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Abstract. Let S, be a random walk with a positive drift, R, be
random variables with R, =o0(1) and @, be positive constants with
nea,=1+0(1) for some ¢>0. Let U, =R, + 1S, U* be any
one of maxjc,aj Uj, infjsz,a;j Uj, minjc,Ujife; and supjs, Ui/aj.
For A>0 and #; >0, let N* be any one of inf{n>#n;: U,>(rna,)"1},
inf{n>nm:0<U,<nra,}, sup{n>n:U,<(ra,)"), sup{n>n;:
Up>aa,), T2 I[U‘n<(la”) 13 and Z‘fl I[Un>1a”] The central limit

theorem and the law of the iterated logarithm for U* and N* are
given.

The results of Bhattacharya and Mallik [2] and Robbins and
Siegmund [12] on. sequential estimation, and those of Siegmund [13],
Vervaat [17], Gut [9] and Chow and Hsiung [5] on renewal theory
are united and extended. ’

1. Introduction. Let X, Xj, Xz,--- be independent and 1dentlcally
distributed random variables with EX =y (0, o), and Ry, Rs,--
be random variables with R, =0(1) a.s. as #— . Assume that
@1, @s,--- are positive constants with # “a,—1 as #— o for some
>0, Put \

(11) Si=>.X, U,=n"'S,+R,.

‘We shall investigate the asymptotic properties of the first "passage
times defined in terms of this perturbed random walk with a
positive drift. More specifically, for -1 >0, put

N =N, =inf {n>n; : U, = (2a)™',
T=T=inf{n=m:0<U,<2a,},

(1.2)
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where #; is some positive integer which may vary Wlth 2 Closely
related to these entities are the last times and the number of
boundary crossings: L ’ ‘

NA = sup {n =y Un < (dan) '},

(1.3)
.T. = ,TA:;.: sup {#=n : U, > 2a,},

" (14) N"=Ni=> Iw<asp, T"=Ti=2 Iw>ia3.

"2 ) "2
The limiting distributions of these random variables can be derived
directly from their definitions and an application of a theorem of
Anscombe’s. However their laws of the iterated logarlthm requires
a more 1ntr1cate inversion from -those for :

(1.5) | - 'max a, U;, . 'mf a;Uj;,
O R . J<n v . : ji=n o
16) 1-  - m1n a;t U ..and sgp ai'U;.
. ’ ]<n T j=n .

In $2 we shall. study the asymptotlc behaviour of (1.5) and (1.6)
by a sufficiently detailed comparison with «, U, and a;'U, respec-
tively under various moment conditions on X In particular when
the second moment is finite, we have been able to obtain the
asymptotic distributiohs and the law of the iterated logarithm for:
these ‘random variables. In §3 we shall prove the theorems about
(1.2)~(14) under the finite second moment condition. In §4 we
shall assume that E|[X|? <o for 1<p<2 and prove the Mar-
cinkiewicz-Zygmund type of the strong law' of large numbers for
(1.5) and (1.6), and obtain the corresponding results for (1.2)~(1:4).
In §5 we shall remove the assumption of identical distribution for
the X.’s, and study various asymptotic properties of (1.2)—(1.6).

. When R, =0, #,=1 and a,=n" W1th 0 <& <1, the asymptotic
normahty of  (1.5) has been established in Teicher [16] and Chow
and Hsiung [5] where the law of the iterated logarithm has-also
been proved. In the latter paper such results are applied to obtain
the asymptotic ‘distributions and the law of the iterated logarithm
for the first passage times N, the last times N’ and the numbers
of boundary crdssings N, The asymptotic normality for the first
passage times NN has been ﬁrst'estébliéhed,‘,vby Siegmuﬁd. [13] “and
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Gut [9], using different methods Vervaat [17] has obtamed the law
of the iterated logarlthm for N’ when e=1. In the context of
sequent1a1 estimation, for special. cases of Uy, #; and a,, Bhattacharya
and Malhk [2] has obtained the asymptotic dlstnbutlons for T; and
Robbins and Siegmund [12] for N. - .

It is partly motivated bSr the consideration of the problem of
sequential estimation that we study the random process (1.1). To
see this, let Z,, Z,-- - be independent observations from a population
with mean 6, and positive and finite variance x. - Let the sample
mean and the sample variance be respectiveiy » '

D Z=wt3 7, Vi=at 3 (Z-Z)+ b,

where by, bg,-'-:- are constants such that b =0(1) as n—> o, Put
=(Z,—6)® and R,= —(Z,— §)? +b Then :

(1.8) o an=n“IZXi+R,_,,

which assumes the form of (1.1) with the side conditions satisfied.
The stopping times associated with (1 8) arise very frequently in
sequential estimation; for example in- the problem consuiered by
Robbins  [111. Subsequently many" authors in the- 11terature have
considered different aspects of this problem and its ramlﬁcatlons
The asymptotic d1str1but10ns for these stopping times have - been
drscussed ‘briefly above. Our work here constitutes a natural generah-
zation and extension of those results.: For the 1nvest1gat10n m the
realm of .uniform mtegrablhty and the performance for these stoppmg
times, see Starr [14], Cabilio and Robbins [4], Woodroofe [18] and
Chow, et al. [6]. We shall make a more thorough study of this
aspect of the problem and present the results in another paper.

2. Limiting behaviour of max;<.a; U;, inf; >,,a] U;, rnin,;,,'a',r—'U/;
and sup;>,a;* U;. We shall make the following assumptlons through-
out this section. Let X, X, Xz, -- be independent and 1dent1cally
distributed random variables with EX =£>0 and E|X[? <o for
some p >1. Let 'Ry, R:,--- be random variables u'vith'_:"AR,, =0(1)
a.s. as #— oo, and put '
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(21) S,=>.X:, Uy,=n'S,+R..

‘LEMMA 1. Let (21) hold. Let «>0, 1>8>0 and f, be positive
constants suck that as n— '

(2.2) max {f;/fi 108 < j, k< n/B} = 0Q).

G) If 1<p<4, n*foR,=0(1) a.s. and f,=O@n'"*"12),
then as n-—> o, a.s.

(2.3) max {(jeU; —n* U,) fr:n8 <j <un} =01),
(24)  max{(xeU,—j°U)fun<j<n/p}=0Q1),
(25) max {(je U, —n*U;) fu:np < j<m} =0(1),
(26) max {(#* U; — j* Uy) fu i n < j < n/B) = 0(1) .

(ii) Let Y, Yy, Yy, - be independent and identically distributed
random variables, r = 2, and

X=u as., EY =0, ElY|"<o,
Ro=Ri— (vt 1),

with n® R, =01) a.s.. If f,=O0@xn¥*Y-<(loglogn)-?), then
(2.3)-(2.6) hold a.s., and if f,=O0n*?*-17=%), then (2.3)—(2.6) hold
in probability.

(2.7)

Proof. We can assume that z=1."

