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Abstract.” Let T(p, m;+) (p, m) <R x Z  be the degenerate
principal series of representations induced from the parabolic subgroup.” .
-'This paper is to analyze. the intertwining relations BT(p;, m,; g) -
= T(pg, My; g)B for' all g U(2, 2). Our result ‘is that B is the"
‘trivial operator if (py, 78;) # (ps; m2). This together with the result of
the previous . paper yields that the series of unitary representations
“T(p, m; s). (p, m) e Rx Z, (p, m) =+ (0, 2k) “are’ irreducible and
mutually inequivalent.. The. main techniques are wusing. both Fourier . -
transforms on the additive group and the multiplicative group. The
additive Fourier transform reduces the intertwining relations down. to
an operator equation -involving representation operator of the Weyl
element which is an inversion. Then, we resolve the operator equation
to an equation of special functlons by applymg multlphcatlve Fourler .
transforms. o

In [1], a series zof unifary reﬁresentatio’ns T(p,m; ) pE R,
me Z, of U(2, 2) has been carefully studied. The main result of
[1] is that T (o, m; ) is irréducible if and only if (o, m) is not

"of the form (0, Zk) ke Z. . This result is obtamed by -deeply
studying the commuting relatlons

BT (o, m; 9) =T(p, m; 9)B, ig'_er U, 2.

In this paper, we analyze more general  operator relations, ,the
intertwining relations.

@T(Pl, ml, g) = T(pz, ms; g)B g U 2). ‘
Our result is that &3 is the tr1v1a1 operator if (o1, my) = (02, mz)
Thus the umtary representations T (o, m; *) (p, m) ERXZ—{0} x ZZ
are irreducible and mutually inequivalent. Of the mam questions
concerning these representations, there remains the work of deter-
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mining the irreducible components of 7'(0, 2k;. «). This problem
will be treated in another paper. '
» The problem of analyzing the intertwining relations

BT (p1, my; g) = T oz, me; 9) B

is very similar in nature to the problém solved in [1]. Hence,
except in the proof of our main theorem, the route and techniques
used in this paper are modeled as those used in proving the irre-
ducibility of T'(p, m; +), (o, m)#(0, 2k) in [1]. In proving the -
main theorem, we have introduced some new methods which greatly
simplified the argument.

We begin with recalling some notations and results of [1]. Let
Z, R, C be the sets of all integers, real numbers and complex
numbers respectively. Let C?*2 be the set of all 2 X 2 complex
matrices. U(2, 2) is the group of all 4 X 4 complex matrices

Te b1
— 2X2
g—[c d] a,b,c,dECq
such that ¢pg* = p where |
0 I _
= * — iy
D [—-I O] and g g.

Let X = {xz € C** | & = 2*}, W:{u(x)=[gﬂxeX},

@ = {c(a) = [“’:1 2] | 2 € GL(2, C)}, 1
Q= {v(x):-[i ;)] I z EX}.,  B= U@, and B = QY.

Then U, @, W, &3 and &8’ are subgroups of U(2, 2). TFor the
 sake of convenience, we also write @ for ¢(a). If x € X, we write

Xy + Xy —xz_i$3

(1) x=[ ] zER.

—.Z'z’l‘ixs Xy — XL

Formula (1) gives an . identification of 'X with R* Let
dr = dzy dx; drs drs be the measure on X. Let F be the Fourier
transform on L*(X) given by '

@ (FF)@) = @) = (20) [ 019 £(y) ay
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for f e L/(X)n LX), where (ylx) = % tr (2y) = X x: ¥:. For
a bounded linear operator B on L} X), let B=FBF-. |

For every ¢ = [?é’ in U(2, 2) with det(d)=-0, there is a

unique decomposition

[a b]_[I bd‘l][d*'l O][ I 0]

c dl o I 0 dlla-t¢ 1i"
Therefore, U(2, 2) equals QU@ modulo a measure zero set. In
particular, for any v(x) € Q0 with det(xb + d) ~0, we have

I b(xb + d)—l] [(xb +d)*t 0 ]

”m'g:[o I 0 zb+d

ot e arrc e
(xb + d) ' (za+c) I
Thus each g———[‘c-l g]e U(2, 2) actson Q=X by

x',t“] =(xb+d)*(xa+c) a.e. on X.

The following proposition can be proved by straight forward com-
~ putation. '

ProPOSITION 1. For ¢ =[% ‘?] cU, 2) and feINX), we

have -
(3) [ F((ab+ @) (wa +e)) |det (ab + @)~ dw = [ f(z)dz.

For every ( p, m) € R X Z, there corresponds a character y=yx,,m .
of &3 defined by x(u(x)c(a)) = |detal|i” [deta]™ Whete [det a]
= (deta)/|deta]. Let ux(a) = |deta|% Va=c(a) e @=GL(2, C).

