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Abstract
Let (X, ω) be a Hermitian manifold and let (E, hE ), (F, hF ) be two Hermitian holomorphic line bundles over X. Suppose that the maximal rank of the Chern curvature c(E)
of E is r, and the kernel of c(E) is foliated. In this paper, local versions of DemaillyBouche’s holomorphic Morse inequalities are presented. The local version holds on any
Hermitian manifold regardless of compactness and completeness. The proof is a variation of Berman’s method to derive holomorphic Morse inequalities on compact complex
manifold with boundary.

1. Introduction
Let X be a compact complex manifold of complex dimension n. Let
(L, hL ) (resp. (E, hE )) be a hermitian holomorphic line (resp. vector) bundle over X, where the rank of E is r. Let ∇L be Chern connection of
L with respect to the hermitian metric hL , and c(L) =

√
−1
L 2
2π (∇ )

be the

Chern curvature. Denote by X(q) the open subset of X on which c(L) has
strictly q negative eigenvalues and n − q positive eigenvalues and X(≤ q) =

∪i≤q X(i). Let H q (X, Lk ⊗ E) be the cohomology group which is isomorphic

to H∂0,q (X, Lk ⊗ E) by the Dolbeault lemma [16].
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The celebrated holomorphic Morse inequalities read that as k → ∞, the

following estimates hold

Z
kn
dimC H (X, L ⊗ E) ≤ (−1) r
(c(L))n + o(kn ),
(1.1)
n! X(q)
n Z
X
q−j
j
k
q k
(c(L))n +o(kn ). (1.2)
(−1)
dimC H (X, L ⊗ E) ≤ (−1) r
n! X(≤q)
q

k

q

0≤j≤q

Where (1.1) and (1.2) are called weak and strong Holomorphic Morse inequalities respectively.
Holomorphic Morse inequalities were first introduced in [12] by Demailly
to improve Siu’s solution of the Grauert-Riemenschneider conjecture in [28]
which states that if X carries line bundle L with a smooth Hermitian metric
h, such that the associated Chern curvature iΘh is semi-positive and positive
at least at one point, then X is Moishezon, i.e. birational to a projective
variety. It is proved by Ji-Shiffman [21] that, a compact complex manifold
is Moishezon, if and only if it carries a holomorphic line bundle equppied
with a singular Hermitian metric such that the curvature current associated
to the singular metric is a Kähler current. A closed real (1, 1)-current T
is said to be a Kähler current, if there is a ε > 0, such that T ≥ εω in

the sense of current. It is worth to mention that, Demailly’s holomorphic
Morse inequalities give a criterion of a line bundle to be big only through

the positivity of a integration of the curvature form. Namely, (L, h) is big if
R
and only if X(≤1) (iΘh )n > 0. Holomorphic Morse inequalities are applied to

many situations to study important problems [3, 10, 11, 15, 25, 26, 30, 31, 32].

Recently, there are many generalizations of Demailly’s holomorphic Morse
inequalities [1, 2, 7, 8, 17, 18, 19, 20, 22, 23, 24, 27, 29] due to increasing interests in different research topics. One of the highlights is the recent work of
Hsiao-Li [18, 19]. They derived CR versions of holomorphic Morse inequalities, which are closely related to the embedding problem of CR manifold
with transversal CR S 1 -action. We refer to [18, 19] and references therein.
The original proof of Demailly was inspired by Witten’s analytic proof of
the classical Morse inequalities for the Betti numbers of a compact real manifold [33]. Subsequently Bismut [6], Bouche [9], Demailly [13], Ma-Marinescu
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[22] gave alternative proofs through asymptotic estimates of the heat kernel of the ∂-Laplacian which were quite delicate analytic arguments. Recently, Berndtsson [5], Berman [1] indicated the proof of these inequalities
in an elementary way based on the estimate for the Bergman kernel for the
space H q (X, Lk ⊗ E). In fact, Berman [1] proved a local version of holomorphic Morse inequalities regardless whether the manifold is compact or
non-compact, which could be used to study other problems in complex geometry, such as asymptotics of eigenvalues of super Toeplitz operator, sampling
sequences [3].
From Demailly’s holomorphic Morse inequalities, we know that if c(L)
is not everywhere degenerate, then there always exists q such that X(q) 6= ∅,
thus hq ∼ Ckn . But if c(L) is degenerate everywhere, the only thing we
know from Demailly’s holomorphic Morse inequalities is that hq ∼ o(kn ). It
is natural to ask: can we get a better estimate of the term o(kn )? It was
not until Bouche [8], who proved the following theorem, which can make us
understand the term o(kn ) in the degenerate case better.
Theorem 1.1 (c.f., [8]). Let (X, ω) be a compact connected Hermitian manifold of complex dimension n. Suppose (E, hE ), (F, hF ) are two hermitian
holomorphic line bundles over X, (G, hG ) be a hermitian holomorphic vector
bundle of rank g√ over X. Let ∇E , √
∇F be the Chern connections of E, and
−1
−1
F , and c(E) = 2π
(∇E )2 , c(F ) = 2π
(∇F )2 be the Chern curvature forms
of E and F respectively. Assume that the maximal rank of ic(E) is r and
the kernel of c(E) is foliated, i.e. there is a foliation Y of X, of codimension
r, such that the tangent space of the leaf at each point x ∈ X is contained in
the kernel of c(E)x . This is automatically satisfied if the rank of the kernel
of the form c(E) is constant since c(E) is a closed form. For any direct
sum decomposition of T X = T Y ⊕ N Y , we can define a real (1, 1)-form Θ
which equals to the direct sum of the form induced by c(E) on N Y and by
c(F ) on T Y . For q = 0, 1, . . . , n, we define X(q), the open set on which
Θ have exactly q negative eigenvalues and n − q positive eigenvalues, and
X(≤ q) = ∪i≤q X(i). Then by letting k → +∞, l → +∞, and kl → +∞, we
have the following inequalities
dimC H q (X, E k ⊗ F l ⊗ G)
Z
r ln−r
q k
≤ (−1) g
(c(E))r ∧ (c(F ))n−r + o(kr ln−r ),
r! (n − r)! X(q)

