N and smoothly ont and is independent of D, x, k,
for each x € Bye (0) \ Bap (0).

For each large k, set U* = UpeCrit( n U;f, where Uz]f is identified with

Bk_%+5 (0), e € (0, %), under the coordinate chart of p € Crit (f).

Theorem 1.3. If k is sufficiently large, then for each t > 0 and for each
N eN,

<C @t N) kY,

He—ﬁAL") (a:,a:)‘

CO(M\UK)
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where C (t, N) depends on N and smoothly on t and is independent of k and
the CO-norm is determined by a choice of partition of unity and orthonormal

frame. This implies

(r)
lim e %2% (x,z) =0
k—o0

for each x € M \ Crit (f).

From Theorems [T [[.2] and [[.3] we recover the Morse inequalities (See
Section 5). In fact, from these three theorems, we can deduce
(r)

lim lim tre k8% (z,z)dV =m,,

t—=o0 k—oo Jpr
where m, is the number of the critical points of f with index r (see Theo-
rem [5.6]), which together with the local index theory, establishes the Morse
inequalities. We refer the reader to [12] for a topological proof of the Morse
inequalities.

This paper is organized as follows: In Section 2, we set up some notations
and review some essential notions and theorems. In Section 3, we introduce
the localization and scaling technique, and prove Theorem [[LIl Later on, in
Section 4, we introduce the Bochner-type estimate and prove Theorems
and [[3l Finally, in Section 5, we investigate the model kernel and present
the new heat kernel proof of the Morse inequalities.

2. Preliminaries

2.1. Notations and terminologies

Let o = (au, ..., ay) be a multi-index and we set |a| = > " | o; and put

o Hlel
T (0xH)* L (9zm)

where © = (331,...,:E") € R™.

Let M be a smooth manifold of dimension n. We denote by T'M the
tangent bundle of M and by T*M the cotangent bundle of M. We say a
(differential) r-form w to be a section (not necessarily smooth) of the exterior
bundle A" (T*M). Choosing a local coordinate chart with the coordinates
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!/
xzb, ..., 2", we can locally write w as w = Z ijdwl, where the primed
/
sum Z . refers to the one that runs over all multi-indices I = (i1, ...,1i,)
with |I| = r arranged in increasing order (namely, 1 < i3 < -+ < i, < n),

and where w; are component functions of w and da! = dz™' A --- A daz?.
In particular, let U C M be an open subset, and we denote by Q" (U) =
C> (U, \" (T*M)) the space of smooth r-forms and by Q% (U) the space of
all smooth r-forms compactly supported in U. We denote by H}, (M) the
r-th de Rham cohomology group on M.

Let (M,g) be an orientable Riemannian manifold endowed with the
metric g (+,-) = (:|-) and let dV' be the volume form induced by g. We denote
by |-| the norm associated to the metric g. Note that g induces the metric
on A" (T*M) (still denoted as g and its associated norm is also denoted as
|-), and thus the L%-inner product (-|-) on €% (M) with respect to dV. The
completion of Q7 (M) with respect to (-|-) is denoted by L2 (M). We denote
the associated L?-norm on M by ||| r2(ary> and we will omit the subscript
L? (M) if there is no ambiguity. Let d be the exterior derivative and denote
by d* the formal adjoint of d with respect to (-|-).

Let f be a Morse function. The set consisting of all critical points of f
is denoted by Crit (f). The index of f at p € Crit (f) is denoted by Indsp.
Besides, the j-th Morse number m; is defined to be the number of the set
{p € Crit (f) : Indyp = j}.

We give a final remark on the appearance of constants. Throughout
this paper, C'(-) denotes a constant that depends on what appears within

the parenthesis.

2.2. Witten Laplacians and heat kernels

Let M be a compact Riemannian manifold of dimension n and let f
be a Morse function on M. For each k£ > 0, define the deformed exterior
derivative dy, : Q" (M) — Q"1 (M) by

dy = e " der = d+ kdf A .
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It is evident to see that dz = (0. Define the deformed r-th de Rham
cohomology group on M by

o Ker (dy s Q7 (M) — QUL (M)
(M) = 4 g oD S o an) -

Proposition 2.1 ([11], Theorem 2.3). For each k > 0, H;, (M) is isomorphic
to Hip, (M).

Let df : Q" (M) — Q"1 (M) be the formal adjoint of dj, with respect to
the L?-inner product (-|-). Then

di =M dre ™ = d* + kuyy,
where d* = (—1)”(%1)Jrl * d*, * is the Hodge star operator, and V f is the

gradient of f.

For each k > 0, the Witten Laplacian on Q" (M) is defined to be
A= @ dy + dydf Q7 (M) = Q7 (M)
By direct computation, we obtain
AV = A LR |dP 4k (Lop + L£5) (2.1)

where Ly denotes the Lie derivative of V f and LY s the formal adjoint of
Ly with respect to the L*-inner product (-]-). Note that A,(;) is elliptic.

)

Moreover, A,(: has the local expression

) _ A®) 4 32102 ii[j ]
A7 =AY kT df |7 + k‘ZHeSSf (838“ 5 dz At (2.2)
27]
where Hessy = VTMf is the Hessian form with respect to the Levi-Civita
connection V'™ and (dﬂvi)ﬁ is the dual element to dz’ with respect to the

inner product (-|-).

We extend the Witten Laplaican to A,(:) : DomA,(:) — L2 (M), where

T

DomA (") = {w eL2(M): Ay e 12 (M)} .
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Note that Q" (M) C DomA,(:) is dense in L? (M). Also, denote the adjoint
of A,(:) with respect to the L2-inner product by A,(:)* : DomA,(:)* — L2 (M),
where DomA,(:)* consists of elements w in L2 (M) for which there exists a

constant C' > 0 such that

[(wlaln)| < clml

for each n € DomA,(:). In fact, we can see that A,(:) is self-adjoint and

non-negative.
Let SpecA,(:) be the spectrum of A,(:) and Ey,l (M) be the eigenspace

of A,(:) corresponding to the eigenvalue \. We have the following property
related to the alternative sum of the dimensions of the eigenspaces.

Proposition 2.2. For each k, for each r, and for each u € SpeCA,(:) \ {0},

we have
I8

}:(—1y‘7dnn£tg(ﬂ4)::dﬁndk(Eﬂg(mn),
j=0

where d, (E,ST/Z; (M)) = {dkw twE E/(f,z, (M)} Subsequently, we obtain for

each r,

(-1)"7 dim EY) (M) > 0,
=0

and if r = n, the equality occurs; namely,

S (~1 i aim BY) (M) = 0.
=0

Proof. 1t follows from the fact that the complex dy, : Ef:,l (M) — Ef:,jl) (M)
is exact. O

For each t > 0, define the heat operator emtAY) L2 (M) — DomA,(;)
such that e=*2 w € Q7 (R™ x M) and the operator satisfies

(r) (r)
%e‘mk w + A,(:)e_mk w=0

. (r)
lim ||e Ak
t—0+

w—wl|=0
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The associated distribution kernel

et (2,y) € € <R+ X Mox M; ;\ (T"M) & </T\ (T7M) )*>

is called the heat kernel with respect to A,(;). Here, we denote by E X F*
the vector bundle over M x M whose fiber at (x,y) is the space of linear
transformations from Fy, to F,.

The heat kernel can be expressed in different ways. First, choose a
local orthonormal frame { £’} ; for A" (T* M) and denote by (BT )* the dual
element to E', and we can write

" Z femtay” 1y (2,y) BN (z) @ (B7)" (),

where EX (z) @ (B7)" (y) e N TiM @ (N T;Mfk satisfies
(E" @) & (B')" 1)) (Bx () = (EX ) |E (1)) - B! () = 65 B (a),

. . (r)
and the corresponding component function e A% " ; (z,y) € C®(RT x M
X M).

Set dy = dim Ey,)g (M) and let {©}} ) be a complete

i=1,...,dy,\eSpeca(”
orthonormal basis for L? (M) such that A,(:)goi = \p}, and we can write the
heat kernel as

e_tAi(vT) (z,y) = Z Z e o ( (902 )* (y) - (2.3)
reSpecal” =1

In fact, this series converges uniformly on compact subsets of R x M x M.

2.3. Analytic tools

In this subsection, we review some well-known analytic tools. First, we
review the notion of Sobolev norms and adopt it for differential forms.

We begin by recalling that for each f € C° (R™), the Fourier trans-
form of f is defined by f (&) = (2%)_% Jzn e V=1Ef (1) dx, where z - £ =
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Yo & is the standard dot product on R" and dz = dz!---da" is the
standard volume element on R™. Recall that the L? space on R" is given by
L2 (R") := { f R — R measurable functions : [, |f 2 d:z:} together with
the inner product (f|g) := [g. fgdx, where g is the complex conjugate of g.
It is well-known that we can extend the notion of Fourier transform to L?
functions. Recall also that the Parseval’s formula: (ﬂﬁ) = (flg) for any
two f,g € L (R™).