(i) Since n“‘fan=o(1) a.s, by (2.2) we can assume that
R,=0 a.s. Then U,=#n'S,=1+#n'W, where W,=S8,—n.
First, let 1 <p<2. By Kolmogorov and Marcinkiewicz-Zygmund
strong law of large numbers (Loéve [10, p. 242]),

- max | W;| = o(n'?2) a.s..

i=n

Since ¢>0, a.s.

max (jeU,—n*U;) < max (jen ' W,—n*j~ ' W;)
npsj<sn np<j=n
= o(n*~1+Y2) = o(f3%),
max (#*U; — j*U,) < max (n*j'W; —j n'W,)
‘n<j<nl p n<i<n/p

= o(n==141/2) = o(f31),
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yielding (2.5) and (2.6) respectively. Similarly for (2.3) and (2.4).
Next, let 2<p<<4. Chose 4 <7<<2/p and put '

m = [n"], Wﬂ,j= ;;.;._;—Wn.

By Hartman-Wintner law of the iterated logarithm (Chow and
Teicher [7, p. 352]), and the strong law of large numbers for delayed
sums (Chow and Hsiung [5, Lemma 2.4]), for ¢ € (—oo0, ™), a.s.

max (j¢ W; — nt W,)

n-m<j<n
(2.8) = max ((G& — 25) Wy — 3¢ W uj)
= O<ﬂ5_1+”+1/2<10g ].Og n)I/Z) + O(nf_i'i/ﬁ)‘
- 0(%f+1/p) ,

since p=>2 and F <7< 2/1"7, and similarly a.s.

max (nf Wy — j* W;)

— < jsn+m

(29) = max ((#f — j) W; — 2 Wy, ;)

nlj<nim

— o(nf'l'l/ﬁ) .
By (2.8), (29) and « >0, a.s.

max (j* U; — n* U,)

H—m<j=n

(2.10) < max (LW — ne-t W)

n—m<j<n

= o(n*~1*Y2) = o(f3"), -

max (#*U,—j*U;)

nj=n+m

(211) ' < max (#e' W, —j* ' W;)

n<j<n-tm
= o(ne-11#) = o(f3") .
Since >0 and 7> -4, by LIL again, a.s.
max (j¢U; — n* U,)

np<j<n—m

= max - (j* — n® + j‘"“'1 W; —n**W,)

np=j<n—m
< (. — m)® — n® + O(n*"1%(log log n)'/?)
= —an®t1-12(1 + 0(1)) .

Hence a.s.
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(212) max (j*U; —n® Uy) fo < 0(1),

np<j<n--m
vielding (2.3) by (2.10), and similarly a.s.
(213) max #*U,—j*U;)fa<0(l),

nym<jsn/f
yielding (24) by (211). Similarly for (2.5) and (2.6).
» (ii) Since n#¢f, R, =0(1) a.s., by (2.2) we can assume that
R.=0 as. Then U,=1— (n'W,)? where W,=21Y;. Let
0<y<<2/r, and ‘ :
m=[n’7], Wn,j= n+j—Wn-.
Then
(214) jeU; —n* U, =j* —n* + 02 Wi — j* 2 Wj,
(2.15) nU;, —joU,=n*—j*+n*j2W;—j*n?W;.
By LIL, (214) and (215), a.s.
- max (GeU; —n*U,)

np=js<n-—m
(2.16) < (2 —m)* — n® + O(n**loglog n)
' = —an*~*7(1 + 0(1)),
max (n*U; — j* U,)
ntm<jsn/p
2.17) <% — (n+ m)*+ On*!loglogn)
= —an*~1*1(1 +0(1)).

By LIL and SLLN for delayed sums again, a.s.
max (j*U; — n* U,)

n-m<jisn
< max (ue Wi — j W3
n—m<j<n
= max ((#%?— j*2)W;
n-—-m<ji<n .

+ 022 Wiaey + 20%2 W; Wi, n-j)
= O(n2~%*7 log log #) + o(n®~2+2/7)
+ 2 max 2% |W; Wj,a-;l .

n—m<j<n

Since » > 2, a.s.

max (j¢U; — n* U,)

n-mSjisn

= o(n*~¥2+Yr) + 2 max ' |W; W;a-;l,

n-mSj=En

(2.18)
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and similarly a.s.

max (#*U; — j* U,)
n<sj<nim

219 -
( ) — o(na—3/2+1/r) + 2 max #n° j-—z an Wn,j-—nl .

nEj<ntm .

Assume that f, = O(#¥?-Y7-2¢). Since 7<<2/r <1, by SLLN for
delayed sums, a.s.

max |Wj, ;| = o(#n'"),
n-m<ji<n

and by a theorem of Erdds-Kac (Chung [8, p. 204]), max;<,n~Y2 | W;| ;
converges in distribution. Therefore

&
max n~ Y2V |W; Wi u-;1 —0,

n-m<ji<n

as #— co, and by (2.18) |

(2.20) n3¥2-Vr—¢ max (j* U; — n* U,) £, 0

n—-m<j<n

as n— oo, yielding (2.3) in probability by (2.16). Similarly for
(24)-(26). Next, assume that

o= O@¥2~Y7-2(log log #)~2) .
By LIL and SLLN for delayed sums, a.s.

max #~ 2= W, W, ;- = 0((log log n)'/2) ,

n—m=j<n

and by (2.19), a.s.
max (nzt UJ_ — jd U”) = 0<nd-—3/2+1/r(10g Iog n)1/2) , .’

n<j<nitm
yielding (26) by (2.17).  Similarly for (2.3)~(2.5).

THEOREM 1. Let (21) hold, and n,=n,(w) be a random variable
such that

(2.21) U.>0 for n=>mn,,

and let o, a, and f, be positive constants satisfying a,=n*(1+ 0(1)),
(@n —n%) fr=a + o(1) for some a c (—co, ®©) and

(2.22) %il’{l limsup max {f;/fr : 08 <j, B < n/ﬂ} =1. ‘

(i) If 1<p<4, n“fuRpy=cu+0(1) a.s., and fon=O(nt=*~1),
then as n— o, a.s.
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(2.23) . max (@;U; —a,Us) fo=0(1),
(2.24) sup (@ U, —a; Uj) fu=0),
(2.25).3 Jax (a; Up—a, Uj) fo=0(1),
(2.26) -~ sup (@.U; —a; Up) fu=0(1).

(i) Let (27) hold, and n*f,R.=cu+0l) a.s. If
fo = O(n¥2-Yr-2)  then (2.23)—(2.26) hold in probability and if

f” — 0(n3/2—1/r—d(10g ].Og n)—uz)

then (2.23)-(2.26) hold a.s..
(iii)  If f. in (2.23)-(2.26) is replaced by n®f./a; or n*f./a,
then (2.23)-(2.26) still hold under the conditions of (i) or (ii).

Proof. - We can assume that z=1. Let 0<<p<<é¥*<1. Since’
apn=n*1+0(1)) and U,=1+0(1) a.s. there exists a random
variable K = K(w) > #n, such that if j > K and n > K,

(2.27) d<n%a,U; <o-'.
Since @,— o and U,=1+ 0o(1) a.s,

max (e¢;U; —a,U,) <0 a.s.