(1.3)
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(−1)q−j dimC H j (X, E k ⊗ F l ⊗ G)

kr ln−r
≤ (−1) g
r! (n − r)!
q

Z

X(≤q)

(c(E))r ∧ (c(F ))n−r + o(kr ln−r ).

(1.4)

It is pointed out by Bouche [8] that, from the above Theorem, one can
get that if E satisfies the same condition as in the above theorem, then when
k tends to +∞, we have dimC H q (X, E k ⊗ G) ≤ Ck r . This makes the term

o(kn ) more like “it should be”.

The original proof in [8] of Theorem 1.1 was along the way of Demailly
[12], but with more delicate estimates. It is natural to ask if we can get a
local version of Demailly-Bouche’s holomorphic Morse inequalities and then
we can find more applications, e.g., in asymptotics of super Toeplitz operator
and sampling sequences [3]. This is the main motivation of this paper.
Let (X, ω) be a compact complex manifold with complex dimension n,
(E, hE ) and (F, hF ) be holomorphic hermitian line bundles over X. By
Hodge theory, H∂0,q (X, E k ⊗ F l ), the (0, q)-th Dolbeault cohomology group
is of finite dimension and isomorphic to the space of harmonic forms with
values in E k ⊗F l which was denoted by H0,q (X, E k ⊗F l ). There is a canonical

L2 metric of this space induced from the hermitian metric of E, F and of
the hermitian metric of the manifold X. So we can choose an orthonormal
basis {Ψ1 , . . . , ΨN } of H0,q (X, E k ⊗ F l ), then define the so-called Bergman

kernel function and the extremal function :
N
X

|Ψi (x)|2 .

q,k,l
(x) = sup
SX

|α(x)|2
.
kαk2X

q,k,l
BX
(x) =

i=1

q,k,l
There is also a component version of SX
(x). For a given orthonormal
k
l
frame eIx in ∧0,q
x (X, E ⊗ F ), set
q,k,l
SX,I
(x) = sup

|αI (x)|2
.
kαk2X
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It is proved in [1] that the above kernels satisfy the following inequality
q,k,l
q,k,l
SX
(x) ≤ BX
(x) ≤

X

q,k,l
SX,I
(x).

(1.5)

I

Now, we are on the way to introduce the main results in this paper.
Firstly, by adapting Berman’s localization technique to our situation, we get
the following local version of Demailly-Bouche’s weak holomorphic Morse
inequalities.
Theorem 1.2. Given a Hermitian manifold (X, ω), let E, F be two holomorphic line bundles satisfying the assumption in Theorem 1.1. We can
define metrics ωk,l and ω0 (see Section 2) on X. Then the Bergman kerq,k,l
q,k,l
nel function BX
and the extremal function SX
of the space of the global
k
l
∂-harmonic (0, q)-forms with values in E ⊗ F , satisfy
q,k,l
q
(x) ≤ Bx,C
lim sup BX
n (0),

k,l, kl →∞

q,k,l
q
lim sup SX
(x) ≤ Sx,C
n (0),

k,l, kl →∞

where
q
q
Bx,C
n (0) = Sx,Cn (0) = 1X(q) (x) detω0 (Θ)x ,

and

lim

k,l, kl →∞

q,k,l
BX
(x) =

lim

k,l, kl →∞

q,k,l
SX
(x) if one of the limits exists.

Furthermore, when X is compact, we show that the above local
Demailly-Bouche’s weak holomorphic Morse inequalities can be extended to
q,k,l
the Bergman kernel function of the
an asymptotic equality. Denote by B≤µ
k,l

space spanned by all the eigenforms of the ∂-Laplacian, whose eigenvalues
are bounded by µk,l .