Let m € NU{0}. Define the Sobolev norm of order m on L? (R") by

= ([ (+8)" |6 )

We put W™ (R™) := {f € L* (R") : || f||,,, < oo }. By the Parseval’s formula,
we see that || f[lo = || fll 2(gn)- Let U C R" be an open subset and we set

W (U):={f € W™(R") :supp f C U is compact}.

Let U be a subset of R”. For each I € NU {0}, define the C'-norm on
C'(U) by
1fllerery == D Sgp\aﬁfl

o <l

for each f € C!' (U). Let us state the Sobolev embedding theorem as follows:

Theorem 2.3. If f € W™ (R"), m > § +1+1, then f € C' (R™) and
1 lexgary < C Ll

Let m € NU{0}. We define the Sobolev norm of order —m by du-
ality: given an open subset U C R", let W™ (U) be the set consisting
of measurable functions f on U for which there exists C' > 0 such that
UU fgd:z:| < Clgll,, for each g € W (U); then we define the Sobolev norm
of order —m on W (U) by

o= sup oS08

g€ W (U) ||9||m
g#0
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If m = 0, then this duality defined norm coincides the usual L?-norm

[l L2(r)» s0 we included this case as we defined the negative norms.

It is clear to see C°(U) € W, ™ (U). In fact, the negative norm of

f €C(U) has an upper bound in terms of Fourier transform.

Proposition 2.4. Let U C R"™ be an open subset and let f € C° (U). Then
for each m € NU {0},

< ([ (+162) " Fof d§>%. (24)
Proof. By the Parseval’s formula, we derive that
‘/Ufgdf' -\ fﬁdé' =\ [ (i) T () gds‘
<([ (i) " [Feef ) ol

which implies (2.4)). O

To extend the notions of Sobolev norms and C'-norms to the Riemannian
vector bundle (E, M) over a Riemannian manifold M, we choose a pair
(V,P,E) as follows: let V be a set given by chosen coordinate charts of M
such that their coordinate domains cover M, let P be a partition of unity P
subordinate to the open cover from V and ZweP Y? =1, and let £ be the set
collecting chosen local orthonormal frames {E;}; of E over the coordinate

domains from V.

Let m € Z. For each smooth section s € C° (M, E), define the Sobolev
norm of order m by

sl i=( 3 sl ).

;P
where

sl = (S llwsn o2, )
I

and (V;, ;) € V, s =Y ¥isiErin Vi, and H('l/}is_[) o gpi_IHm is then defined
as above. Note that ||-||, = H'HL?(M,E)-
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Let U C M be a subset. For each I € N U {0}, define the C'-norm of
s €C™®(M,E) by

1
Isllerey == - sl ),

P, €P

llvisller sup Z <Z|8 (isr) o @i ”2)%

Vi la| <1

where

and (Vj, i) €V, ¥ys =Y st Ep in V.

If both of the manifold M and the vector bundle E are global (for
example, M = R"™ and E = \" T*R"), then choosing a partition of unity to
define the Sobolev norms and C!-norms is redundant.

Finally, we review the spectral theorem in functional analysis.

Theorem 2.5. Let X be a Hilbert space and let A : DomA C X — X be
a self-adjoint operator with the spectrum S = SpecA. Then there exists a
finite measure u on S x N and a unitary operator U : X — L% (S x N) that
is one-to-one, onto with the following properties:

(a) Letn € X. Then n € DomA if and only if s- U (n) € L? (S x N);
(b) Define the operator S by
S:DomS C L? (S x N) — L*(S x N)
g(5,m) > 59 (5,1).

where
DomS = {g(s,n) € L* (S x N) : sg (s,n) € L* (S x N)};
then UAUY = 8 on U (DomA).

It follows from Theorem 2.5l that we can identify the element w € DomA
with the element g = U (w) € L? (S x N), the operator A with the operator

tA

S. Additionally, if A is non-negative, then the heat operator e™** can be

identified with the operator defined by

P(t): L* (S x N) = L? (S x N)

g(s,n)— e g (s,m).
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3. Scaled Heat Kernel Asymptotics

In this section, we prove Theorem [LT1 To do so, we introduce the

localization and scaling technique.

3.1. Localization

To capture the local geometric data attached to the critical points of a

Morse function, we introduce the locally flat metric as follows:

Theorem 3.1 ([4], |15]). Let M be a compact orientable smooth manifold
of dimension n and f be a Morse function. Then M admits a metric g and
coordinate charts (Up,pp) around critical points p € Crit (f) such that in

each of the coordinate charts (Up,p), we have
n

Fa)==>"5 )"+ 3 %(ﬂci)2

=1 i=l+1

9 9\ _s
I\ 007 ) ~ %

where 5; is the Kronecker delta.

N —

with | = Ind¢p and

The construction of this metric is due to the Morse lemma and tech-

niques in [4], but for the reader’s convenience, we give a proof:

Proof of Theorem [3.1l By the Morse lemma, we have for each p €
Crit (f), there exists a coordinate chart (V},y,) around p such that f is

expressed as shown above.
Now, assume V, N V,y = 0 if p # p/. For each p, let U, C U, C V}, and
put
w=Mm\ || T,
peCrit(y)

Note that W is open. Let {W,}, be an open cover of W consisting of
coordinate neighborhoods. Hence, {Gg}y = {Wa}, U {Vp}peCrit(f) is an
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open cover of M. (Gg, ) denotes the coordinate chart for each 5. Define

98 = P39,
where g is the usual Euclidean metric on ¢g (Gg) and ¢}59 is the pullback of
g by ¢p.

Finally, let {3} be a partition of unity subordinate to the cover {Gs} 4
and put

9="> vsgs.
5

Then g is a Riemannian metric on M. Note that in each of the coordinate

charts (U,, ¢p), we have

0 o\_. (9 oY _y
g Ozt Oxi — 9 ozt Oxd )] I

since v, () =1 in Up. Therefore, we have furnished the desired metric. O

In the sequel, we adopt this metric throughout this paper together with

the local charts around the critical points of a Morse function in question.

Under such a metric, the local representation (2.2]) can be reduced to

n 2 n
A,(:) (wdz') = [— Z 3 (axZ)Q + K2 (mz)2 +k Z eiel | wdz! (3.1)
i=1 i=1

under the coordinate chart (Up,¢,) around p € Critf, where ¢; and EZ-I are

defined respectively by

{ =1 ¢ <Indgp
g =

1 ; otherwise
and by
T 1 ; <¢appearsin [
’ —1 ; otherwise 7
for each smooth r-form w = wyda! acting on A,(:) with I = (i1,...,4,) in

increasing order. As you can see, this local representation looks exactly like
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the harmonic oscillator with perturbation accordingly by the critical point
D.

For each p € Crit (f), define Ay; to be the differential operator acting

on smooth r-forms on an open subset in R™ given by

. , n 62 ] n
A;) (wd:nl) = Ag ) (wdajl) = |- Z — + (acz)2 + Zsisil wda!.
" o 0(@) i=1
(3.2)
Note that Agf; is the system of the harmonic oscillators attached to the

critical point p € Crit (f) as in Witten’s paper [15].

3.2. Scaling technique

Let p € Crit (f) and let (Up, ¢p) be the coordinate chart around p such
thﬁl@::¢51<B%(m)\Mﬂlaﬁxa15>(l

Given a sufficiently large k£ > 0, put
Uk =g (Bk—%+€ (0)) c U,
with e € (0, 3).
Let w =" wrdz! € Q" (B (0)) and define

wi (z) = Z/ wr (\/E.T) dz! € Q" (ka%ﬁ (O)> .

I
Through the coordinate map ¢, we see that the pulled back form of wy, is
of Q" (U]f) and we still denote it by wy;.

We give the following formula to illustrate how these two operators ASCT;

and A,(;) relate to one another.
Proposition 3.2. For each k > 0, and for each w € Q" (B (0)),
A, = L A®
v = E ( k W[k])[}c] : (3’3)

Proof. This formula follows from the local expression (3.1]) and change of
variables. o



380 ERIC JIAN-TING CHEN [December

Define the scaled heat kernel at p € Crit (f) by
r n _tAM) X Yy
ekt (2,2

eCc™ <R+ x Bye (0) x Bye (0), \ (T"R") X </T\ (T°R) )*>’

where - € R", for the sake of convenience, stands for ¢, 1 (i) We can

o Vk Vk
write A7 (t,z,y) as

A( (t,z,y) = Z pfjtxy)dl’ () ® (dm‘])*(y),
1,J

where the component functions

_n _t Al xr
Aty (2,9) 1 (8,0,y) = K- FeTE IJ(W%)

For each t > 0, define the scaled heat operator at p by
Al p (1) : Q¢ (Bge (0)) = Q7 (Bye (0))

w = A7(n]<;)7p (t7 z, y) w (y) dy
Bye (p)

Note that Af,, (t)w € Q" (RT x Bye (0)) for each w € Q7 (Bg= (0)).

Let us show how the scaled heat kernel/operator relates to the ordinary
heat kernel/operator as follows:

Proposition 3.3. For each k >0

r _tAlm)
o (0w = (7F4 “Vfl)m

for each w € QL (By= (0)).