1£j=<K
for all large (depending on w) #, and since U; >0 for j =,
ngl?écK (@;Up—a,U;) <0 a.s.
for all large (depending on w) #n. For K <j<uns,
a;U;—a, U, <é'j*—on* <on(p*o6%—1) <0,
a;U,—a,U; <67 'j*—on<<0.
Hence there exists a random variable m, > K such that for #z > m,,

| (2.28) max (¢; U; — a,U,) = max (¢; U; —a,U,) a.s.,
jisn

np<=j=n

(2.29) max (a; U, — a,U;) = max (a; U, — a, U;) a.s..

nQSJSn np<jsn

For K<n<n/g<j by (2.27)
Uy — a; U; < 6-1;% — 5 jo < 5 j2(8% 6-2 — 1) < 0,

@y U;—a; U, <6'n* —0j°<0.
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Hence if > K

149

(2:30) sup (2, U, — a; U;) = ma}/(ﬂ (¢, U, — a; f],-) a.s.,
j=n n<j<n
(2.31) sup (a, U; —a; U,) = max (. U; —a;U,) a.s..
jzn n<Ejsn .
ﬁ G) Put U,=V,+cn°fi Then (V,—#n"18,)n*f,
=n?f,R,—c¢=0(1) a.s.. By Lemma 1 (i), as #— oo, a.s.
(2.32) /Ignax (G2 V;—n*V,) fo=01),
np<j<n
(2.33) ma)sp n*V; — j2Va) fa=0().
) n<ji<n
By (2.22)
(2.34) lﬁinll limsup min {f;/fe : 28 < j, B < n/B} =1.

From (2.22) and (2.34), for any real constant d,
lim limsup max (df;'— df:) fa

1 n—00 np=j<n
(2.35) ? ’ .
= lim lim sup max d(f” ——1) =0,
A1 n—00 nA<ji<n i
lirrlx lim sup ma%ﬁ (@n® i~ ft—dj*n*f)fa
-2 n-0 n<ji<n
(2.36) ’

g1 n-0 n<ji<n/g

v Fi
By (2.32); (235) and U,=V,+cn* f3', we have

(2.37) hm limsup max (jU; —n*U,) fa=0 a.s.

70 npsjisn

and similarly by (2.33) and (2.36),

(2.38) hm lim sup max neU; —j*U) fn=0 a.s.
#n—0 nsj<n/p

Now put b, = a,— n*. Then by hypothesis, ~

(239) bﬂfﬂ = (an - %d)fn =a 4 0(1) ) T

and by (2.22) and (2.34), as #— oo,

lim limsup max (&; — b.) fa

g1 n—00 np<=jsn

(2.40)
= lim limsup maXx (b fi JJ: bnfn)

-1 700 np<j<n

Since U, =1+ 0(1) a.s, by (2.22) a.s.

= lim limsup max d((]\) Su _ (;)d) =>0.
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max (b; U; — b, U,) fs

np<j<n
= f’gaii Gy—vfuto).

and by (2.40)

(2.41) 11m Tim m sup max b;U; — b, U) fo=10 a.s.,

n<j<n

and similarly

(242) 11m limsup max (6,U; —b;U,) f,=0 a.s..

700 n<j<n/p

From (2.37), (2.39) and (2.41),

(2.43) hm limsup max (¢;U; —a,U,)fu=0 a.s.

7-¢0 np<ji<n

yielding (2.23) by (2.28); and from (2.38), (2.39) and (2.42),

(2.44) lim limsup max (e, U; —a;U,)f,=0 a.s.

-1 msw | a<j<unlp

vielding (2.26) by (2.31). The proofs of (2.24) and (2.25) are similar.
(ii) Since X =1 a.s, U,=1+R,— (un*W,?  where

W.= 21 Y:. For (2.23)-(2.26), we only give a proof of (2.25); the

proofs for others are similar. For (2.25), by (2.29) it suffices to

show that a.s. (or in probability)

(2.45) hm limsup max (¢; U, —a.U;) fo =0Q1).
-1 n-00 np<j<n .
Put U=V, +cn*f; Then (Ve—1+ (27t W,)2) n® f,

=n*fyRa —c =0(1) a.s.. By Lemma 1 (ii), (2.45) holds a.s. (or in
probability) for @,=#n® and U,=V, if f,=0(n¥*-<-17(loglogn)-1/2), -
(or if f,=0(@**-%-Y7)) From (2.22) and (2.34),

lim limsup max (cj*n® fi* —cn® j=% £7*) fa

g1 700 np<=j<n
(2.46) ’ L
= lim lim sup max‘c((—L) ( > f”) =0,
B-1 s ng=j<n n ] J

yvielding (245) for a@,=#* and U,=V,+cn°f;>. Now put
@, —n* =b, By hypothesis, (2.39) holds. By (2.22), (2.34) and
U,=14+0(1)"a.s., we have a.s. ,
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max (b; U, — b, U;) fa

np<j<n
(247 < ?ia}in((b — b,) + [6;(U, — )| + 16,(U; — D) fa
= max (b; — by) fo+0(1),

and then by (2.40), (245) holds for a,=2>5, Therefore (2.45) holds.
(iii) The proof of (2.28) vields that for 0<<p<<1, there exists
a random variable m, such that for z = m,,

max (U; — a, Un/a;) n* fa
FET

(2.48) = gnax (U; — ay Usfa;) n° fa
‘ np<j<n
= fgnax (a;U; — a, U,) n° fu/a;.
np<ji<n

Hence to prove

(2.49) max (U; — @ Un/a;) ne fo=0(1) a.s.,

jisn

as #—> o, it suffices to show
(2.50) hm limsup max (a; U; — @a U,,)(] )d laif" =0 a.s.,

7200 npsjsn i

which holds by (2.23). The proofs for the other cases are similar.

TesoreM 2. Let (21) and (2.91) hold and Var X = i o® < o
and o> (.

G) If w2R,=cu+0(1) a.s., and 0<a,=n*(1+an'”?
+ o(n~12)), then as n— ©

(2.51) n/2(1 — max e;U;/ra,) +¢ iN(O, a?)
(252) #'2(1L — inf a; Us/nan) + ¢-% N, ),
- (253) n/2(1 — rgin a,,U/ﬂa)+c——>N(0 6?),
no<i<n
(2.54) | n'/2(1 — sup a Uj/ra;) + ¢ iC)+N(O, a®),

and if n'*(2log log n)~12 R, = cu + 0(1) a.s., then as n— ©

(255)  lim n'/2(2 log log )~/ (1 — maxa; U,-/u a,,) +¢= %0 a.s.,
FE=2d

(2.56) l_i_r_—r—lun“z(2 log log )2 (1 — inf @; Uj/nay) + ¢= %o a.s.,
jzn .
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(257) 11m%1/2(2 log log n)-1/2 (1 — min a,,U/ﬂa,) +¢= %0 a.s.,

ne=j<n

(2.58) @%1/2(2 log log n)-1/2 (1 —supa,U;/z a,-) +¢=+o0 a.s..
- B jz2n E

(ii) Let (2.7) kold and VarY = u? 6* << oo,
@) If nR,=cu+ 0(1) a.s., cmd 0<a,=n*(1+an'+o(n1)),
then as n—