Theorem 1.3. Under the same assumption as in Theorem 1.2, one has that
lim

k,l, kl →∞

q,k,l
(x) = 1X(q) (x) detω0 (Θ)x .
B≤µ
k,l

for some sequence µk,l tending to zero.
It is worth to mention that in [4], Berndtsson pointed out that the precise
relation of Bouche’s results (Theorem 1.1) and his eigenvalue estimate are
for the moment not clear. Here Berndtsson’s eigenvalue estimate is stated
as follows.
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Assume L is given a hermitian metric of semipositive curvature. Take
q ≥ 1, then if 0 ≤ λ ≤ k, we have
k
q n−q
hn,q
.
≤λ (X, L ⊗ E) ≤ C(1 + λ) k

If 1 ≤ k ≤ λ, we have
k
n
hn,q
≤λ (X, L ⊗ E) ≤ Cλ ,

where h≤λ (X, Lk ⊗ E) is the dimension of the linear span of the eigenforms
of the ∂-Laplacian, whose eigenvalue is less than or equal to λ.
Now let L be a semipositive holomorphic line bundle, and the maximal rank of the Chern curvature form c(L) is r such that r 6= 0, then the
question is that: Can we improve the estimate in the above Berndtsson’s
result? Observed that the key ingredient in the proof of Berndtsson’s esimate [4] is a localization technique, which is used by Berman [1] to deduce
the local holomorphic Morse inequalities. For this consideration, the local
version of Demailly-Bouche’s holomorphic Morse inequalities is a good start
to investigate this question.
The structure of this paper is as follows. In Section 2, we introduce the
Bergman kernel functions and the extremal functions and give an inequality
which relates these two functions. In Section 3, we give the philosophy of
localization including some basics of elliptic operator and the model extremal
functions and Bergman kernel functions. In Section 4, we give a proof of
the weak version of the Demailly-Bouche’s holomorphic Morse inequalities.
In Section 5, we give a proof of the strong version of the Demailly-Bouche’s
holomorphic Morse inequalities. We also raise a question on generalizing
Demailly-Bouche’s holomorphic Morse inequalities to CR setting.
2. Localization Procedure
Throughout this paper, we assume that the condition in Theorem 1.1
holds unless otherwise is specified.
Let ω0 be a hermitian metric of X, at each point x ∈ X, the orthogonal
space of Tx Y with respect to ω0 defines a vector bundle of complex rank
n − r which was denoted by N Y . Choose η (resp. ζ) a hermitian metric on
N Y (resp. T Y ). Without loss of generality, we let ω0 = η + ζ. Define a
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hermitian metric ωk,l = kη + lζ on X. The volume form on X with respect
to the Hermitian metric ωk,l is
n
ωk,l

n!

=

n  
X
i
i=0

n

(kη)i ∧ (lζ)n−i

 
r
=
(kη)r ∧ (lζ)n−r
n
kr ln−r r
=
η ∧ ζ n−r
r!(n − r)!
kr ln−r n
ω0 .
=
n!
Note that the fibers N Y and T Y are orthogonal with respect to the metric
ωk,l . Around each point x ∈ X, we can find a local complex coordinate
{z1 , . . . , zn }, such that Y = {z1 = · · · = zr = 0} and
r
X
√
hi,j (z)dzi ∧ dzj , hi,j (0) = δi,j ,
η(z) = −1

ζ(z) =

√
−1

i,j=1
n
X

i,j=r+1

hi,j (z)dzi ∧ dzj , hi,j (0) = δi,j .

By choosing suitable local frame of E and F , up to orthonormal transformation to (z1 , . . . , zr ) and (zr+1 , . . . , zn ) respectively, we have
φ(z) =
ψ(z) =

r
X

λi,x |zi |2 +

i=1
n
X

i=r+1

X

(λij,x zi z j + λij,x zi zj ) + O(|z|3 ),

1≤j≤n,r+1≤i≤n

νi,x |zi |2 +

X

(νij,x zi z j + νij,x zi zj ) + O(|z|3 ).

1≤j≤n,0≤i≤r

By our assumption, the tangent space of Y at any point x ∈ X is
contained in the kernel c(E), we have that λi,j = 0 for 1 ≤ j ≤ n, r + 1 ≤
i ≤ n. It is easy to see that
√

r

−1 X
λx,i dzi ∧ dzi + O(|z|)
c(E) =
2π
i=1
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√

n
−1 X
νx,i dzi ∧ dzi + mixed terms + O(|z|).
2π
i=r+1

Set
Θ(z) = c(E)|N Y + c(F )|T Y
√
√
r
n
−1 X
−1 X
=
λx,i dzi ∧ dz i +
νx,i dzi ∧ dz i + O(|z|),
2π
2π
i=1

γ0 (z) =

r
X
i=1

i=r+1

λx,i |zi |2 +

n
X

i=r+1

νx,i |zi |2 .

Set rk,l = log min{ kl , l}. Then for any sequence of k, l ∈ N such that
k → +∞, l → +∞ and kl → +∞, one has rk,l → +∞.
Let z ′ = (z1 , . . . , zr ) and z ′′ = (zr+1 , . . . , zn ), then z = (z ′ , z ′′ ). Let
√
√
Brk,l := {z||z ′ | < rk,l / k, |z ′′ | < rk,l / l} be identified with a small open
subset in the coordinate chart of x.
Define a scaling mapping f (k,l) from B|z ′ |<rk,l ,|z ′′ |<rk,l to Brkl by
z ′ z ′′
f (k,l)(z) := f ( √ , √ ).
k
l
For any given object α defined on the manifold X, denote by α(k,l) the
scaling of α restricted to Brk,l , i.e.
α(k,l) = (f (k,l) )∗ (α).
By direct computation, we have
(kφ)(k,l) (z) =

r
X
i=1

(k,l)

(lψ)