Proof. By change of variables, for each w € Q7 (B (0)), we deduce

(A7, (Dw) (@) = k=3 /B ks(p)e—%agm <% % ) )i

_LA(T) X
= e ¥k (—=,y )wy (y) dy
/Bk;+g<p> (o)
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B NS SN Q)
- J o (o) ) dVas = (88 ) ) (a).

Now, we have the following important observation:

Lemma 3.4. For each k > 0

O Ar (") gr =
ot Ay p (D w + A5 AL, (w =0
limt—>0+ Azk’)@ (t) W= OJ‘ L2(Bg=(0)) =0

for each w € Q7 (Bye (0)).

381

Proof. This lemma essentially follows from [B3]) and (B4]). Given w €

Q7 (Bg= (0)), we deduce

o ., 1 /0 _tpA™ 1 P _tA™
5 (D=1 (ae < W[kz}) gk (A,g)e e w[kz})
k

where the first equation holds by the chain rule. Hence, we obtain

9
ot
for each w € Q (B (0)).

Ay Ow+ AT AT (H)w=0

Finally, note that

. r o . _LA(T)
tl—l):%l“' A(k)’p (t) w w‘ L2(Bk5(0)) N t]ilél+ ¢t w[k} B w[k}‘
NG B

Lemma [B.4] motivates us to seek a local bound for scaled heat kernels

stated as follows:

Theorem 3.5 (Local Boundedness of the Scaled Heat Kernels). Given p €
Crit (f), let T and K be compact subsets in R™ and in R™, respectively. Then
for each | € NU {0}, the sequence {A’(”k)p (t,a:,y)}k 1s uniformly bounded

in T x K x K with respect to the C'-norm; namely, there exists a constant
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C(T,K) > 0 such that

<C(T,K)

HA&’)’T’ ¢, y)‘ CUTX K X K)

for each k sufficiently large.

We will prove Theorem in Section 3.3.

3.3. Locally uniform bound for scaled heat kernels

We find a locally uniform bound through investigating the scaled heat
operators. The key of finding such a bound is that we manage to show
the scaled heat operators are ”locally uniformly bounded” by a constant
independent of k. We illustrate it in what we call the mapping property as
follows:

Theorem 3.6 (Mapping Property). Given a compact subset K C R™, choose
a bounded open subset U such that K C U and choose a cut-off function
X € CX (U) such that x =1 in K. Then for each p € Crit (f) and for each
cut-off function x € C° (U), there exists a constant C (x, X,t) > 0 such that

[%4t, x|, <006k 1@l

where C (x, X,t) depends on the choices of x and X and smoothly on t only,
for each w € QL (U), if k is large enough.

Proof. Before we start, we point out that the following reasoning works for
k large enough for us to have U C Bye (0), € € (0,1).

Firstly, by the Garding’s inequality, we obtain
|74t x|, <@ | (a%)" A, O

+ O3 (%) “X2A€k),p (t) XWHO ’

where x1, x2 € C° (U) are the cut-off functions chosen to satisfy y;1 = 1 = x»
in supp . Therefore, we reduce to the L?-norm estimates for the two term
on the right.
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Next, to estimate the L?-norm of the first term, observe that

)" (A(f)) AT () |
HXI (Ag‘;) Afk),p(t)waO ::neﬂf&%m#‘()‘l ! ||77T|k0) Xw n)‘

9y
so we consider the inner product on the right hand side. By Theorem 2.5]

B3) and ([B.4]), we see that
(AT e (0 xsl) [ = 7] (g (A7) " E vgonslong )|
= k_m((wwcﬂx = ( ) X1 nm)(
= (et ) (A7) xm)
for each n € Q7 (U) with n # 0. Moreover, by definition of Sobolev norms,

we see that
| (w'xA’gk),p (1) (A1) x1m) | < 1l g ¥y (0 (A5)) |
Again, by the Garding’s inequality, we obtain

et 0 (852)" vl <650 (5)" A0 (852) v,

+ Cy (x) "X4Afk)7p (t) (A;T;)m

where x3, x4 € C° (U) are the cut-off functions chosen to satisfy xy3 =1 = x4

in supp x. Moreover, by Theorem 2.5 (8.3) and (3.4]), we derive

s (85)" 4 0 (815) "],
< /-c%—‘*mH(A,@)me—%AS’) (A,(j))m (xan k]‘
/sm (%)m 2% |g (s,n) > du
<EC () [ (sl du
SxN

= C5 () [Ixanlly < Cs (&) [nll3

L2(M)

IN
oy
3
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where Cj (t) = (277")47” e~4™ > () depends smoothly on t. Hence, we conclude
s (892)" 450, 0 (A9)  xan| < Co @y, 35)
where Cg (t) = \/C5 (t). Similarly, we can obtain
adfy, @ (A5)) " xan|| < cz @) (3.6)
(k’)7p fvp 0o 0>
where C7 (t) depends smoothly on ¢t. By ([B.3]) and (3.6]), we conclude
Afy, 0 (A7) < Cs (x. )
X (k),p fp xX1i7n om = 8 (X Mo >
for each n € QL (U) with n # 0, which in turn, implies
AN Ay, x|, < Co (0 ol 3.1
X1 (Bfp) Al Oxw|| < Co 06 t) Wl _zm (3.7)
where Cy (x,t) depends on x and smoothly on .

Using the similar argument, we can obtain

24y, 0 x|, < Clo (60 ol (3.8)
where Cy (x,t) depends on x and smoothly on .
Finally, by (3.7) and (3.8)), we have established
¥ty O], < C06%0 el o
where C (x, X,t) depends on x,x and smoothly on ¢, for each w € QL (U)

with suppw C K. O

Now, to show Theorem B8] let us recall the definition of approximate
identities. Let Bj (0) be the unit Euclidean ball centered at 0 and choose a

cut-off function x € C° (B; (0)) such that

/Rnx(:v) dr = 1.
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For each zy € R™ and for each § > 0, define

X3 (@) 1= 67X (F572) € C2° (B3 (o) (3.9)

We call the family {x,, s} 5 an approximate identity with respect to the point

xo. Note that a change of variable gives

/nxmo,a(az) dx:/nx(x) dr = 1.

An important feature of an approximate identity is illustrated as below.

Lemma 3.7. Given a multi-index «, there exists a constant C' > 0 such that

for each xo € R™, for each o and for each I, set
Wa,z0,1,6 = 0% Xa0,6 dz! € QF (Bs (x0)) (3.10)
and we obtain

lim sup [|wa, x5/ _,,, < C,
0—0

if m is sufficiently large.
Proof. By Proposition [2.4], it suffices to show there exists C' > 0 such that

/n (1+ |5|2)_m |wigars ()7 de < C

for each § and for each xg, if m is large enough.

First, observe that

6_\/_71:0.6806
Rn

2
— 2 « «
s (O = oo (@) da| <[ [ dn (e,

Now, if m > § + |a| + 1, then

L (1) " mars @ as < [ (1+1eR) " el ag
<y / (1+ \5\2)_%‘0“ e < Cy,
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where C7, (5 are independent of § and the choice of xg. Hence, we have
established Lemma B.71 O
Proof of Theorem Let T be a compact interval in Rt and K be a
compact subset in R™. We choose Mg € N such that
K C By (0)
for all £k > My and, without loss of generosity, discard the rest k’s for which
K ¢ By (0).
Write

Al p G 3,y) = Z ta:ydac() (da:‘])*(y)

To establish Theorem B0, it suffices to show its component functions are
locally uniformly bounded; in other words, we show for any two multi-indices
I',J', there exists a constant C (T, K) such that

HA&;)I’,J’ (t,z,y)

< C(T,K).
CUTxKxK)

First of all, we show that for each tg € T, for each yy € K, for each «,

and for each J',

lim
6—0

=0, (3.11)

r ! (e} I
Al p (to) Wa,go,07,6 — Z Oy Ak pr,00 (to, ,yo) dx
I CY(K)

where wq y,77,5 is as defined in ([B.I0). To see it, for each = € K, note that

)3 (z’

laj<t N T
(Z ‘ | 9205 45 1 o)

1

y

8;;/ </IRHA?k)7pI,J/ (t07 Z, y) a;Xyo,édy_a;Azk)’pLJ/ (to7 x, y0)>

la|<I

N

)

— 8;A€k),p17jl (t07 x, yO) )Xyoﬁdy)

- Z <Z/‘(/" (a;a;A?k),pI,J/ (t07$75y+y0)
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2> %
Now, since the function 8;8§‘A’("k) oL (to,x,y) is uniformly continuous in
K x K, we obtain (3.II)) and thus

— 828§A€k)7p1,J’ (t()a z, yO) )X dy>

H > 05 Al 1. (to, 2, 30) dlj” = lim [[ 4y (f0) o007 ler ey
1

CU{K) 60
(3.12)

Next, we deduce to find a local bound. Let W be a chosen open subset
such that K C W & By« (p) for each k > Mg and let x, x € C° (W) be two
cut-off functions such that y = 1 in K and x¥ = 1 in suppx. By Theorem
2.3l there exists Cq > 0 independent of k and g, such that

HA tO) Wyo,a,J",8 |Cl < HXA (tO) wamoc,J’ﬁHQm ) (3.13)

for some m € N. Moreover, by Theorem [3.6] we obtain

L <G00 sl o = Cs (6% to).
(3.14)
where Cy, C3 depend on x, X, tg, but on neither k nor yo. Hence, by (312,

BI13) and (3.14), we conclude

[ 10) x5

HAfk),pp,J' (to, x, y)H < H Z/ Al pr.a (to, T, y) dx’
i

CHK xK) CHK xK)

<C3(x, X, to) (3.15)

for any two I',J’.

