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BOUNDARY VALUE PROBLEMS FOR DIFFERENTIAL
EQUATIONS WITH DEVIATING ARGUMENTS

BY

RAVI P. AGARWAL

Abstract. Inequalities obtained in the first part of this paper
entitled ‘Error estimates in polynomial interpolation’ are u:ed to find
sufficient conditions to prove the existence and uniqueness for the
nonlinear boundary value problems of higher order with deviating
arguments.

1. Introduction. In this paper we shall consider the following
#zth order differential equation with deviating arguments

™ (t) = f(¢, 2@, 2@ — 6,(8)), 2'(D),

(1.1) .‘L‘,(t - 01(t)>7. SR .‘1}(4)(t), x(q)(t - 0q(t)))

where f is a real-valued continuous function - defined on
[a1, @,] x R?*¢** and 6; ({=0, 1,---, ¢) are non-negative continuous
functions with domain [a, a.].

Let, the initial function ¢() be a C‘” D function which is
bounded together with its all derivatives up to order z#—1 on
[ao, 1] where

@ =min{ min (¢ —6:), i=0,1---, q}.

g =i<a,

With equation '(1.V1), we shall consider the following boundary -
conditions

zla) = ¢(@),  @/(@) =¢'(a), -, (@) = o4 (@)
z(a;) = Asi, 2" (a;) = Asire -, 2% (i) = Ak,.+1,,-

(1.2) (2<i<i)

n<a<---<a, O0<k, D ktr=n
and seek a function 2(¢), satisfying (1.1), (1.2). For this, we
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shall use the inequalities obtained in [1]. We define

_I¢(t>; if dost£ﬂ1

x (1) =
(1-3? Gald) lI(l.Z)(t) , if eaLt<La,
and
. t:' » 'f S z _<_ ar
s gint, 5 = fI0n B 1

10, otherwise

where l¢.5(2) is the (s — 1)th degree polynomial satisfying the
boundary conditions (1.2) and ¢a.»(?, s) is the Green’s function
for the homogeneous problem: 2™ (¢) =0, zero boundary condition
(1.2). |

Several other boundary conditions as in [2] for the equation
(1.1) can be considered analogously. The results obtained here
generalize the known results obtained in [3]-[7] for second and
third order differential equations and in a special case for zth order
in [8].

2. Existence Theorem.

THEOREM 21. Let K; >0, i=0, 1,---, ¢ be given real numbers
and let Q be the maximum of |f (¢, uo, #1,* - -, Usq+1)| 0 the compact
set

{(t; Ug, Ui, -, »u2q+1) tas S t S ar, IuZily ‘u2i+1l S 2Kiv
i:(), 1;"': q}-
Then, if
@n max [ERW ] L K3, t=0,1---,¢q
and |
(22) (@r—a) S (K/QCE)Y™i, §=0,1---, ¢

the boundary value problem (1.1), (1.2) has a solution.

Proof. : Define the set
Bla,, a,]1 = {z() € C?P[ay, a.] : 29[ < 2K,
j::O: 17"'7 q}
where ‘

e = max [2P(@)] .
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- The set Blao, a,] is a closed convex subset of the Banach space
CD[a,, a,]. Now define a mapping T : C?[a,, a,] - C*V[ay, a,]
N C™[ay, a,] as follows

(Ta) () = () + [ 3t ) L5, 2(s),

2(s — 06(s)), 2'(s), 2'(s— 6:1(s)), -+,
2@(s), 2O(s—0,(s))]ds.

(2.3)

The following properties of 7 may be easily established
(a) (Tz)@)=9¢@), if aa <t<a
(b) ( Tz)(2) is % times continuously differentiable on «; <t<a,
(©) (T)® (@) = f(t, 2, 2t — 6(®)) -, 2DE), 20— 0,0,
if ei<t<La, .
(@) (T=2)(@#) — 1&(¢) satisfies conditions (1.1.1) (see [1])

(e) fixed points of 7 are solutions of the boundary value
problem (1.1), (1.2)

(f) T is a continuous operator.

Now, we shall show that T maps B[do, a,] into itself. For
this, if @ <#<a; then we have from property (a) and (2.1)
[(T2)?®| < K; and hence the conclusion. If a; <?¢<a, then from
 the property (c) we have [[(Tx)™ — 1G] = [l(Tx)‘") | £@, also on
using theorem 2.1 [1], we find

I(Tw)“’ M<K +QCr(a,— al)”‘ i=0,1,

\Thus condition (2 2) 11np11es that 7' maps Bla,, a,] into itself.
It then follows from the Schauder’s fixed point theorem that T
has a fixed point in Bla,, a,].

3. Uniqueness Theorem. Let K, Ki,---, K, be given positive
. constants such that [¢P(@#)| < K;, ¢=0,1,---, q° forall @ <t<a
and let D defined by

D = {(uo, 21, -, Uzgr1) Dlaeil, Nt < K,
i= 07 1:' ",'q} -

We shall assume that f satisfies the Lipschitz condition
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‘f(t’ Uo, U1y~ u2q+1) - f(ty 7207 ‘i’:h' Y z-th'l'l)l
2g-+1

S Z Li lui - ﬁ: l
where L; (=0, 1,---, 2¢9+1) are Lipschitz constants, for all

a<t<a, and (oo, 41, -, Uzg+1), (o, %1, -, %zq+1) € D.

THEOREM 31. Let K:>0, i= 0,1,---,q be given positive
constants such that [¢P@)| < K for all ay<t<a. Let f salisfy
the Lipschitz condition on [ai, a,] x D. Then, if

2¢-+1

(Z L;) max {Ci(a, — @)} <1

0=i=gq

the boundary value problem (1.1), (1.2) has at wmost one solution 2(t)
With [&?(’)(t” SK{, i:()y 17'.'7 q

Proof. Define M as the set of ¢ times continuously differenti-

able functions on [ay, ¢,] with the norm

] = max ( max Ix(”(t)l) ;

0=i=gq 1=Si=e,

Let us assume that there are two solution x;(t) and x2(2) of the
boundary value problem (1.1), (12) with [z°®)], |[#8°()] < K,
£=0,1,---, gq. Then, we have

ai(t) —@st) = [[7 gt ) (s, m(s), @uls = 0ol
' 2{P(s), 2{P(s — 0,(s)))
— f(s, @2(s), wa(s— 0o(8)), -,
25°(s), X57(s— 0,(s)))1as.
Thus, @:(t) — 2:(¢) satisfies the hypothesis of Theorem 2.1 [1] and
we have on using the Lipschitz condition over D ‘

lx("’(t) — 2978 |
Crila, — a)** [Lo max |x:(2) — 2:(2) |

e ,St<e,
+ Ly max [2:(— 60(8)) — 22( — 66(2))| +---
+ Lgg+1 mta<x 20t — 0,(2)) — 257 (8 — 04(0)[]

2¢+1

Cifq\a,— @) k(ZL) lay — .| , E=0,1--,¢.

i=0
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Thus, we have

2g¢+1
s — all < (X L:) max {C23(a, — @)} Jas — ]

which is same as |2, — 23]

< |21 — x2]. ‘This contradiction proves
_the result.
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