(z) =

λx,i |zi |2 + kO1 (k, l)(|z|3 ),
X

1≤j≤n,0≤i≤r

r

n
X
l
Re(νij,x zi z j ) +
νx,i |zi |2 + lO2 (k, l)(|z|3 ),
k
i=r+1

where Re(νij,x zi z j ) is the real part of νij,x zi z j .
For later use, we analyse the two terms O1 (k, l) and O2 (k, l) a little bit
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more. Since c(E) contains T Y as its kernel, by computing ∂∂φ, we know
that the term O(|z|3 ) in the expansion of φ should contain at least two
1
. In
coordinate functions from {zi }1≤i≤r . This implies that O1 (k, l) ≤ k√
l
general O2 (k, l) ≤
that

√1 .
( l)3

From the choice of rk,l , easy computations show

sup
|z ′ |<rk,l ,|z ′′ |<rk,l

when k, l → +∞ and

k
l

∂ α ((kφ)(k,l) + (lψ)(k,l) − γ0 )(z) → 0,

→ +∞.

Moreover, B|z ′ |<rk,l ,|z ′′ |<rk,l exhausts Cn , when k, l → +∞.

We also have the following fact
∗
|αk,l |2 = |α(k,l) |2
fk,l

(2.1)

where the first norm is taken with respect to the metric ωk,l and the fiber
metric kφ and lψ, and the second norm is taken with respect to the scaled
(k,l)
metric ωk,l and the scaled fiber metric (kφ)(k,l) and (lψ)(k,l) .
ωk,l

Denote by ∆k,l the ∂-Laplacian is defined with respect to the metric
(k,l)
and the fiber metric kφ and lψ, by ∆∂ the ∂-Laplacian defined with
(k,l)

respect to the scaled metric ωk,l
(lψ)(k,l) .

and the scaled fiber metric (kφ)(k,l) and

As stated in [2, Lemma 5.2], the Laplacian is naturally defined with
respect to any given metric, it is invariant under pull-back, we thus have the
following identity
(k,l) (k,l)

∆∂

α

= (∆k,l α)(k,l) .

Moreover, similar to [2, (5.3)], one can obtain that
(k,l)

∆∂

= ∆∂,γ0 + ǫk,l Dk,l ,

(2.2)

where ∆∂,γ0 is the ∂-Laplacian defined with respect to the Euclidean metric
on Cn and the metric e−γ0 of the trivial line bundle over Cn , and Dk,l is a
second order partial differential operator with bounded variable coefficients
on the scaled ball B|z ′ |<rk,l ,|z ′′ |<rk,l and ǫk,l is a sequence tending to zero with
k, l, kl tending to +∞.

348

ZHIWEI WANG

[December

Observed that for any form α with values in E k ⊗ F l , one can get that
kαk2Br

k,l

∼ kα(k,l) k2γ0 ,|z ′ |<rk,l ,|z ′′ |<rk,l .

(2.3)

From standard techniques for elliptic operators, and similar to [1, Lemma
3.1], the following lemma holds.
Lemma 2.4 (c.f., [1, Lemma 3.1]). For each k, l, suppose that β (k,l) is a
(k,l)
smooth form on B|z ′ |<rk,l ,|z ′′ |<rk,l such that ∆∂ β (k,l) = 0. Identify β (k,l)
with a form in L2γ0 (Cn ) by extending with zero. Then there is a constant C
independent of k, l such that
sup |β (k,l) (z)|2γ0 ≤ Ckβ (k,l) k2γ0 ,B2 .

z∈B1

Moreover, if the sequence of norms kα(k,l) k2γ0 ,C n is bounded, then there is a
subsequence of β (k,l) which converges uniformly with all derivatives on any
ball in Cn to a smooth form β, where β is in L2γ0 (Cn ).
Consider a model case, i.e., a trivial line bundle over Cn equipped with
Hermitian metric γ0 . Simple computations from calculus imply that
q
q
Bx,C
n (0) = Sx,Cn (0) = 1X(q) (x) detω0 (Θ)x .

(2.4)

Moreover, suppose that the first q eigenvalues of the quadratic form γ0 are
negative and the rest are positive (which corresponds to the case when x is
in the open subset X(q)). Then
q
SI,x,C
n (0) = 0,

(2.5)

unless I = (1, 2, . . . , q). For the detailed proof, we refer to [1, Proposition
4.3].
3. Local Version of Demailly-Bouche’s Weak Holomorphic Morse
Inequalities
In this section, we are going to prove the following local version of
Demailly-Bouche’s weak holomorphic Morse inequalities.

2017] LOCAL DEMAILLY-BOUCHE’S HOLOMORPHIC MORSE INEQUALITIES 349

Theorem 3.1 (=Theorem 1.2). Let (X, ωk,l ) be a hermitian manifold. Let
E, F satisfy the assumption in Theorem 1.1. Then the Bergman kernel
q,k,l
q,k,l
function BX
and the extremal function SX
of the space of the global
k
l
∂-harmonic (0, q)-forms with values in E ⊗ F , satisfy
q,k,l
q
(x) ≤ Bx,C
lim sup BX
n (0),

q,k,l
q
lim sup SX
(x) ≤ Sx,C
n (0),

k,l, kl →∞

k,l, kl →∞

where
q
q
Bx,C
n (0) = Sx,Cn (0) = 1X(q) (x) detω0 (Θ)x ,

and

lim

k,l, kl →∞

q,k,l
BX
(x) =

lim

k,l, kl →∞

q,k,l
SX
(x) if one of the limits exists.