(2.59) %(1 max a; U;/e an) + c——>N2(0 %),
(2.60) n(l 1nf a; U/,u a,,) + c~—>N2(O a?),
(2.61) n(1 —n:rsl}gnaﬂ Ui/wa;) + c——>N2(O 3*),
(2.62) n(1 = sup au Uy/na;) + ¢ 5 N¥0, 5%

(b)) If n(2loglog n}‘lR; =cu + o(1) a.s. and 0<<a,
C=n*(1+an*'(2loglogn) + o(n-'loglogn)), then as n— ©

(2.63) lim (2 log log #)~! (1 — maxa; U;/u an) +c¢= a.s.,
ji=n
L | f5° |
(2.64) lim n(2 log log n)~* (1 — inf a; U;/u a,,) +c= l a.s.,
) izn :

(2.65) hm #7(2log log #)-1 (1 — min @, U;/u a,) + ¢ ={ @.s.,

nySjs<n

.(2.66) lim #(2 log log #)~* (1 — sup a, U/ x a;) +¢
j=n

Il
e n——,
R
w

Proof. We can assume that u=1 ,

(i) We shall only prove (252) and (2.57); the proofs of the

rest are similar. Put f, =#'*-¢. Then #*f,R,=cu+ 0(1) a.s.

and (@, —n*) f,=a + 0(1). By (2.24) and (2.25) in Theorem 1
(i) and (iii), a.s.

(2.67) - nt/? sup (U, —a;U;/a,) =0(1),
Jj=n
(2.68) 7n'2 max (U, — @, U;/a;) = o(1) .
) : neSjisn

By (2.67) and the central limit theorem for sums of i.i.d. random
variables,
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ey (1 — inf @; Uj/an)
jzn
= n"2(1 = Uy) + 2'* (U, — inf ¢; Uj/a,)
jzn
=n'*(1 — U,) + o(1)
=15 —8,) — a2 R, + 0o(1) a.s.

£>N(-—c, 6%), as n— oo,
yielding (2.52). By (2.68), a.s.

1— min @, U;/a; = (1 —U,) + o(n~%)

nySj<n
=nYn - S,) — R, + o(n~12)

yielding (2.57) by the law of the iterated logarithm.

(ii) We shall only prove (2.61) and (2.66); the proofs of the
rest are similar. To prove (2.61), put f,=#'"% Then n*f,R.
—cu+01) as, (@g—n)fo=a+o0(l) and f,= O(n¥-r-a),
By (2.25) in Theorem 1 (ii) and (iii), as #— oo,

(2.69) 7 max (U, — a,U;/a;) 2, 0.

ny=j=<n
By (2.69) and the central limit theorem,

7 (1 — min a, Uj/aj)

ny=jsn

=n(l — U,) + » max (U, — a,U;/a;}

ne<jis<n

— gyt (i Yi)z - ”R’: + n max (U, — a, U;/a;)

ng<j<n
£ . ,
— N2(0, ¢*) — ¢, as #— o,

vielding (2.61). To prove (266), put f.,=n"2(2loglogn)"t
Then #n¢f,R,=ce+o0(1l) a.s, (¢, —n®) f=a+0(1) and
f» = O(@¥2-Y7=2(Jog log #)~1?)., By (2.26) in Theorem 1 (ii) and

(iii), a.s.
(2.70) 7n(2 10g log #)~*sup (a. Uj/aj —U,) =o0(1).
jzn

By (2.70), a.s.
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- n(2loglogn)~! (1 — sup a, U,-/aj)
j=n

2

(2.71) = n(2log logn)~! ((%"1 zf:: Y,-) R,’,) + o(1)

= (2n log log ) ~* (Z Y,-)2 —c+ 0(1).
Therefore by the law of the iterated logarithm, as #— c©

?

lim 2(2 log log 7)1 (1—supa, U,-/a,-) +c=45 a.s.
jzn

and by Strassen’s law of the iterated logarithm (Strassen [15]), as
27— O

lim #(2 log log #) ! (1 — sup a, U,-/a,-) +e¢=0 as.
iz2n

REMARK 1. If R,=0, a,==% and f,=#'"""Y? with 0<a<1
and 1<p<2, (2.23) and (2.24) in Part (i) of Theorem 1 have been
given in Chow and Hsiung [5]. For p =2, the same paper has also
obtained (2.51), (2.52), (2.55) and (256) in Part (i) of Theorem 2.

REMARK 2. Let Z Z, Z:,--- be independent and identically
distributed random variables with EZ =0, VarZ = >0, and
EZ*<c. Put Zy,=n"'Y1Z, Vo=n'%i(Z —2Z,)%. If we identify
(Z,— 0)* with X, and (Z,— 0)? with R,, then V,=U, in Theorems
1 and 2. Thus Part (i) of both theorems holds with V in place of
U. In particular if E((Z — 6)? — 1) >0, we have the central limit
theorem and the law of the iterated logarithm for (2.51)-(2.54)
and (2.55)-(2.58) respectively, But if E((Z — ) — x)? =0, then
|Z — 8] = p'? a. s. Since EZ =0, P[Z—0=4"]=%=
PlZ —6¢=—p"] and Z —6 is a symmetric Bernoulli random
variable. Hence v

Ve=n— (n—ii 2 —0)’

satisfies (2.7) with R.=0. Part ’(ii) of both Theorem 1 and‘
Theorem 2 is devoted to include this case.

3. Limiting behaviour of the first passage times, the last times
and the mumbers of boundary crossimgs. Let X Xi, X;,--- be
independent and identically distributed random variables with



1980] DRIFTING PROCESS AND FIRST PASSAGE TIMES 155
EX=p>0 and VarX =2’ < o0, and R, Ry--- be random

variables with R, =0(1) a.s. as #— . For >0, let

, S,=3'X%, U,=n'8 +R,,
a1 >

0<<a,=n*1+ o(1)) as #— oo,
For 1>0, let 0 <<#; = o(a1~Y%) and
N=M=inf{”2n1:UnZ(xan)_I}a
T=T=inf{n2n:0<U,<2la},

(32)

N =Ny=sup{n=>n:U,<Qa,)"'},
T' =Ti=sup{n=n:U,>1a},

(3.3)

N'" = N3} = Z Ity <cap=1,
n
(34) "2
T = T;\’ = Z -ItUn>lan] .
n
2

. 'TrEOREM 3. Let (3.1)-(3.4) hold and for some q >0,
(35) 0<a,=n*(+ an-1 +_o(n““)) )

Then as 1—0,

(3.6) >N — 0, o>T —o,
) IN® -yt AT —>p a.s.,
and if N and T are replaced by N' or N’ and T' or T
respectively, (3.6) still holds.
G) If gq= %, and n'R,=cr + 0(1) a.s, then as 2—0

(8.7) a(am)2e (N — (az)~Y*) + a + ¢ <> N(0, o%)
2 \1/22 _(a)\-ve _ i . .2
(3.8) 05(;‘—) (T (u) +a—c— N(0, ¢%),

and if N and T are replaced by N' or N’ and T' or T’ respec-
tively, (3.7)—(3.8) siill hold.
(ii) Let

(39) X=u as, R=R-[(»'3 7,

where Y, Y1, Yz, -- are i.i.d. random variables with
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(3.10) EY =0, 0<<EY? = u5% << 00,

If q=1 and nR,=cr+0Q1) a.s., and G(x) is the distribulion
function of a chi-squared distribution with one degree of freedom,
then for —co<z, y<<o, as 1—0

(311) sup |P[a&(N — (Qu)~Ye) + a + ¢ < x] — G(2:572)| — 0

where

| Qu)-Ye + (2, —a—c¢)a™?
(3.12) =[G Y+ (z—a—c)a],
and

(313) sup lP[w((%)"”“ ~T)—d+c<y|- G

___)O
where
(3.14) (L)"““\__,?/z_”_:j;:[(_&)“"‘_ 2/+a—0]

. ar o JZ o ’

and if N is replaced by N' and T by T', thern (3,11) and (3,13)
still hold, ’

Proof. By SLLN, we can easily see that o> T — o a.s. as
1—0. By (31) and (35),

Ur=p+01) as., a,=n{d+0()).