Finally, to establish Theorem 3.5 it remains to deal with ¢-derivatives.

By nature of scaled heat kernels, we see

Ié] _ (7”) p r
O Alky,p ()“——(Af,p> (hp (D)W

for each w € Q (W) and the constant C5 depends smoothly on ¢ty € T (by
Theorem B.0)), so by (B.I%]), we conclude that for each [ € NU {0} and for
each I, J'

|45y prr (t2.9) < C(T,K),

CUTxKxK)
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where C depends on T" and K. Therefore, Theorem has been shown. O

3.4. Proof of Theorem 1.1

In this subsection, we prove Theorem [I.11

Let {T;};°, C R™ be a collection of compact subsets satisfying T; C 17
and J;2, 7; = RT and let {K;};2; C R"™ be a collection of compact subsets
satisfying K; C K7\, and [ J;2; K; = R™.

Owing to Theorem and the Arzela-Ascoli theorem, there exists a
strictly increasing sequence {n}, C N such that the subsequence
{A?m,k)m (t,z,y) }k that converges in C'-norm in 77 x K; x K;. Again,
according to Theorem and the Arzela-Ascoli theorem, there exists a
strictly increasing sequence {nax}, C {nix}, such that the subsequence

{A’(”n O (t,z,y) }k that converges in C2-norm in Th x K5 x K5. We proceed

2, )

in the same manner to obtain a subsequence {A’(“n ) (t,z,y) }k for each i
i,k )

that converges in C'-norm in 7} x K; x K;. Finally, the diagonal argument
enables us to find a subsequence {A?nk) » (t,z,y) } such that

ng

lim Ap, o (¢ 2, y) = By (t, 2,y)

k—ro0 (2

in C*-topology in each compact subset of RT x R™ x R™. Note that

By (t,z,y) € C™ <R+ x R™ x R™ /\ (T*R™) K (/\ (T*R™) ))

In addition, for each ¢ > 0, define the operator B} (¢) : f (R") — Q" (R")
by

(B; 1)) (@) = [ By (t.ap)wly) dy

Note that B (t)w € Q" (RT x R™).

(r)
—tAf

Now, to see B (t,z,y) = e » (x,y), we need to show that for each

t >0,

B (1) : % (R") — DomA() := {w eL?(R"): AV we L2 (R”)} (3.16)
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and that
o nr (r) pr _
EBP (t)w+ Aﬁpo tHw=0 (517)
tl_i}%% 1By (#)w = WHL2(R") =0

for each w € Q (R™).

To see ([B.16]), it suffices to show for each m € NU {0},

< o0

[(252)" B 0] e

for each w € Q7 (R™). Observe that, by Fatou’s lemma, we obtain

R—00 L?(Bg(0))

\™ pr R ™\ pr
H (Aﬁp) B, (t)wHLZ(Rn) < lim 1an (Aﬁp) By (1) w‘
Now, choose two cut-off function x,x € C°(Bp (0)) such that y = 1 in
supp X, and for each k, put

X

v (@) 1= x (=) € €2 (Bie (0)) %0 = X (1) € € (B (0)).

Then by Theorem 25|, we derive

[CHRAE

12(Bg(0)) = klglolo ‘ X (A}rDm (mp @) X"’“w‘

<C () HWHL2(Rn) )

L2 (Rn)

where C () is a constant that depends smoothly on ¢ but is independent of

R, k. Hence, we conclude

[(252)" B0

<C (t) HLUHLQ(Rn) < 00

L2(R™)

and (B.16]) is now established.

To see [BI7), let w € QL (R™). For each w € Q% (R™), by Theorem [3.5]
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we see

<8t ’ > /815 (t,z,y)w(y)dy= hm/(‘)tA”’“ (t, 2, y)w (y)dy
= — lim A(T)A( )P (t,z,y)w(y) dy

k—o0 fp

for each (t,x) € K, where K is a compact subset in each compact subset of
R* x R™. This shows %B; (t)w+ AS]:I))B; (t)w=0.

To see lim;_,g+ HB; (t)w — WHL2(Rn) = 0, by Fatou’s lemma, we obtain

for each t > 0,

B (t) <liminf || B, () w — w||
P L

@ = gy < limin

(Br(0))

Again, let xx, X € C° (Bg= (0)) as previously given. By Theorem and

the mean value theorem, we derive

, 2 - , 2
1B, (t)w_wHLQ(BR(O)) Skh_?;o Xny, (A(nk),p (1) Xnp — X”k‘“)‘ L2(Rn)
<li P 2
TLk —
< Jim (m)? e i)~ O @) oy L2(M)

NE

_t 2
—tim (m)F [ (7= 1) Jgf d
k—oo SxN

A g
= lim (ng)?2 <— / e ™ |sg|”du
k—ro0 ng SxN
1 2

2 T

T k—oo

=t HA%W‘ iz(Rn) ’

L2(M)

where t;, € (0,t) and g € L? (S x N) is identified with (X, W), according
to Theorem

This implies for each w € QF (R™),

1B, (1) w = @l o ey < tHAo« ‘ o

L2(R")
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ast— 0.

Finally, to see

tA(T)

B; (t7$7y) =e I (3373/)

in RT x R™ x R”, it suffices to show

in Q) (R™). To see it, we can first observe that

=0
L2(R™)

lim

B'(t+h)—B'(t) &
h—0 <

— —B" (¢
h al )> v
from the following estimate obtained by Theorem

[T

< hH(A;f;)%

L2 (Rn) L2(Rn)

for each w € Q (R™). This shows

L (o) - (3

for each w € Q7 (R") and for each n € L2 (R™). Hence, by the fundamental

theorem of Calculus and the fact that B" ()w € DomASfI)7 for each w €

Q7 (R™), we derive

- NG . Yd oy, (ttg—s)AL)
(55 00 — ol = i [ (i oyl

= lim t((gBr (s) )w‘e_(t+q_s)A§‘fz)»n)—<B; (s) w‘ (ge—(tJrq—s)AS:;)n)dS

=0t Jyq Os P

t (r)
= lim (—AEJ)BT (s) w‘e_(tJrq_S)Af,pn

P —(tta—s)A™M
el pPp +<BT (S) W‘A; 1)76 (t-i-q )Af,m])ds
q% q I I

¢ () ")
= lim (—A(T)BT (s) w‘e_(tJrq_s)Af,pn)—i—(A(r) By (s) w‘e_(“rq—s)ﬁf,pn)ds

=0t Jq PP

=0
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for any two w,n € Q. (R™). This shows
r —tAlD) TN
(Bp (t)w|17> = <w|e f»Pn) = (e fva‘n)

. . _tA(T) .
for any two w,n € Q (R"), implying B} (t) = e~/ in Qf (R") and thus
r —tAl) : + n n
By (t,z,y) = e “r (z,y) in RT x R" x R".
Note that the previous argument implies that every convergent subseqe-
unce of the sequence of the scaled heat kernels {AEZ)) » (t,z,y) }k converges to
the same limit, so together with Theorem B.5 we can further conclude this

sequence in effect converges to that limit. Therefore, we have established
Theorem [L.T]

4. Heat Kernel Asymptotics away from Critical Points

In this section, we give proofs of Theorem and Theorem [L31

The key point of obtaining the two theorems is based on the remark that
we can retrieve pointwise bound for the heat kernels in question by establish-
ing their corresponding mapping properties (see Theorem [4.4] and Theorem
[47). These mapping properties are established based on a Bochner-type
estimate related to differential forms with support away from the critical
points (see Lemma 1] and Lemma [4.5]).

Throughout this section, for each p € Crit (f), we additionally identify
the coordinate neighborhood U, of p with the Euclidean ball B% (0) and p
with 0, under the coordinate chart ¢,. For each large £ > 0, put

k k
ut= ) U,
peCrit(f)

where U;f is identified with the Euclidean ball B, _1,_(0), € € (0, 3) under
k™2

the coordinate chart ¢, as in Subsection 3.2.

4.1. Proof of Theorem 1.2

Choose D > 1 and let k large enough so that 2D < k®. For each
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p € Crit (f), let x € By (0) \ Bap (0) and put

A=y (B g 0\ By, 1 (0)) U}

2
The choice of D plays a role in the following Bochner type estimate:
Lemma 4.1. If D is large enough, let x € Bge (0) \ Bap (0) and we have

(A wlw) > Ch o ) (1.1)

for each w € Q" (M) with suppw C A* and for large k, where C is indepen-
dent of D, x, k.