Proof. Firstly, we will prove that
q,k,l
q
(x) ≤ Sx,C
lim sup SX
n (0).

k,l, kl →∞

By definition, there is a sequenence αk,l ∈ H 0,q (X, E k ⊗ F l ), such that
kαk,l k = 1,

lim sup
k,l, kl →∞

q,k,l
SX
(x)

= lim sup |αk,l (x)|2 .
k,l, kl →∞

Now consider the sequence β (k,l) , which equals to α(k,l) on
B|z ′ |<rk,l ,|z ′′ |<rk,l and identifies with a form in L2γ0 (Cn ), by extending with
zero.
Note that
lim sup kβ (k,l) k2γ0 = lim sup kα(k,l) k2γ0 ,B|z′ |<r

k,l, kl →∞

k,l, kl →∞

∼ lim sup kα(k,l) k2Br
k,l, kl →∞

′′
k,l ,|z |<rk,l

k,l

≤ lim sup kαk,l k2X = 1,
k,l, kl →∞

where the second estimate follows from (2.3).
From Lemma 2.4, there is a subsequence β (kj ,lj ) that converges uniformly
with all derivatives to β on any ball in Cn , where β is smooth and kβk2γ0 ,Cn ≤
1. Hence we have ∆∂,γ0 β = 0, which follows from (2.2), implying that
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|β(0)|2
q
≤ Sx,C
n (0),
kβk2γ0 ,Cn

where the first equality follows from (2.1).
Moreover, from
q
q
Bx,C
n (0) = Sx,Cn (0) = 1X(q) (x) detω0 (Θ)x ,

and Lemma 1.5, we can see that

lim

k,l, kl →∞

q,k,l
BX
(x) = 0 outside X(q).

Next if x ∈ X(q), we may assume λ1 , . . . , λq are the negative eigenvalues.

By (2.5), we have β I = 0, if I 6= (1, . . . , q). We obtain that if I 6= (1, . . . , q),
lim

kj ,lj →∞

q,kj ,lj

SI

(0) =

lim

kj ,lj →∞

|αIkj ,lj (0)|2 = |β I (0)|2 = 0.

This proves
lim

k,l, kl →∞

SIq,k,l (0) = 0

if I 6= (1, . . . , q).
Finally, from Lemma 1.5, we deduce that
lim

k,l, kl →∞

q,k,l
q
q
BX
(x) ≤ 0 + · · · + 0 + Sx,C
n (0) = Bx,Cn (0).

The proof of this theorem is thus completed.



4. The Weak Version of Demailly-Bouche’s Holomorphic Morse
Inequalities
In this section, by using local version of Demailly-Bouche’s weak holomorphic Morse inequalities, we give a simple proof of Demailly-Bouche’s
weak holomorphic Morse inequalities.
Theorem 4.1 (c.f., [8]). Suppose X is compact. E, F are two holomorphic
line bundles which satisfy the assumption in Theorem 1.1, then for any q =
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0, 1, . . . , n, when k, l, kl tend to infinity, we have
dimC H q (X, E k ⊗ F l )
r 
n−r

Z
i
i
kr ln−r
q
+ o(kr ln−r ).
(−1)
c(E) ∧
c(F )
≤
r! (n − r)! X(q)
2π
2π
q,k,l
Proof. We first show that the sequence SX
(x) is dominated by a constant

if X is compact.
Since X is compact, it is sufficient to prove this for a sufficiently small
neighborhood of a fixed point x0 .
For a given form αk,l ∈ H0,q (X, E k ⊗ F l ), we consider its restriction to

a polydisk B √1

k

, √1

l

centered at x0 .

Using Gårding’s inequality, we see that there is a constant C(x0 ) depending continuously on x0 , such that
|αk,l (x0 )|2 ∼ |α(k,l) (0)|γ0 ≤ C(x0 )kα(k,l) k2γ0 ,B1,1
for k, l larger than k0 (x0 ) and l0 (x0 ).
Moreover, we may assume that the same k0 (x0 ) and l0 (x0 ) work for all
x sufficiently near x0 .
By using (2.3), we have that
|αk,l (x0 )|2 ≤ 2C(x0 )kαk,l k2X
for k and l larger than k1 (x0 ) and l1 (x0 ) and the same k1 , l1 work for all x
q,k,l
sufficiently near x0 . This proves that SX
(x) is dominated by a constant if

X is compact.
By (1.5) and the fact that X has finite volume, we see that the sequence
q,k,l
BX
(x)

is dominated by a L1 function.