Since Ur<iar, liminfaT¢>px a.s, and Tu>n +1 a.s. for
all sufficiently small 1. Hence a.s. as 1—0

limsup 2 7% = limsup A(T — 1)~
=limsupigr-1 <limUr_1 = u

and 2T¢=pu+ 0(1)\ a.s.. Similarly for N. Hence (3.6) holds. The
proofs of N’ and T’ satisfying (3.6) are similar., Since N —1
< N < N’, (36) holds for N’/ also. Similarly for T//. For the
rest of the proof, we can assume that x =1.
(i) Put z= N —2-Y<¢, By (36), i/*z=0(1) a.s. and by
(85) a.s. .
lay= QA+ Mez)2 (1 + (e + o(1)) N-9)

=1+ (@¢+0(1))27*2)(1 + (a + 0o(1)) N~7)
=1+ (a@+0ol))"z+ (¢ +0(1))N-*
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N?(ay—1) = (e + 0(1)) 24 2 N* + a + o(1)

(3.15) = (& + 0(1)) 240’9z + g + o(1) .

Similarly a.s.

N QQay-1 —1)
=(x+0()) 149 (z—1)+a+0(1).

(3.16)
By the definition of N and (36), for Ny>nu; +1, a.s.
Uv—12 Gaw) ~1= (1~ 2an)(d + o(1))
Un-1—1< Gy =1 = (1 — 2aw-) (1 + o(1)) .
By (3.15) and (3.16), a.s. |
NY(Uy —1) 2 — (e + 0(1)) 24-0/% 2 — @ + 0(1)
NY(Uy-1—1) < — (e + 0(1)) 209/« (2 — 1) — a + 0(1) .
~ Hence a.s. v
(3.17) o5 200 g > N”(i — U1 +01))~a+o(l)=u,
say; |
(818) @1%9/¢(z—1) SNU(1— Uy-1)1 + 0(1)) —a +o1) =v,

say. Since ¢g=%, and #/R,=c + 0o(1) a.s, by Anscombe’s theorem
([Anscombe, 1952]), ‘

\ N -
(319) Ne(Uy—1) = N¢(N-* 32 (X% —1) + Ry) > N(c, o),
and similarly,

(3.20) N1(Uy-1—1) 5 N(e, o*).

From (3.17)—(3.20), we have (3.7) immediately. The proof of (3.8)
is identical. The proofs for N’ satisfying (38.7) and for T’ satisfying
(3.8) are similar. Since N—1< N” < N’, (37) holds for N”.
Similarly for T'". k

(ii) Since nR, =c + 0(1) a.s., by (39) as 1—0

N1 — Uy) = —NRx + N*?(i vi) Dad—c,

NA-Uw-dSod—c.
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Since ¢ =1, as 1—0,
£ .
u+a+c—a6%yp,
L g g
v + a+c—o°pr,
and since G is continuous, as 1—0 |

(8.21) sup |Plut+a+c<2]—Gxs?)| —0,
(3.22) sup [Plv+a+c<zx] —G(xi?)]—0.

For —co<z < oo, by (3.12)

Ploz+a+c < x]
=PINL 1Y+ (x—a—c)a ]
=P[NLS 1V + (z:—a—c¢) a']
= Plaz + a + ¢ £ 2;]
=P[N—-1<1Ve+ (z;—a—c)at]
=Pla(z—1)+a+ec<z].
By (3.17) and (3.18),

Plvt+ta+tce<z]<Ploz+a+c<x]

(3.23) <Plu+a+c<xz]

vielding (3.11) by (3.21) and (3.22). Similarly for (3.13). The
- proofs of N’ and T’ are similar. '

TuEOREM 4. Let (31)-(3.4) hold.
(i) Let (35) hkold with q=+. If n2(2loglogn)-? R,
=cu+0(l) a.s., then as 1—0

lim as(222)2% (2 log log (2x)~1)~2 (N — (u)~V4) + ¢

(3.24)

= *0 a.s.,
s @0&(%>md (2 log log (—2)—1)51/2 (T _ (%)_1/4) toe

= *0 a.s.,

and if N and T are replaced by N’ or N and T' or T
resﬁectively, (3.24)—(3.25) still hold.

(ii) Let (3.9) and (310) hold. If n(2loglog#n)-* R, =cx+ o(1)
a.s, and a,=n*(1+ an-'(2loglogn) + o(n-'loglogn)), then as
1—90,
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(3.26) lim sup ex(2 log log (22)~)~* (N — Q)= Y*) + ¢ + a
. =& a.s.,
(3.27) lim inf &(2 log log (Ap)~1)~* (N — (xp)—l/a) +c+a
' =0 as.,
lim sup 05<2 log log (i)_I)_l (T — (L)"I/“) te+a
(3.28) p ;
=5 a.s., »
lim inf 05(2 log log (i>—1)—1 (T — (L)_U“) teta
(3.29) u “
=0 a.s.,

and if N and T are veplaced by N' or N'' and T' or T’ respec-
tively, (3.26)—(3.29) still hold. )
Proof. We can assume that z =1
(i) For 0<7<1, 7+¢/o, by (2.55) of Theorem 2,
1= P[n}ax a; U; < a, — a,(n0 — ¢) n*(21og log #)/% 1. o,]
i<n
= P[max a; U; <n®— (g0 — ¢) n*~?(21og log #)1* i, 0.].

i<n

For all large #, put
It =n% — (g0 — ¢) n*~12(2 log log #)1/2

Then #n%i,=1+ 0(1), 2= 1Y+ (36 — ¢) &' %12(2 log log #)1/2
+(1+ 0(1)), and .
1= P[max a; U; <23' i o.:|
i<n
(330) =P[N,,>n i.ol]

= P[N: > 2:V%(1 + (10 — ¢) &~ 5=172(2 log log n)/?
«(1+0(1))) iol.

Hence as #— o©
lim sup & 1**(2 log log ;%) -1/2 (N2, — VY > e —c¢ a.s..

Letting 7—1,
’ lim sup o 23**(2log log 2:*) 2 (N: , — 137*) + ¢ =0 a.s..

And a fortiori ‘
(3.31) limsupa24(2]oglog 2-1)~Y2 (N; —2~Ye) + ¢ >0 a.s..
A0
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For 1< 77756‘/0' and small 2, put
=[1"Ye + (g0 — ¢) &=t 2712¢ (2 log log 2=1)**] — 1.