Proof. Recall that we can write the Witten Laplacian A,(:) as

—~

AD = A LR (dfE 4k (Log + Loy) -

Note that

1
AP = o Jof?

in AX (with respect to (Up, ¢p)). Moreover, by the local expression ([2.2]) and

partition of unity, there exists m € R such that (An|n) > m||n||* for each
n € Q" (M). For this m, let D large enough such that

52l <5
D? 8
Now, for each w € Q" (M) with suppw C A¥, we deduce

T 1 m
(8eks) 2 kef? (G 2 ) l® 2 Chlol ol

WithC:%. O

Let D > 1 be large enough such that Lemmal[4.Tlholds and let k£ > 0 large
enough such that 2D < k. Given p € Crit (f), for each x € By (0)\ Bap (0),
let x!1l € € (U,) be a cut-off function such that x[!/ = 1 in o5 (B (0))

1
2
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—0; — [1] k
and x! =0 in M \ ¢p1 (B% (0)) Put x, ; € C° (Up) such that
[1] —1 () — 1] ~17.3
Xk O¢p (@) =x" ([z]7 kg

for each q € ¢, (U,) C R™. Similarly, let x?! € C° (U,) be a cut-off function
such that x? = 1 in gozjl (Bg (0)) and x = 0 in gozjl (B% (0)) Put
Xi]k eCr (U]f) such that

_ 1,1
Whowyt (@) =X (el " k3q)
for each ¢ € ¢, (Up) C R™. Finally, set x, € C° (4%) by
Xek = Xk = Xk (4.2)

0)\ By,

5|z| —1( T
4k7 4

In particular, x,x = 1 in ¢, (B 3 (O)> Note that

“lal . lal
< € (M) o kS (4.3)

sup ‘Da Xil}k
R ’

where C (XM,X[Q}) depends on ! and x[#, with respect to the coordinates
given by (Up,¢p). The construction of x,, can be given from the same
cut-off functions x[* and x[? as long as z € By (0) \ Bap (0) and k > 0,
in which circumstance, the constant C (XDLX[?}) in (@3] does not rely on z
and k.

With Lemma 1] at hand, we can obtain the following L?-estimate.
Theorem 4.2. Let D > 1 be large enough such that Lemma [{.1] holds, and
for large k > 0 and for each x € Bye (0) \ Bap (0), let x4 1 be the cut-off

function given by the cut-off function M, x2 as in [#2). Then for each
N eN,

or each w € Q" (M), where C (x1, x2,t, N) depends on x1, x&, N and
f XX XX
smoothly on t but is independent of x and k.

t

(r)
Xae FA wl| < € (X, N) [l ol (44)

Proof. First, we show (4.4) holds for N = 1. For higher positive integers
N, we can achieve similarly.
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. _tAM . . .
Since X ke 72w has its support in A’;, by Lemma [£.1] we obtain

t A(T) 2
Xﬂc,ke_EA H

)
< C ka2 <A/,(C )Xx Jne 58,

_tAM
Xoke koK w)

(r) 2 (r) 2
=C1k7! |:L‘|_2 (Hdk (X:c L€ —5 A )H x (Xx,ke_%Ak w)H > .
tA(T)

Hence, the L?-norm estimate of Xz,k€ *~F w is determined by the two L?-

norms in the right hand side (4.5]). Before we proceed, note that by direct
computation, we see the following analogous Leibniz rules:

dk (Xr,kn) = dXﬂc,k A n + Xr,kdkn (46)
and that

& (Xo ) = (=1 s (g A #n) + X ndin (4.7)

for each n € Q" (M).

To deal with the first term on the right hand side of (4.3]), by (£.6]) with
(r)
n= e~ FAY w, we see that

e e < (v n s

Al
Xz kdre™ KA wH >
(4.8
Note that x5 € C° (U;,If) and has the local expression dx, x = i, ag; kd ‘
in (U;f, ¢p). Hence, by the local nature of x,x (£3) and Theorem 2.5, we
obtain

o880 < 0 (02 1 b5 o
< G (o x, ) b fo| 72 o], (49)

where Cj (X[l], Xm,t) depends on !, x2/ and smoothly on ¢ but indepen-
dent of D, x, k. Moreover, by Theorem 2.5, we obtain

" 12 _t A ]2 NG
Xa,kdre K AK wH < Hdke ]k wH < <A,(:)e kA%

) _t A
wie kAk w>

<Cy (ko). (4.10)
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Hence, using ([@R), [@3J) along with the fact that |z| ™2 < 1, and @I0), we

conclude
t A(T) 2
i (e t870) | < 05 (AP k), (@1D)
where Cj (X[”,X[Q},t) depends on !, 12 and smoothly on ¢ but indepen-
dent of D, x, k.

We can achieve an upper bound for the second term in the similar fashion

(r)
and let us briefly go through the deduction. By (4.71) with n = e 7% w, we

see

_t Al 2
i (e t55%)|

o

by doing so, we break down this L?-norm term into two terms, one is with

(r) 2
(ane ) 4

™ 2
Xosdie £ ); (4.12)

Xa,i differentiated and the other without. By local nature of x, » along with
Theorem 23], we can obtain

NCIRNE
* (dXz,k A xe™ kAL )w) H < Cs (x[”,xm,t> k |z jwlf?. (4.13)

By Theorem 2.5 we can see

Finally, by (£12), (£13), and (4.I4]), we can conclude

where Cy (X[”,X[Q},t) depends on !, ¥[2 and smoothly on ¢ but indepen-
dent of D, x, k.

Subsequently, by (@H), (£I1)), and (#I5), we conclude

|

where Cy (Xm,xm,t) depends on !, 12 and smoothly on ¢ but indepen-
dent of D, x, k. Namely, we have established (4.4 for N = 1.

r 2
Xecfe K08 )”H < Cq (xm,xm,t> ke Jwlf? . (4.14)

i (e #00) [ < (B kel 019

2 _
Xake #2k wH < Cy (X[”,X[Q},Q |z Jw]]?,
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Similarly, we can obtain (4.4]) holds for each positive integer N > 1. To
explain, we divide it into two cases: N is even and N is odd. If NV is even,

then we can apply Lemma 4] repeatedly until we obtain

1 _1

HX:c7k€_’“A§“r)wH2 < Crok™V |$|_2N ( H(dkd@% (X;c71<;e kAl(cr)w) H2
4 ata® (xepet40))

By the Leibniz rules [@.6), (4.7), local nature of x, x, and Theorem 2.5 we
can deduce

EUNORNTE _ -
Xae F 0| < Crr (6 x4 N ) BN N Y o]

= Cu (x4, N ) fal Y o],
where C1y (X[l], X[z],t,N) depends on N due to (4.0) and (£7) but is inde-

pendent of D, x, k.

If N is odd, we can obtain

N—-1 _t

™ 2 _ (r) 2
Xawe A w||” < ok o] 2N<H(dkdz) 7 dy (xeae EA W) |

|

+ H(dzdk)¥ dy, (Xx,ke_%Ag')w) H2>

and so we can proceed to obtain

Hence, we have established Theorem O

EEUNGINIE —2N
xawe FA 0| < Crg (6 X, 1, N a7 ol

More generally, using similar iterative argument, we can in effect obtain

the following L2-estimate involving the Witten Laplacian A,(:):

Corollary 4.3. Let D > 1 be large enough such that Lemma [{.1] holds, and
for large k > 0 and for each © € Bye (0) \ Bap (0), let xux be the cut-off
function given by the cut-off function xV, x1@ as in (@2). Then for each
m € NU {0} and for each N € N,

H (A,(:))m (Xw,ke_%Af(vr)w) H <C (Xm,xp],t,m,N) E |z wll, (4.16)
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for each w € Q" (M), where C (X[l], Xp],t,m,N) depends on Y, & m, N

and smoothly on t but is independent of x and k.

Proof. Corollary 4.3 can be obtained similarly to Theorem

Since di =0 = (d;)z, we see that

[(4)" (eaemt'e) 1

< (i (a2 )+ i (e t55°0) ')

2

As in the proof of Theorem [£.2] repeated use of Lemma H.1] gives
" YNSRI —N || —2N| o\ X +m EENCEAY &
5 ) e (a0

+ H dr.dy) % (X%ke_%Az(cr)w) H2>;

for each even positive integer N, and

[(6)" (a2

<Ok Jz|” 2N< dd* ST g (Xme—%Azi")w)(f
—i—H dkdk d (sze ’thi(vT)w>H2>;

for each odd positive integer N. Hence, the Leibniz rules (£6), (1), the
local nature of x,  (see ([&3])) and Theorem 5] allow us to establish Corol-
lary A3l Note that the constant C (Xm,xm,t,m, N) in (4I6]) depends on
m due to not only the Leibniz rules (4.6) and (A7) but also Theorem 2.5
and on N due to again (L8] and (&7). O

Finally, we can show the following mapping property:

Theorem 4.4. Let D > 1 be large enough such that Lemma [d1] holds, and
for large k > 0 and for each x € Bye (0) \ Bap (0), let xq 1 be the cut-off
function given by the cut-off function x, x12 as in #2). Then for each
m € NU{0} and for each N € N, there exists C (X[l], X[z],t,m,N) > 0 such
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that
[ Ay ) oy, < € (doxtm, ) ] ol .
(4.17)
for eachw € QL (Byg= (0)), where C’( [l 2 },t,m,N) depends on 1, & m

N and smoothly on t and is independent of D, k, x.