Finally, we have that
lim sup dimC H
k,l, kl →∞

0,q

k

l

(X, E ⊗ F ) = lim sup

Z

k,l, kl →∞ X

q,k,l
BX

(ωk,l )n
n!
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and then, Fatou’s lemma shows that
Z
Z
n
(ωk,l )n
q,k,l (ωk,l )
lim sup BX
1X(q) (x) detω0 (Θ)x
≤
n!
n!
X k,l, k →∞
X
l
r 
n−r

Z
i
i
kr ln−r
.
(−1)q
c(E) ∧
c(F )
=
r!(n − r)! X(q)
2π
2π

5. The Strong Version of Demailly-Bouche’s Holomorphic Morse
Inequalities
q
(X, E k ⊗ F l ) denote the space of the linear span of the eigenLet H≤µ
k,l

q,k,l
forms of ∆∂ whose eigenvalues are bounded by µk,l and B≤µ
the Bergman
k,l
q
k
l
kernel function of the space H≤µk,l (X, E ⊗F ). In this section, we will prove
the following asymptotic equality

lim

k,l, kl →∞

q,k,l
(x) = 1X(q) (x) detω0 (Θ)x
B≤µ
k,l

where µk,l is a properly chosen sequence.
Theorem 5.1. Assume that µk,l → 0, then the following estimate holds:
q,k,l
(x) ≤ 1X(q) (x) detω0 (Θ)x .
lim sup B≤µ
k,l

k,l, kl →∞

Proof. The proof is a simple modification of the previous proof of the local
Demailly-Bouche’s weak holomorphic morse inequalities and the subsequent
modifications will be presented.
q
(X, E k ⊗ F l ) and we have to prove
The difference is that αk,l ∈ H≤µ
k,l
(k,l) m (k,l)
) (α
)

that all terms of the form (∆∂
limit.

(k,l) m (k,l)
) β

= (∆∂

vanish in the

For any ball B,
(k,l) m (k,l) 2
) β
kγ0 ,B

k(∆∂

(k,l) m (k,l) 2
) α
kγ0 ,B|z′ |<r

≤ k(∆∂

′′
k,l ,|z |<rk,l

≤ k∆∂m αk,l k2X

and the last term is just a sequence tending to zero because
µm
k,l → 0.
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q
(X, E k ⊗ F l ),
Since by assumption, αk,l is of unit norm and in H≤µ
k,l
and µk,l → 0, Gårding’s inequality as in Lemma 2.4 gives that
(k,l) m (k,l) 2
) β
kγ0 ,B )

kβ (k,l) k2γ0 ,B,2m ∼ C(kβ (k,l) k2γ0 ,B + k(∆∂

′
≤ (C + µ2m
k,l ) ≤ C

which shows that the conclusion of Lemma 2.4 is still valid. Finally, ∆∂,γ0 β =
0 as before and the rest of the argument goes through word by word.

The next lemma provides the sequence that takes the right value at a
given point x ∈ X(q), with “small” Laplacian, that was referred to at the
beginning of the section.
Lemma 5.2. Let cΘ (x) = 1X(q) (x) detω0 (Θ)x . For any point x0 ∈ X(q)
there is a sequence αk,l such that αk,l is in Ωq (X, E k ⊗ F l ) with
(i) |αk,l (x0 )|2 = cΘ (x0 )

(ii) lim kαk,l k2 = 1

(iii) k(∆k,l )m αk,l k → 0.
Moreover, there is a sequence δk,l independent of x0 and tending to zero,
such that
(iv) h∆k,l αk,l , αk,l iX ≤ δk,l .
Proof. We may assume that the first q eigenvalues λx0 ,i are negative, while
the remaining eigenvalues are positive.
Define the following form in Cn :
β(w) = (

|λ1 | · · · |λn | 1 Pq λi |wi |2
) 2 e i=1
dw1 ∧ · · · ∧ dwq
πn
Pn

n| −
i=1 |λi ||wi | and kβk2
so that |β|2γ0 = |λ1 |···|λ
e
γ0 ,Cn = 1. Observe that β is
πn
2,m
in Lγ0 , the Sobolev space with m derivatives is in L2γ0 , for all m.
2

Now define αk,l on X by
√
√
√
√
αk,l (z) := χk,l ( kz ′ , lz ′′ )β( kz ′ , lz ′′ )
′

′′

k

l

w w
, √ ) and χ is a smooth function supported on the unit
where χk,l = χ( √

ball, which equals one on the ball of radius 12 .
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It is a direct computation that |αk,l (x0 )|2 = cΘ (x0 ), which implies (i).
To see (ii), note that
kαk,l k2X = kχk,l βk2γ0 ,Cn = kβk2γ0 , 1 r

,1r
2 k,l 2 k,l

and the ’tail’ kχk,l βk2γ

1
1
0 ,≥ 2 rk,l ,≥ 2 rk,l

+ kχk,l βk2γ0 ,≥ 1 r

,≥ 21 rk,l
2 k,l

(5.1)

tends to zero, since β is in L2γ0 ,C n and

rk,l tends to infinity.