Then im% =1+ 0(1), 1Vem =1+ (70 —¢)a~'22%(2log log 271)/2
* (14 0(1)), and

(2 am)"t =1~ (70 — ¢) 1'**(2log log =D (14 0(1))
=1 — (g0 — ¢) m3**(21og log m2)V2 (1 + 0(1)),

[ 212%(21og log A=) ~* (N — 27V¢) + ¢ > 70]
< [N >m] =[maxa; Uj/am, < (lan)"]

jsmy

[maxa, Uij/tn, — 1
jEm;

< — (70 — ¢) mM*(2 log log m; )V (1 + 0(1))]
= [1 — max a; U;/an, |

j=m;

> (706 — ¢) my*(2 log log m)¥? (1 + 0(1))]

By (255) in Theorem 2,

P[1 — max a; U/t

. i=n
> (g0 — ¢) #~V2(21og log #)'"? (1 + o(1)) i.ko.] =0.
Hence
(3.32) 1i1§1 sup & 2V2%(21loglog A7)~ 2 (N — 2" Y*) +¢ < g a.s.,
-0

yieléing' the limsup part of (3.24) by (38.31). The liminf part is
proved in the same way. The proofs for (3.25), N’ and T’ are
similar. Since N -1 < N” < N’, (324) and (3.25) hold for N
and similarly for T

(i) For 0<7<1, 2n#(c+a)s? 75c¢i? by (263) of
Theorem 2 (ii) (b), :

1= P[m<ax a; U; < an— 2a,(76* —c) n*loglogn i o.]
j=n X
= P[n;ax a;,U;<n*—2(75>—c—a)n*'loglogn i. o.] .
ji<n . .
For all large #, put

Ml=nt — 276 —¢—a) n“—lloglogn.k

Then #* 2, =1+ o(1),
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n=2,"*(1+26*—c—a)antloglogn(l + o(1))
=201+ 2(n 6% — ¢ — @) o=t 2Y® log log 22*(1 + o(1)))
and

i<n

1= P[max a; U; <2t i 0.]
=P[N,,>n iol
=P[N; > V"1 + 205 —¢ —a)
A « a1 37/% log log 27(1 + 0(1))) i 0]
= Pla(2log log 2")~* (N; — 23¥%)
>(g*—c—a)(1+0(1)) iol.
Hence | |

(3.33) ,lir? §up a(2loglog 27"t (N — 1-Ve) + ¢ + .a > 52 a.s..

For 1<, 7+ (c+ @)% 7-+cs% and small 1, put
m; =[2"Y* + 27572 —a—c¢)atloglog 2-'] — 1.

Then Am =1+ o(1), Amys =14+ (0% —a—c)2mx log log m;
«(1+0(1)), and - - : ' '

(Aan)t =1— (16°—c) 2m3" log log me; (1 + 0(1)) ,

[a(2loglog 271~ (N — 27 Y%) + ¢ + a > 7 6%]
C[N>m] ={maxa;U;/an, < (Mml)‘l]

j<my

L= [max a;U;/an, — 1

J ; — (5 6% — ¢) 2m3y* log log m; (1 + 0(1))] ’

= [1 - ﬂ%{ a; Uj/tn, o
> (76® — ¢) 2m3* log log ma(1 + 0(1))] )

Byk (2.63) of_ Theorem 2,

P[l — maxa; Uj/a,
i<n :
> (g2 —¢)2n*log log (1 + o(1)) i o.] =0.
Hence

(3.34) lin} supa(2loglog i D' (N — 21" Y*y+c+a<o® as.
-0

vielding (3.26) by (3.33). The same method and slight modification
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will give (8.28) and (3.27) and (38.29). Similarly for N’ and T’.
Since N—1<N"<N’, (3.26) and (8.27) hold for N’ and similarly
(3.28) and (3.29) hold for 7T'”’. ' '

REMARK 3. When R,=0,#; =1 and a,=#° with 0<a <1,
the asymptotic normality (3.7) for N, N’ and N’/ has been establish-
ed in Siegmund [13] and Chow and Hsiung [5] where the law of
the iterated logarithm (8.24) for these random wvariables has also
been proved. Vervaat [17] has obtained the law of the iterated
logarithm for N’/ for the case ¢ =1. In some sequential procedures
for special cases of U,, Bhattacharva and Mallik [2] has obtained
the asymptotic normality (3.8) for the case @« =2 for T. They
have also had some results similar to (3.13) for some special cases
of T. In another context of sequential estimation, Robbins and
Siegmund [12] have obtained (3.7) and (3.11) for e¢=1 and special
forms of U, for N.

4. The strong law of large numbers of the Marcinkiewicz-
Zygmund type. Let X Xi, X,,--- be independent and identically
distributed random variables with EX =x2>0 and E |[X|? < o0
for some 1<p<2 Let Ry R:--- be random variables with
R,=0(1) a.s. as #— . Put

1.1) So=>.%X, U.=n'S,+R,.
1
For 2>0, let 0<#;=0(2"V%) and ay, as,--- be positive constants,
and '
(4.9) N=N=inf{n>mn:U,> (Aa,)" '},

T =Ti=inf{nzn:0<U,< a,},

N' =N,=sup{n=n :U,< (1a,)"*},

(4.3) .
T'=T,=sup{n>n :U,>2a,},
N"” =Ny =3 Iy <aesp,
%2

(44) .
' T/ = T').' = Z IEU,P“nJ'
!
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THEOREM 5. Let (4.1) hold, and n,=n.(w) be a random variable
such that

(45) ' U, >0 for n=>mn.

If 2R, =cp+01), 0<a,=n1+an'?'+ o(n'?-1)) for
some o>, then as n— ©, a.s.

(4.6) n‘»“”f’(l — max a; U,;/u a,,) +c—0,
.7 n‘"“?(l—;gaj Uj/na;) +¢—0,
(4.8) o ni—llp(l — ”zg.rslnan U;/n aj) + ¢ — O.,
(4.9) nl*”ﬁ(l—%’}lpan Uj/ud,-) +c¢c—0.

Proof. We can. assume that z=1. Put f,=#""Y2 Then
7 fuR,=cu+0(1) a.s. and (a,—#n*)f,=a + o(1). By (2.23) and
(2.26) in Theorem 1 (i) and (iii), a.s.

(4.10) %'~ max (a; U;/a, — U,) = o(1),
i<n

(411 - n'~Y#sup (@, U;/a; — U,) = 0(1) .-
ji=zn

By (4.10) and the Marcinkiewicz-Zygmund strong law of large
numbers, as #—> , a.s. ‘

W (L= maxe, Ufar)
= @t 1oL = U,) + #'40 (U, — max a; Us/ay)
= V?(n—S,) —n'-Y?R, + o(1)
=0(1)—c+0o(l)=—c+0Q),
vielding (46). By (4.11) and the same SLLN, as #— o, a.s.

n‘““ﬁ(l — SUp @, Ui/aj) =—c+o(l),

jzn

yielding (4.9). The proofs for (4.7) and (4.8) are similar.