Proof. Thanks to Garding’s inequality and (3.3]), (8.4)), we obtain

4 (0 Oy,

<C1||(85))" e 1] Ay ) Ot
+ O )y A ) Oy

< () || (A)" 4Gy, () Oy
+Cy (X[ X ]) HX2A(/§)7p (t) (Xo k) 2] @ ‘

| ey

1
k

wel,

k

where Cy (X[l], X@]) ,Cy (X[l], X@]) depends on y[ and x[@, but is indepen-
dent of z,k since (ka)[%] () = X[l](|x\_1 ) - X[2](|x\_1 -) with respect
to (U]f,gop) and |z| > D > 1, and x1,x2 € C®° (\/EA];) are cut-off functions
such that Y1 = 1 = %2 in Vk supp Xa, k-

Next, for each n € Q. (Bge (0)) with 1 # 0, note that

<>~(1(A§:,),)mz47(”k),p (t) (X:ck: B w‘ﬂ)
Il
_Mellan | Oy A, @ (873) " ],
B 71l

By Garding’s inequality, Corollary 3] and Theorem 2.5
|Gy 4y @ (453)" ],

<Cs (A;;)m (o) 1] Ary () (A%)m X117

0

+ Cs

(Xac,k)[
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= Cshz 72" H(AIE:T))mXx,kE_%AS) (Al(:))m (xam k]‘

st o (40

L2(M)

L?(M)

g(j?( 1\ 2 5 m N) lz| N Kz ‘e%A(r (A,(f))m(im)[k}‘

L?(M)

t _
S 08 (X[l]a Xp]v 5,7’)’1, N) |:L‘| N ||77||0 9

where Cg (Xm,xm, %) depends on Xm,xm,m,N and smoothly on ¢ but is
independent of D, x, k. Thus, we deduce

o (852" e 0l = 3 o )

Similarly, we can obtain

H)&A@)m(t) (Xa,k) %WH <09< SRVCRS

-N
5N ) ol ™ 0]

where Cy (X[l],xm, 2,m,N) depends on y!, 1@ m, N and smoothly on ¢
but is independent of D, z, k.

Finally, we conclude

H(Xx,k)[ ]Afk)7p (t) (Xx,k)[%] wH2m < Cio (X[”,Xm,t,m,N) 2 51—

1
E

where C1g (Xm,xm,t,m, N) depends on Y, v, m, N and smoothly on ¢
but is independent of D, x, k. O

As a consequence of Theorem (4], we can prove Theorem

Proof of Theorem The main key of proving this theorem is similar
to Theorem

Write

Al p (82, 2) Z pIJta:ac)d:E®(d:E)
1,J

€ C® <R+ % Bye (0) x By (0 /\T*R” (/\T*}R")*).

Recall that for each S € A" TFR™ ® (A" TFR™)", the norm of S is defined to
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[Swe|

be [S], 1= sup,, e A" 72 R7 0, 20 %, and note that

1

2\ 2
‘Afk),p (t7x7x)‘x g <Z‘A7(nk)7pl,;] (ta':Ca:E)‘ > s
1,J
so it suffices to show for any two I,J and for each N € N,
A pr.s (t,2)| < C (1 N) [l 7,

where C' (t, N) depends on N and smoothly on ¢t and is independent of D, z, k.

Let D > 1 be large enough such that Lemma T holds. Let = € By- (0)\

Bop (0), and put wy 15 = Xx7_[’5d33] and wy, j5 = Xx7j76/d33J as in (3.I10). By
integration by part, we see that

A’("k%p[,(] (t,z,x) = lim lim (Afk),p () wa,g5 wx,I,é)-

6—06’—0

Now, let x4, be the cut-off function as in ([£.2) given by U, x2. Using
Theorem [£.4] and Lemma 3.7 with fixed large m, we obtain, if 4, are small
enough,

‘ ( (k),p (O W50 |wx,l,5) ‘ < H (X )| | W, gy H2mem,I,5”_2m

< € (WX, tm, N ) [,

%] Azk),P (t) (Xr,k)[%

where C (X[l],x[z],t, m, N) depends on Y, x2I, m, N and smoothly on ¢ but
independent of D, x, k,d,d’, for large k.
For each « € By- (0) \ Bap (0), observe that the cut-off function x, 1 is

constructed from the same cut-off functions y[!, v/, leading to Aka ol J(t, z,
x) enjoying the same upper bound. Hence, we conclude

Ay pi.a (2 2)| < O (8, N) ] ™,

where C (t, N) depends on N and smoothly on ¢ and independent of D, z, k
and N is an arbitrary positive integer. (The contribution of m to the con-
stant is insignificant and thus is not marked in the parenthesis). O
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4.2. Proof of Theorem 1.3

The main idea of this proof is similar to Theorem Recall that for
each p € Crit (f), we additionally identify the coordinate neighborhood U,
of p with the Euclidean ball B 3 (0) and p with 0, and for each k£ > 0, put

k _ k
ut=J o,
peCrit(f)

where UZI}’ is identified with the Euclidean ball B 1. (0), € (0,3).

First, we need the following estimate of Bochner type.

Lemma 4.5. If k is sufficiently large,
(A(T) ) > Ck‘l+2€ 2
P ww) > llwl| (4.18)
for each w € Q" (M) with suppw C M \U*, where C is independent of k.

Proof. The key point of this proof is virtually the same as in Lemma [£T1

Since M is compact and df =0 at p € Crit (f), we can see
‘df‘z > k_1+2€

in M \ U* if k is sufficiently large; furthermore, we can let k large enough

such that

<1
27

m
=
where m € R is given from the fact that (Aw|w) > m|jw||?* for each w €

Q" (M) in which A = Ly s+ L. Hence, for each w € Q" (M) with suppw C
M\ U*, we deduce

(A](:)W‘w) > k—1+25 (1 + mk—%) Hw”2 > k—1+28 ”wH2 ) O

N —

Put U = UpeCrit(f) Uy, (with U, identified as B% (0) under the co-
ordinate chart ¢, for each p € Crit(f)), and let 7 € C°(U) be a cut-
off function such that 7 = 1 in UpeCrit(f) 05! (B% (0)> and 7 = 0 in
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M\ UpeCrit(f) @, (B1(0)). For (large) k, put 7, € C° (U*) such that

Teow, (q) =T (k%_5q>

for each ¢q € ¢, (U,) C R™ and for each p € Crit (f). Finally, we set

Xk:l—TkECCOO<M\ U ¢;1<B1k7%+8 (0))> (4.19)
peCrit(s) 2

Note that x; = 1 in M \ U*. Moreover, we can see DY, € Cxr (L{k) and
lo|
sup [D%;| < C (1) kelelp s
Rn

with respect to each of the coordinate charts (Up, ¢p), for each multi-index
a #0.
Again, we have the following L?-estimate via Lemma

Theorem 4.6. Let x; be the cut-off function given by the cut-off function
7 as in [@I9). If k is large, then for each N € N and for each fizred m € N,

H (A,(:))m (Xke—%Azi")w) H < C (r,t,m, N) k™ N ||w]| (4.20)

for each w € Q" (M), where C (1,t,m,N) depends on 7,m, N and smoothly
on t but is independent of k.

Proof. Theorem can be established by the arguments in Theorem
and Corollary E3) by replacing |x| with &%, and !, x? with . O

Theorem 4.7. For each p € Crit (f), let xi be the cut-off function given by
the cut-off function T as in [@I9). If k is sufficiently large, then for each
N €N, for each m € NU {0},

EA(T)

e i 0w, <c@mtm NN wl, (@2

H2m

for each w € Q. (V), where C(1,t,m,N) > 0 depends on 7,m,N and
smoothly on t but is independent of k.

Proof. The main idea of proving Theorem .7 is very similar to Theorem
Choose a pair (V,P,€) so that the Sobolev norms are defined on M.
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By definition,

t A7) t A7)
kae KO wa Zuwx:fe KO XWH (4.22)
YeP

By Garding’s inequality, we see that

H¢Xk6 Fay )XWH <Ci (¥) kaTZH (A(T))m (Xke ’iA’(:)ka)HO

(r)
+ Cs () H%Xke RO ka‘

0 )
where 1[)1,1[12 are cut-off functions with compact support in the coordinate

domain in which supp lies and ¢4 = 1 = 5 in suppt. Moreover, by
Theorem [£.7], we obtain for each N7 € N,

(r)
H¢Xk6 FA kWH

<03(w, T, o,m N)/-c2m N1+04(¢, ,—,m,N)k:m_Nl)‘e I
<Cs (@ motom, M) R e E N | (4.23)

where Cj5 (¢, 7,t,m, N) depends on v, 7,m, N and smoothly on ¢ but is in-
dependent of k.