Now we show (iii). Changing variables and using (2.2) gives
(k,l) m

k(∆k,l )m αk,l k2X ∼ k(∆∂

) χk,l βk2γ0 ,rk,l ,rk,l

(k,l) m−1

= k(∆∂

)

(∆∂,γ0 + ǫk,l Dk,l )χk,l βk2γ0 ,rk,l ,rk,l

where Dk,l is a second order partial differential operator, whose coefficients
have derivatives that are uniformly bounded in k.
To see that this tends to zero first observe that
(k,l) m−1

k(∆∂

)

∆∂,γ0 χk,l βk2γ0 ,rk,l ,rk,l

(5.2)

tends to zero. Indeed β has been chosen so that ∆∂,γ0 β = 0. Moreover ∆∂,γ0
is the square of the first order operator ∂ + ∂
and obeys a Lebniz like rule, showing that

∗,γ0

which also annihilates β

∆∂,γ0 χk,l β = γk,l β
where γk,l is a function, uniformly bounded in k, l and supported outside the
ball B 1 rk,l , 1 rk,l (γk,l contains second derivatives of χk,l ).
2

2

Now using (2.2) again we see that (5.2) is bounded by the norm of
γk,l p(w, w)β, where p is a polynomial, and thus tends to zero estimated by
the ’tail’ of a convergence integral, as in (5.1)-the polynomial does not affect
the convergence.
To finish the proof of (iii), it is now enough to show that
(k,l) m−1

k(∆∂

)

Dk,l (χk,l β)k2γ0 ,rk,l ,rk,l

is uniformly bounded. As above one sees that the integrand is bounded by
the norm of q(w, w)β, for some polynomial q, which is finite as above.
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To prove (iv), observe that as above,
∗

h∆k,l αk,l , αk,l i = k(∂ + ∂ )αk,l k2X ∼ k(∂ + ∂

∗,(k,l)

)(χk,l β)k2rk,l ,rk,l .

Hence, by Leibniz’s rule
h∆k,l αk,l , αk,l i ∼ kχk,l (∂ + ∂

∗,(k,l)

)βk2rk,l ,rk,l +

C
2
2 kβkC n .
rk,l
∗

Clearly, there is an expansion for the first order operator (∂ + ∂ )(k,l) as in
(2.2), giving
h∆k,l αk,l , αk,l i ∼ εk,l (kβk2 +

2n
X
i=1

k∂i βk2 ) +

C
2
2 kβk .
rk,l

Note that even if kβk2 is independent of the eigenvalues λi,x0 , the norms
k∂i βk2 do depend on the eigenvalues, and hence on the point x0 . But the
dependence amounts to a factor of eigenvalues and since X is compact, we
deduce that k∂i βk2 is bounded by a constant independent of the point x0 .
This shows that h∆k,l αk,l , αk,l i ≤ δk,l . Note that εk,l can also be independent
of the point x0 , by a similar argument. This completes the proof of (iv). 
Theorem 5.3. Assume that the sequence µk,l is such that µk,l 6= 0 and
δk,l
µk,l → 0, where δk,l is the sequence appearing in Lemma 5.2. Then for any
point x ∈ X(q), the following holds
q,k,l
(x) ≥ 1X(q) (x) detω0 (Θ)x .
lim inf B≤µ
k,l

k,l, kl →∞

Proof. Let {αk,l } be the sequence that Lemma 5.2 provides and decompose
q
(X,
it with respect to the orthongonal decomposition Ω0,q (X, Lk ) = H≤µ
k,l

q
(X, E k ⊗ F l ) induced by the spectral decomposition of the
E k ⊗ F l ) ⊕ H>µ
k,l
elliptic operator ∆∂ :

αk,l = α1,k,l + α2,k,l .
Firstly, we prove that
lim

k,l, kl →∞

(k,l)

|α2

(0)|2 = 0.

(5.3)
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As in the proof of Lemma 2.4, we have that
(k,l)

|α2

(k,l) 2
kB1

(0)|2 ≤ C(x)(kα2

(k,l) m (k,l) 2
) α2 kB1 ).

+ k(∆∂

To see that the first term tends to zero, observe that by the spectral
decomposition of ∆k,l :
(k,l) 2
kX

kα2

≤

δk,l
1
h∆k,l α2,k,l , α2,k,l i ≤
.
µk,l
µk,l

Furthermore, the second term also tends to zero:
(k,l) m (k,l) 2
) α2 kB1

k(∆∂

≤ k(∆∂,γ0 )m α2,k,l k2X → 0

by (iii) in Lemma 5.2. Finally,
q,k,l
≥
S≤µ
k,l

|α1,k,l (0)|2
kα1,k,l k2X

≥ |α1,k,l (0)|2

= |αk,l (0) − α2,k,l (0)|2 .
By (5.3), we can see that this tends to the limit of |αk,l (0)|2 , which
proves the theorem according to (1.5) and (i) in Lemma 5.2.

Now we can prove the following asymptotic equality:
Theorem 5.4 (=Theorem 1.3). Let (X, ω) be a compact hermitian manifold.
Then
lim

k,l, kl →∞

q,k,l
(x) = 1X(q) (x) detω0 (Θ)x
B≤µ
k,l

for some sequence µk,l tending to zero.
p
Proof. Let µk,l =
δk,l . The theorem then follows immediately from
Theorem 5.1 and Theorem 5.3 if x ∈ X(q). If x is outside of X(q), then the
q,k,l
upper bound given by Theorem 5.1 shows that lim B≤µ
(x) = 0, which
k,l
finishes the proof of the theorem.

k,l, kl →∞
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Proof of Strong Demailly-Bouche’s holomorphic Morse inequalities
By combination of the following lemma, we obtain the strong version
(1.4) in Theorem 1.1.
Lemma 5.5 (c.f., [13]). Denote by hq the complex dimension of H q (X, E k ⊗
q
(X, E k ⊗ F l ) respectively,
F l ) and by hq≤µk,l the complex dimension of H≤µ
k,l
then the following holds:
X

0≤j≤q

(−1)q−j hj ≤

X

0≤j≤q

(−1)q−j hj≤µk,l .