THEOREM 6. Let (41)—(45) kold. If n'-Y?R,=cp + 0(1), and
‘@, = n°(1 + an'/t~t + o(n'2-1)), them as 1—0, a.s.

(4.12) as(p))Y pe (N —Qu)y Y)Y+ a+¢-—0,
(413) w(%)”"“ (T - (%)‘”) ta—c—0.
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If N and T are replaced by N’ or N and T' or T" respectwely,
(4.12) and (4.13) still hold.

Proof. We can assume that z=1. Since i“*N—1 a.s., as
A0, AV z=0(01) a s where z =N — 1%, Therefore a.s.

lay= (1 + 79 2)* (1 + (a + o(1)) NV¢-t)
=1+ (&+ 0oD) 27 2)(1 + (@ + o(1)) N¥2-1)
=1+ (a¢+0o(1)) 1"z + (a+ 0(1)) NVs-1,

Hence a.s. by (3.6)

N-V#(; ay — DD =(a@+o(l)) M N-Yisz+ g+ 0(1)
=(a+o1)) 2z +a+ 0(1), ‘

(4.14)

(415) N*Y2(Ray-1—1) = (& + 0(1)) 12%(z — 1) + a + o(1) .

By the definition of N and (3.6), a.s. ,
Uv—12Qay)t—=1=(1—2ax)(1 + o(1)),

Uy-1—1< Qay-)"—1=(1— 2ay-)( + o(1)) .

By (4.14) and (4.15), a.s.

(416)  N'"-Y(Uy—1) = —(a + 0(1)) 15% 2 — a + (1),

(417)  N*=Y2(Uy-1 — 1) £ — (e + 0(1)) 12(z — 1) — a + o(1) .

And

N0y — 1) = N (N5 37 (X 1) + RN)
S NSy — N) + N Ry

Therefore by the Marcinkiewicz-Zygmund SLLN and (4 16), (4.17)
and (4.18), as 2—0 a.s.

(4.18)

alVzt a4+ c—0,

vielding (4.12). The proof for (4.18) is similar, and so are the
proofs for (4.12) and (4.13) when N and T are replaced by N’
and T/ respectively. Since N —1< N” < N’, (4.12) still holds
for N”/, and similarly for 77 in (4.13).

5. Limit theorems ‘ for the independent case. Let X, X,---
~ be independent random variables with EX, = x>0 for each z > 1.
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Let R,, R:--- be random variables such that R,=o0(1) a.s..as
n— o, For each #>1, put

n

(5.1) Sp=>Xi, Ui=n'S;+R,.
Assume that for some 1<p < 2,

(5.2) - CoL supEI»X,,If’<oo,

n=1

and that for some distribution function F, as #— oo
(5.3) . (S, — np) > F.

Let ai, a.,--- be increasing positive constants ‘with #-%a,—1 as
n— oo for some a¢>0. For 1>0, let 0 <#; =0(2"'*) and

N=N,=inf {>n; : U, > (2a,)"'},

(5.4) ‘
T=T=inf{n>m:0<U,< ia,},
55) N =Ni=sup{n>n :U,<Qan'},
. T =T =sup{n=n:U,>21a,}, ‘
, N" = N3 =3 Iy <usp,
(5.6) ;

;TI/ — T: — z I;:Un>lﬂnj-
TuEOREM 7. Let (5.1)-(5.3) hold and m =no(w)’ be a random
variable such that
(5.7) U,>0 for n>mn,.

 Let fi, f2,-+- be positive constants such that a,f, = O(n'"'?), and
n°a,—1 as n—oco. If for all ¢>0, o

(5.8) Iﬁinll limsup P[ max |a;R;— a.R.| fo> e] = 0,

7-00 npsj=n/g

g1 H—00 np=j<n/p

(5.9) lim limsup P[ max |a.R; —a;R,| fa >'e] =0,
then as n— o, in probability '
'(5.10) - max(e; U; — a U)fe=0(1),

(5.11) | Sup (ay Uy — a; U;) fo =0(1) ,'
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(5.12) max (a; Uy — a,Uj) fu=0(1),
(5.13) sup (@ U; —a; U,) fa=0Q1),

and if f, in (5.10)-(5. 13) is replaced by n®fofa; or n®fa/a. (5. 10)—
(5.138) still hold.

Proof. We shall only prove (5.11) and (5.12); the proofs for
the others are similar. We can assume that z=1. Since R,=o0(1),
n%a,—>1 and sup,= E [X,|?<<coo, by a strong law of large
numbers, Loéve [10], let 0 << g <<6?¢ <1, there exists K = K(w)
>y such that if j, 2> K

(5.14) i< mYa,U;<ét.
Therefore forv K <<j<<ns,
;U —a,U;<<6'j*—on* < on*(p*02—1)<<0,
and since U; >0 for j =, for all large #,
max (a; U, —a,U;) <0.
ny<j<K
Therefore there exists m, > K such that for 2> o,

(5.15) max (a; U, — )—- max (a; U, —a,U;) a.s..

nySjs<n nE<j<n
And for K<n<<n/f <j by (514)
U, —a;U; <67'm* —57-2<579(p%02—1)<0;
hence if > K

(5.16) sup (@, U, — a; U;) = max (a,U,—a;U;) a.s..
jzn

nsjsn/p

Let Y,=X,—1 and W, =S, —#n; since @, is increasing,

max (a, —a,U;)
np<j<n
< -1 — 7 —1 .
(5.17) = poax (@ w7 Wa = anj7 Wi+ @) Ry = 0, B)
< max Wy(a;n'—a,j~') + max a,j~*(W,— W;)
npEj<n np<ji<nm
+ max{(e; R, — a, R;),

np<j<n
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max (@, U, — a; U;)
n<i<n/p
< max (aun*W,—a;j*W; + a,R,— a; R;)
(5.18) nsjsn/p
< max Wy(a,n'—a;j ") + max a; j~(W,— W;)

n<jZn/p n<jisal/p

+ max (@.R,—a; R;) .
n<j<nlp

For ¢>0, by Doob’s inequality and then by the inequality of
Marcinkiewicz-Zygmund (Chow and Teicher [7]),

Pl max a,j Y (W, — W;) fa> e]

np<ji<n

< Pl max j-'|W,— W;| > 5(anfn)—1]

np=j<n

(5.19) < P[ max |W,— W;| > eﬂn(anfn)“lj

np<ji=n
< (anfn>p E
T \epn
for some cbnstant A. Similarly let m = [2/5]

'P[ max @;j ' (W, — W)f,,>e]

n<jisn/ g

-Iﬁ < A%-‘b(an‘fn)‘pE(i Yﬁ)m’

ng

(5.20 ' e
(5:20) < Anr(an ) E( 7).

And for any integers #, m with z <<m, and since p < 2,

n<i<m

E(Z Y) o <E(Z (Y,[ﬁ) < (m—n) sup E |¥il.
Therefore by (5.20), @nfy = O(#'~Y?), a,~n* and for some constant
B,

n<ji<n/ g

< ASU.pE lYtI 7 ﬁ(‘;m) (anfn)p (%//9—‘”>

‘ O<11m lim sup P[ max a; j ' (Wu— W)f,,>e]
(5.21) g1 n—00 n<j<n/p
< llr?B(l/ﬂ —1)=0.
ﬂ——)
Similarly by (5.19).