Now, since ZweP Y? =1, for each n € Q" (M), n # 0, we deduce

o)) _[(ae i) _ [0

il 2y Wlean & Tz

(T)
[ s ™

= Il z2any

Using Garding’s inequality again, we obtain

—
< Cs (V) ka% (A;(:)>m><k6 ral H0+07 H1/14Xk6 k (T)WH

where 1[)3,1/;4 are cut-off functions with compact support in the coordinate
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domain in which supp lies and ¢35 = 1 = 44 in supp®. By Theorem E7]
we obtain for each Ny € N,

_t (r) m—
HTZ)Xk’e ]zAk 77“2777, < Cy (prTat’m’N) kz N2 ||77||L2(M) ’

Cs (¢, 1,t,m, N) depends on ¢, 7, m, N and smoothly on ¢ but is independent

of k. Hence, we conclude

EEYNR) 2m—N.
[ 5o a0 < O tm NY RPN S o] g
PeP
1
2
< Cua (rtom )R (3 ol )
PYeP
— C’10 (7_7 ta m, N) k2m—N2 ||w||—2m . (424)

where Cyq (7,t,m, N) depends on 7, m, N and smoothly on ¢ but is indepen-
dent of ¥, k.

Hence, by [@.22), (£23)), and #24)), we deduce for each Ni, Np € N,
—t A —Ni—
ke 585 xao]| = Cun (b, W) AN

where C11 (7,t,m, N) depends on 7,m, N and smoothly on ¢ but is indepen-
dent of v, k. Finally, take Ny, No large enough, we can conclude for each

N e N,
‘ t A7)

xre k% kaHm = Crz (7, t,m, N) E~N w]l g,
as desired. O
Now, we can start to prove Theorem [I.3]
Proof of Theorem 1.3l The argument of Theorem [[3] is very similar to
Theorem

Choose a pair (V,P, &) such that the sup-norm ||-||,o and the Sobolev

norms are defined.

For each large k£ > 0, let x € M\L{k. Put wy s = XI7175E1 and
We, g5 = Xw,M/EJ with Xz.7.5, Xy,s50 as in (3.9) and {EI}I C £ is a local
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orthonormal frame. By integration by part, we see that

_t A . . _t Al
]k 1.7 (t,x,m)‘ = lim lim (e kA% wz7J,5/|wx,1,5)‘.

(e
6—06"—0

Let x be the cut-off function as in (£19]). Fix a large m, and we obtain

_tA)
e kTk Wy, J,6"

_t A
YEP

YN
< wze;) HkaG AV kaz,J,&Hzm H’lbwm7175|’_2m .

Then in view of Lemma[3.7, we can deduce ||9w; 1 5]| 5, < C1(¢); moreover,

. BUNG G
by definition, Hd))(ke k% XkWe, 1,5 ) < HXke kA% kax7]’6,H2 . Hence,
m m

by Theorem 7], we conclude for each N € N,

‘(e_%A’(“T)wz,J,&‘Ww,I,&)‘ < C2HXke_£Al(“T)kax,J,5’ - < Cs(r,t,N) k™Y,
where C5(7,t,N) depends on 7, N and smoothly on ¢ but is independent
of x,k,8,0" (Dependence of m is again redundant). In addition, note that
the cut-off function yj is constructed so that xx = 1 in M \ U*, which
indicates 6_%A;€7.)[7J (t,z,x) shares the same upper bound for each x € M \
U*. Therefore, we obtain for each t € T, for each x € M \ U*, and for each
N e N,

()
%Ak I1,J (t,!L‘,ZB) < C14 (taN) k_Nv

e
where Cy (t, N) depends on N and smoothly on ¢ and is independent of x, k.

Finally, for each ¢ > 0 and for each N € N, we deduce

2

HG_%AI(J‘) (t,z,x) oo (M\uk)
=3 et g -

PpeP

- (L osw (X \we-iﬁiﬁﬂt,x,x)f)5>2 < G (1. N) RV,
YeP

supp »NM\U* 1.7

where Cj (t, N) depends on N and smoothly on ¢. This furnishes Theorem
L3l O
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5. Morse Inequalities

In this section, we give a new analytic proof of the Morse inequalities as
an application of our heat kernel results: Theorems [[T], [[.2] and [[.3]

First, we review the Morse inequalities:

Theorem 5.1 (The Morse Inequalities). Let M be a compact orientable

smooth manifold of dimension n and let f be a Morse function. Then

(a) for each 0 <r <n,

dim H}jp (M) < my; (5.1)
(b) for each 0 <1 <mn,
> (=1 dim Hp (M) <> (=1) 7 m (5.2)
=0 j=0

and the equality holds if r = n; namely,

S (=) dim Hp (M) = (-1)" T m;. (5.3)
=0

.

J=0

To prove Theorem 5.1 let us recall the local index theory. Let X be an
inner product space and let {E7}; be an orthonormal basis for X. Recall

that a trace of a linear transformation A : X — X is given by

trA=> (AE|Ey).
I

Then we can derive the following McKean-Singer type trace integral formula:
Lemma 5.2 (McKean-Singer Type Trace Integral Formula, cf. [14]). Let

M be a compact orientable Riemannian manifold of dimension n. Then for

each t > 0 and for each k > 0, we have
(a) for each r,

(r)
dimHQR(M)g/ tre” AN (z,z) dV;
M
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(b) for each r,

ST (1) dim HYp (M) <Y (<1)7 / tre #2% (z,2) v,
=0 =0 M

and the equality holds if r = n; namely,
S (—1)" dim Hip (M) =% (—1)”—1/ et (2,2) av.

j=0 7=0 M

Proof. We begin by noting that, from (2.3]),

dx
(r) *
tr e~ k2% (x,z) = E E e i tr o () ® ( f‘) (x)

AeSpecal” =1

dx
t
= > D e

reSpeca () =1

o} (x)

)

:

where d) = dim Ey) (M).
For each r, observe that

ZT = / tre_éAg) (;1;,1’) dV:dlmH,: (M)+ Z e_%AdImEg\f) (M)7
M xeSpeca\{o}

which follows from the fact that the order of integral and infinite sum can
interchange since the series representation (2.3]) converges uniformly on com-
pact subsets. Hence, we conclude

dim HI (M) < Z".

This proves (a).
To see (b), notice that

=N (- dimH (M) + Y (1) Y e dimEY)

NN (M)
=0 §=0 A eSpecal\ {0}
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=N (0 dimH (M) + Y e S (<1) 7 dim EY) (M),
J=0 AERT Jj=0

where we interpret E&J’ ,1 (M) = {0} if A is not an eigenvalue of A,gj ), Finally,

by Proposition and Proposition 2.1 we have established (b). O

Thanks to Lemma [5.2, proving Theorem [5.1] boils down to investigating
(r)
the trace integral of the heat kernel e kA (z,y), from which our main

results (Theorems [T} [L2] [L.3) come in handy.

5.1. Model kernels

To deal with the trace integral in question, it is important to know of the

YN ) .
heat kernel e A rp (x,y) with respect to Agf;

that we call the model kernel
in this paper. In this subsection, we give the explicit expression for the trace
of this model kernel by the Mehler’s formula (see Theorem [5.3). With that

(r)
—tAf

in mind, we will be able to see that the trace integral of e » (x,y) can be

considered as an indicator of critical points of index 7 (see Theorem [5.5]).

First, we review some facts about the usual harmonic operators. Let L

be the harmonic oscillator given by

d? 9
LZ_@"FI‘

on DomL := {f € L*(R) : Lf € L*(R)}. It is well-known that the eigen-
functions of L are given by for each N € NU {0},

where

and with respect to which the eigenvalue is 2N + 1.

Also, we have the following well-known Mehler’s formula:

Theorem 5.3 (Mehler’s formula). For each p € [0,1) and for z,y € R, we
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" 2242 1 4myp—(1+p2) (w2+y2)
B o 2(1—7) |
(5.4)

Similarly, put
+ d2 2
L~ = 92 +a°£1
on DomL* := {f € L*(R): L*f € L? (R)}. Note that the eigenfuctions
of both operators L* are again given by {®x} NeNU{o}» but the eigenvalue
corresponding to ® is 2N + 2 for L* while is 2N for L~. Thus, by the

Mehler’s formula (5.4) with p = e~2!, we obtain

e (ayy) = TN NG () Dy (y)

NeNU{o}

— e(—l:Fl)ti Z 6—2Nt 1 H ( H —#
T2 NeNu{0}

_ewe L (49596_% —(1+e) (@ + y2)> '
V1 —e 2 2(1—e)

(5.5)

To write down the heat kernel explicitly, recall that for each p € Crit (f)

and for each multi-index I,

(r) B "L 92 i 2 -
Aﬁp (gd:EI) B [_Z 8(:Ei)2 + (:E) +;5i5{] gdafla

i=1

where ¢;, e as indicated in (B]). For each strictly increasing multi-index I

with |I| = r, define Afc’p : DomAfﬁp — C* (R") by

Afyg ==Y L+ (") g+ Y =il
= 0(a") i=1

where DomAip = {g € L?(R"): Afc’pg €L? (}R”)} As we can see, Afc’pg
is given by taking the I-coefficient from AEZ:; (gda:I ) (Note that {d:L'I } ;s a
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global orthonormal frame for A" T*R"); namely,
Af 9= (d")" (AF) (gd:z:[))

for each g € DomAfc - Moreover, Affp is self-adjoint and non-negative, so

we can speak of its heat kernel e A0 (z,y) € C®° (RT x R™ x R™).