Theorem 5.6. In fact, all the above inequalities we proved is for the case
of E k ⊗ F l but they generalize to the case of E k ⊗ F l ⊗ G directly, where
G is a holomorphic vector bundle with rank g ≥ 2. Since the estimates for
q,k,l
q,k,l
the extremal functions SX
are the same, while the estimates for BX
are
modified by a factor g in the right hand side.
Remark 5.7. Let E be a holomorphic line bundle, the kernel of the curvature of E is a tangent space of a foliation of codimension r. Let G be a
holomorphic vector bundle on X. Then it is proved (c.f., [8, Corollary 0.2])
that there exists a constant C such that for q = 0, 1, · · · , n, and k → ∞,
dim H q (X, E k ⊗ G) ≤ Ck r .
Example 5.8. Let M be a compact complex manifold. E → M be the
trivial holomorphic vector bundle Cr × M with r ≥ 2. Equipped E with
the trivial hermitian metric, which can induce a hermitian metric h on the
holomorphic line bundle OE (1), which have positive curvature along the fiber
and vanishes along the horizontal direction, i.e. the curvature c(E) of E has
rank r and M is a foliation of the kernel of c(E). Then from the above
Remark, we can get that dimC H q (P (E ∗ ), OE (k)) ≤ Ck r−1 .
Remark 5.9. Thanks to our local version of Demailly-Bouche’s holomorphic Morse inequalities, combined with the technique developed in [3], it is
possible to extend the corresponding result in [3] of asymptotics of super
Toeplitz operator and sampling sequences to the case of E k ⊗ F l , where
E and F are holomorphic line bundles satisfying the assumptions in Theorem 1.1. Since our main purpose of this paper is to develop local version
of Demailly-Bouche’s holomorphic Morse inequalities, we do not investigate
such applications in this paper.
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Remark 5.10. In [20], Hsiao-Li proved Morse type inequalities on CR manifolds with transversal CR S 1 -action. The main strategy of their work is to
adapt localization procedure in the case of complex manifolds to the case of
CR manifolds with transversal CR S 1 -action. In view of this, it is natural
to ask the following:
Question 5.11. Let X be a compact connected CR manifold with transversal CR S 1 -action, let L be the Levi form associated to X. Suppose that L
is everywhere degenerate and the maximal rank of L is r and the kernel of
L is foliated, i.e., there is a foliation Y of X of CR codimension r, such
that the tangent space of the leaf at each point x ∈ X is contained in the
kernel of L. Let L be a rigid Hermitian CR line bundle over X. Then
can we get a better estimate of the dimension of the Fourier components
q
Hb,k
(X, Ll ) of the Kohn-Rossi cohomology (as in Theorem 1.1) compared
with Hsiao-Li’s Morse type inequalities for rigid Hermitian CR line bundles,
where k, l, kl → +∞?
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droites est dégénérée, Ann. Scuola Norm. Sup. Pisa. (IV) XVIII, (fasc. 4), (1991),
501-523.
9. T. Bouche, Asymptotic results for Hermitian line bundles over complex manifolds: the
heat kernel approach. Higher dimensional complex varieties (Trento, 1994), 67-81, de
Gruyter, Berlin, 1996.
10. S. Boucksom, On the volume of a line bundle, Internat. J. Math., 13 (2002), no. 10,
1043-1063.
11. J. Cao, Numerical dimension and a Kawamata-Viehweg-Nadel type vanishing theorem
on compact Kähler manifolds, Compos. Math., 150 (2014), 1869-1902.
12. J.-P. Demailly, Champs magenetiques et inegalite de Morse pour la d”-cohomologie,
Ann. Inst. Fourier, 355 (1985), 185-229.
13. J. -P. Demailly, Holomorphic Morse inequalities, Several complex variables and complex
geometry, Part 2 (Santa Cruz, CA, 1989), 93-114.
14. J. -P. Demailly, Analytic methods in algebraic geometry, vol. 1 in the Surveys of Modern
Mathematics series, 2010, Higher Eductional Press of Beijing.
15. J.-P. Demailly, Holomorphic Morse inequalities and the Green-Griffiths-Lang conjecture, Pure Appl. Math. Q., 7 (2011), no. 4, Special Issue: In memory of Eckart
Viehweg, 1165-1207.
16. P. Griffiths and J. Harris, Principles of Algebraic Geometry, Wiley Classics Library.
John Wiley & Sons, Inc., New York, 1994.
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20. C. Hsiao and G. Marinescu, Szegö kernel asymptotics and Morse inequalities on CR
manifolds, Math. Z., 271 (2012), 509-553.
21. S. Ji and B. Shiffman, Properties of compact complex manifolds carrying closed positive currents, J. Geom. Anal., 3 (1993), No. 1, 37-61.
22. X. Ma and G, Marinescu, Holomorphic Morse inequalities and Bergman kernels,
Progress in Math., vol. 254, Birkhäuser, Basel, 2007, 422 pp.
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