(5.22) hm limsup P[ max a,j " (W, — W;) fa> e] =0.

#n—00 nﬂ<]<n

And
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Pl max W,(a,n 1—a ]“l)f,,>e]

n<Sj<n/ g

< P[W,, 20, W, max (#'—a;(a,j)"1) > e(@nfu)~ 1]

n=j=n/p

+ P[Wn <0, Wu max (a;(a,j)~" —n') > €(anfn) ‘]I

nsjsalp
S PIWn"' —But) > cla,fu)!
+ P[W,(fnt —n') > e(anfn)-‘
= P[n-Y? W, > (1 — B)~1 '~V #(a, f,)~1]
+ Pln 2 W, < —e(1 — ) n'~Y2(q, f,)~*

For large =, since a,f, = O(n'-V?), there are ‘positive 71 and 7
such that
Pl max W,(a,n'—a;]j ‘l)f,,>e:l

n<sj<n/ p .
SPlu "t Wo>e(1— B) -t n=4(a, fa)*]

+ Pl 2 W, < —e(1 — B)* n'~Y2(a, f,)~]
< Plu Y2 W,>eri(1— 5)1]

+ Pl Y W, << —e ?’g(l - /) 1].

Therefore if e7:(1— 8)~! and —e7:(1 — B)~! are continuity points
of F, by (5.3)

hm Ilr}thzup P [max Wiapn" —a; j=1) fu> e]
(5.23) Slim (@ - Fer(l— B)“)) + lim F(—e r:(1— 8"
=0.
Similarly

(5.24) hm limsup P[ max W,(e;n!— a, ]—‘)f,, > e] =0.

7n—00 np=j<n

Hence, (5.15), (56.17), (5.24), (5.22) and (5.9) give (5.12). (5.16),
(5.18), (5.21), (5.23) and (5.8) give (5.11). The proof of (5.16) gives
that for 0 << g <1, there exists a random variable K such that if
n>K :

sup (a,, U./a; — U;) n* f,

jzn

= max (a,U,/a; — U;) n*f,

n<=j=n/p

= max (a,U,— a;U;) n® f,/a;.
n<j<n/p i

By (5.11), for ¢>0
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" 1im lim sup P[‘ max (a,U,— a; U,-)y(%)d j'_“iﬁt > e] =(

g1 -0 n<jsn/p aJ

yieldingi (5.11) when f, is replaced by #z%f,/a;. The proofs for
other cases are similar. ‘

~TueoreMm 8. Let (51)-(5.3) and (5.7)—~(59) hold. Assume
fo=0""Y" and na,—1. If n'-Y?R,—cu in probability, then
as n— o,

(5.25) w'=i/o(max a; Us/an — ) — cu > F,
. i<n )
(5.26) wi=Vs(inf a; Uy/ay — 1) — cu < F,
) ];n .
(5.27) n“"f’( min a,U;/a; — u) —cu iF,
nySjsn )
(5.28) n'-V#(sup a, Uj/a; — 1) — cu = F.
Nz
. Proof.

n'-Y?(max a; U;/a, — 1) — cn
j=n J J
= #'~V?(max a; Uj/ay — Uy) + nt=Y2(U, — p) — e
isn
= max (a; U; — @, Uy) 7 fu/ @y

ji=n

+ 5 Ve(S, — np) + n"YP R, — cu.

Therefore by (5.10) in Theorem 7 and (5.3), we have (5.25). The
proofs for (5.26)-(5.28) are similar.

TueoREM 9. Let (5.1)~(59) hold with f,=n'"Y*=¢.  Assume
that 0<a,=n*(1+an’?"+ o(n?=-1)) and n'-Y*R,—cp in
probability,'tken as 1—0

(5.29) oo>N———>oo,‘ o>T —co,
) IN® — pt, AT — S .a.s.,
(5.30) an(u)V (N — (p)~V) + an + cr G,

G(x) =1— F(—2),

(5.31) wﬂ(-i—)”” (T - (%)'”") tan—cu-SF,
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and if N and T are replaced by N’ or N'' and T’ or T
respectively, (5.29)-(5.31) still hold.

Proof. Since sup,>1 E | X,|?<<oo, by a strong law of large
numbérs Loéve [10], Un?ﬂ+0(1) a.s. as #— oo, It is easily
seen that the proof for (5.29) will be identical to that for (3.6)
in Theorem 3. If & is a continuity point of F, for 1>0,
let  m=m=[Qu)"V+ (x—co—an)(ap)~' (Qu)~¥?¢],  then
(2£)~¥¢ = m(1 + 0(1)) and | /

Qu) Ve =m— (x — cp — apn)(ep)m*(1 + 0o(1)),
Qu)t =m*(1 — (x — cp — ap)(an) m"2=1(1 + o(1)))* .
Therefore |

(2@m)~t = pm*(1 — (2 — cpp — ap)(ap) " m?~1(1 + 0(1)))* az’
= u(1— (2 —cu—an) p="m"?=1(1 + 0(1)))
(1 —amr1(1 + 0(1))
= pu(l— (z—cu)p~tm?~(1 + 0(1))) .

Hence

Plap(2u)#* (N = (1)~%) + an + ou < x]
= P[N <m] = P[max a;U; > 2"1]
= P[max a;U;/@m = (x m)~ :l
= P[max a;U;/an > v — (2 — cu) m2-1(1 + 0(1))]

j=m

= Pl:m1 ”ﬁ(max a;U;/an — ,u) —en > —z(l+ 0(1))]

yielding (5.30) by (5.25) in Theorem 8. Similarly if x is a cont1nu1ty
point of =z, let

m=m, = [<%>~1/a + (x +c:;ﬂ—— an) (%')-1/1;«]

then (A/p) Y =m(1 + o(1))" and

(i>—1 =m*(l —(x+ cu— ap)(ae) 1 m/?-1(1 + 0(1)))* .’

u

Therefore -
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m=pm (1 — (2 +co—ap)(ape™)m'+ (1 +0(1)))"
=u(l+ (x+co—an) p™*m*7(1 + 0(1)))
« (1 + am* (1 + 0o(1)))
= u+ (2 + cu) m/» (1 + 0(1)) .

Hence

Henl2) (1 = (1)) # on-en <]
= P[T < m] —P[ min Uj;/a; ,x]

=j<m

=P mm amU/a,<Xam:|

=j=m

= P[m1 “1’< min e, Uj/a; — n)y—ep < 2(l+ 0(1))]

=j<m

which vields (5.31) by (5.27) in Theorem 8. The proofs for N’
nd T’ satisfying (5.29)-(5.31) are similar, and since N —1< N
, (5.29) and (5.30) hold for N/ and similarly (5.29) and (5.31)

hold for T,

REMARK 4. For R,=0, 0<a <1, (525) and (5.26) are given
in [Chow and Hsiung, 1976]. If in particular F is a distribution
function for the normal distribution when p = 2, we certainly have -
the asymptotic normality for the first passage times and the other
related variables.
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