Set

and, we can write

App= D, Li+ Y LT+ Y L+ ZLT'(&G)

{ieri<Indyp}  {ieri>Indgp}  {igri<Ind;p} {igri>Ind;p}
From the previous presented facts, we can see
(I)Nl,...7Nn (:L’l, oo ,x”) = (I)Nl (:L’l) cee (I)Nn (.Tn)

constitute the set of orthonormal eigenfunctions for AL » with respect to
which the eigenvalue is

ANy ,... Nn
= Z 2N; + Z (2N; +2) + Z 2N; + Z (2N; +2).
{ieri<Ind;p} {ieri>Ind;p} {igri<Ind;p} {i¢r:i>Ind;p}
Hence, put x = (ml, . ,x”) Y = (yl, . ,y”) and the heat kernel e_mf‘yp
can be given by
RN _
eI ()= Y MMy n (1) Dy, ()
Ni,...,NneN
_ H e tLi (xz’yz) H ot (:L,z’yz)
{iEI:iSIndfp} {iEI:i>IIldfp}
% H o tLi (xi’yi) H o tLi (xi’yi) 7
{i¢r:i<Ind;p} {i¢r:i>Ind;p}
(5.7)

and each of the heat kernels e~*£i (2',y") can be written explicitly via (5.H).
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Proposition 5.4. For any two z,y € R"™, write

Al

e_tAS‘T) Z e fp[ J(z,y) (dZL‘I) () ® (d:z:‘])* (y).

Then

(r)
e r(y) = e B (2,y). (5.8)

Proof. Put Ay (t): C® (R") — C* (R") by

NG

(A9 @) = [ e Sors(@0)g ) do

To prove (5.8]), it suffices to show A; 1 (t)g € DomAfc’p and

%AI,I (t) g+ AfﬁpAI’I (t)g =0
tli%"i A1 (t) g = gllp2gny =0

for each g € C2° (R™).

Note that
|8y Ans O8]l = (@) (AT Ars ) "),
< HASI —tad] (gd:L" ) < 00
P L2(R™)

and

for each g € C2° (R™). Since {dz’} ; is an orthonormal frame, we see that

for each g € C° (R™),
| Z’/
L2(R") 2y JR"

2
_ (r) _ T
e A1 (gda") — gda / e Brgr(@,y)g(y)dy| da
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+ [

as t — 07, implying

2
der — 0

/ ) e e g (2,y) g (y)dy — g (2)

2
/ ¢ Bhor s (2,y) g (9) dy — g (2)] do 0

1411 09 = 9l e, = |

n

as t — 07. Finally, by using the fundamental theorem of Calculus, together
with Afc’pAL[ (t)g € L? (R™) as in the last part of proof of Theorem [T}, we
obtain A7 (t) = e " in Ce° (R™). Hence, we have furnished (5.8]). O

Proposition .4l shows that, under the global orthonormal frame {dmI } 7

TN

the diagonal entries of the model kernel e™"~/» (x,y) as an linear transfor-

mation from A" T;R"™ to A" T,R™ are nothing but e Al (z,y). That being

A L.
said, we see that the trace of e tBsp (z,y) is given by

e ) = e = Y as)

—tAL

and e "~/ (z,y) can be written as in (5.7)).

Theorem 5.5.

NG 1,ifr=1
lim tre e (z,x) dV, = { 0 » 7 =Indsp .

t—o0 Rn

5.10
, otherwise ( )

Proof. By (£.9), (5.1), and the Fubini theorem, the trace integral in question
is determined by the (trace) integrals of e thi (z,y):

. S . . .
lim [ et (mz,xz) dxz®.
t—o0 R

By (5.5), we can write

e—tL?E (xi’ xz) — o(—1F )t

11 4(af)* e =2 (1+e7") (a7)
N exp ( 2 (1_e— %) )

Since et — 0 as t — oo, ety (:E’,:E’) are both bounded by an integrable
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function. Also, we can see

}L‘?o e—tL;r (xzyxz) -0

and
lim et (mz,xz) =

t—o00

Thus, by the Lebesgue dominated convergence theorem, we obtain

. Tt . . .
lim [ et (:E’,:E’) dz' =0
t—00 R

and

lim [ et (:E’,:E’) dz* =1.
t—00 R

Now, to see (5.I0)), if r = Indsp, choose Iy = (1,...,7) and we obtain

n

I — . .
e_tAf?P (z,x) = He_tLi (mz,xz) ,

i=1
in which case, we deduce
_¢Alo
lim e B (z,x) do = 1.

t—o0 Rn

For each of the other strictly increasing indices I # Iy, there must exists
I
s € I such that s > r = Indsp, implying, from (5.7), e A (x,x) contains
the kernel e~tL¢ (2%, x%). This leads to
I

lim e A (2, ) dr = 0.
t—o0 Rn

(r)
Hence, we conclude lim;_,o [p, tr e B (x,z)dx =1if r = Indp.

If r # Indp, we discuss in the two cases for strictly increasing indices
I: I whose elements are lower or equal to Ind;p and the others. For each
strictly increasing index I whose elements are lower or equal to Indp, there
must exist s ¢ I such that s < Indgp. This implies e A% (z,x) con-
—tLE ~tAG, (z,z)dz = 0. For each

of the other strictly increasing indices I, I must contains at least one el-

tains e z°, %), resulting in limy o [po €

I
ement s such that s > Indgp. This implies again e A% (z,x) contains
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—tAL

477t
e ths ( to (x,z)dr = 0. Therefore, we con-

2%, 2°) and so limy oo [pn €
(r)

clude limy o0 [ tr e Brp (z,2)de = 0 if r # Indsp. Hence, we have fur-

nished Theorem O

We will see in a moment that Theorem plays a central role in tackling
(r)
the trace integral of e~ F2% (z,y).

5.2. Heat kernel proof

In this subsection, we give our heat kernel proof of the Morse inequal-
ities. The essence of our proof is that our main results (Theorems [[.T] 2]
(r) .
A7 (z,y) is ap-

proximately close to the sum of the trace integral of the model kernels, which

and [L.3) allow us to see as k — oo, the trace integral of ek

further converges to the Morse number m, by Theorem as t — oo. In
other words, we can deduce the following result regarding the trace integral

in question based upon our main results:
Theorem 5.6.

(r)
lim lim [ tre #2% (z,2) dV =m, (5.11)

t—oo k—oo Jpr

for each r.

Proof. Let D be the positive number given in Theorem For each p €
Crit (f), put D;f = cp;l (Bsz_% (O)> and DF = UpeCrit(f) D];. Moreover,
let U* be as given in Theorem [[3l Note that

t

-~
/ fr e~ FA (x,z)dV
M

(r) (r)
:/ tre k2% (m,x)dV—i—/ tre kO (x,z)dV
DFk Uk\Dk

—I—/ tre— Y (x,z)dV . (5.12)
M\UF
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By a change of variable, we see that
A= > - tr Afyy , (t, 2, 7) d.
peCrit(f) 2p(0)
By Theorem [I.1] we obtain

(r)
lim (A) / tre A » (z,z)dx.
k—00 pecrlt Bsp (0 (513)

Similarly, we obtain

(B) = Z / ]'Bk5 \BQD(O) tTA(k) (t X ZL')d

peCrit(5)

where 1p,. (0)\B,p(0) 15 the characteristic function of Bye (0) \ Bap (0). Now,
Theorem indicates that the integrand is bounded above by an integrable

function |z| ™" with large N; namely,
L5, (0)\Bap (0) tT Al p (£, 2, x)‘ < Lk

where C] is independent of D, x, k, for each x € R™ and for large k. Hence,

by Theorem [[.T] and Lebesgue dominated convergence theorem, we retrieve

. —t (r)
klin;O(B) = Z /R e s (z,z)dx. (5.14)

peCrit(f "\B2p(0)

To deal with (C), choose a pair (V, P, &) so that the C’-norm is defined
on the compact manifold M. Using the partition of unity, we can rewrite

(C) as the finite sum:

Al
Z Supp me\uk 'IZ) tre™ k k (;C ;C) dV
PYeP

By Theorem [I.3] choose a positive integer N € N and we see that

Ca (1)
EN

(r)
‘1suppme\uk Ptre ¥ (z,1)| < —0,as k — o0
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where Cy (t) depends on ¢ but is independent of k and ¢ € P, for each
x € M. Hence, by Lebesgue dominated convergence theorem, we conclude

lim (C') = 0. (5.15)

k—o0

Therefore, by (5.12)), (5.13)), (5:14), and (5.I5), we obtain

(r) YN
lim tr e~ AN (z, ) dV:/ tre "2 (2, 2) da.

k—00 M n

Finally, Theorem [5.5] gives

. . _tAl)
lim lim tre”*%% (z,2)dV = m,.
t—00 k—00 M

Hence, we have established Theorem O

Morse inequalities now follows from by Lemma and Theorem
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