Each 7z, . induces a representation I'(x; +)= T (p, m; ) of
U(2, 2) on L*X), such that for any g——-[z g] in U(2, 2) and
feLX(X) | o

(T 9 @) |
| = (T (o, m; ) F)(x) |
() = () (@b + d) F((@b + d) (wa + ¢)
= [det (zb + @)|P~* [det (zb + d)]"
s f((xb+d) 't (xa+c)):
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That T (y; ) is'a unitary representation is an immediate con-
sequence  of ‘Proposition (1). In this paper, we will show that
if (o1, 1) 7 (o2, mz) then T (o1, 715 *) is mnot equivalent to
T (o3, ms; ). This is done by showing that 1f B is_a -bounded
linear operator on L*(X) such that BT(pl, my; g) = T(.Oz, mg, g)B
Vg U2, 2) then B-O o

Since T(pl, my; 0T f = imy ”f and T(pz, s e”’I)f— eiml f
YfelXX), we have B =10 if m,om, and. BT (ps, my; &®I)
= T (ps, ms; €°I)B; Vel Thus* A T R Uh

PROPOSITION 2. If- mﬁ&mz, then T(,ol, my; )‘aﬂ\d. T (s, ms; *)
are 1ot eqmvalent :

The remammg cases, . i e the -non-equivalence between
T (p1, mi; ) and T (ps, ms; ) for o15=p; need much more ela-
borated work. First, we introduce more notatlons T oein e

Con51der the group actlon (z, a)——>a* ra of GL(2C) on X
There are 3 -orbits of - p031t1ve measure. These orbits are denoted
by Xx, X; and X, ‘which -are represented by [ [1 01] -and
[ 0 1] respectively. Let 9y, 62 and J; be their respectlve ‘¢hara:

cteristic functions. -

PROPOSITION 3. Let B be a bounded linear operator on L*(X).
Then BT(pL, "; b) T (pg, m; b) B, Vb € @' zf and cmly zf there
are constants d,, @, and ds such that =~ = L

(Bf)(-%') = (FBF L) ) S
(5) SRR = (d1 51(37) + dz 52(-”) + da ds(x) |det$li("‘~”2)/2f<x)
fe e - : LV fe Lz(X) c ; e
Proof It can be shown that

(6) o, s e(a) () F(&) L
= |det a¢|?**? [det a]™ e—iCyla* za) f(a* za). e
If (5) is satisfied, then we check easily that = Co
3f<ﬁl,'m;" fb‘).jf--'=.:1q‘.(jpg,'1m;_b‘) ﬁf, :V_b e .
Thus A R E R CIR S U I
BT (o4, M,b)r:-"T(pz,m’ B, Vbe 5.
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The reverse’is proved in [1]. Q E.D.

Smce Q/l P(yﬁ" and U(2 2)—%@@ modulo ‘a’ measure
zero set, we have

COROLLARY 4 Let B be a bozmded lmear opemtor an LA X).
Then BT(pl, m; g) = T(ps, m; 9)B, VYgeU(2,2) if only if
BT (o1, m; p)—I‘(pz,m ») B and (5) holds.

From ' now on, we assume that pﬁé p: are two ﬁxed real
numbers. Let 1= Zojm» X2 = Zosm and o= (oi'— pz)/2. - Assume
that B is a. bounded linear operator on L*(X) such that BT(z;, g)

= T(){z,’g)B Vge U, 2). By Corollary 4, there are constants ‘
d:, d;, and ds such that for f e IX(X), T

Bf (@) = (di 0:(2) + da02(x) + da 0s(2)) |det z]'* ().
Let 8(x) = (di 6:(x) + ds 0s(x) + ds 0s(x)) |detz[?". We will ‘derive
~ the conclusmn d1 =d,= da =0 by problng into the 1dent1ty
(7) '_ , BT(){1, P) = T(Zz, ;b)B

Slnce workable expressmn of T ( 7 _17) is not ava1lable, We shall
rewrite (7) as BFT(z; P)F1= FT(}[z, ;b)F 1B and resolve
this equation by Mellin transform Let -0

: 0. ..
T {U(a) = [e Ow] 0 < a < 277:}
e
. 01 iy
U :[ . l], Lo

P l=10d7 :

I S .ocos By et Sih'91_ Lot
o, ___[ , _ ],

U( b 02)-: L—egmils sin'ﬁl " cos O -

“ - . 7 O . - :
0 = {co = (0)1, @2) = [wl ] w1, Oz € R} s
o »0 @2 S
,.QO ={Cz) —_ ';(Q)l, wz) (=] l @1 2 Cdz} PR

Then, modulo a measure zero set, the map. (a; %) —>uw u-tis a
_two-to-one :map of 2 x SU(2)/T "obnto’ 'X. " ‘Thus we can ‘identify
‘00 x SU(2)/T with X. If SU(2)/T is represented by"the. cosets
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iy, (01, 0:) 0=<L 0, <z/2, 0=ZL6:<2z. Let dit=du(o, 6;)
= 1 sin 26:d0,d6, on SU(2)/T and do =dwidw; on £ or L. We
have ,
-1 _ 2
ff(x)dx /;o jSU(z)/Tf( ou )(a)1 w2)? du do
VfeC(X).

(9)

Let - .
(X) = {f € INX) | f(2) = fluzu-t) Vu e SU))
L(2) =y e IN2) | ¥(o') = —¥(0) Vo € 2)

where o' = (w1, ws)’ = (ws, @1). The space LIX) is invariant
under F, B, and T(y; p). Let @ :IXX)— L(®) be defined by

(10) (@) e) = 5 (01— @) f(0).

It is easily checked that

(01 — @2)~! W(w) .

a1 (01 ) (uz u-1> = 1/2-;

Using (9), we verify easily that © and @' are 1sometr1es By
straight-forward computatwn we have

PROPOSITION 5. For «,lr e Li(2)
- _ i [ gale
(@F 0=t y)(0) = = 2 [ o p(n) dn,

(12) (0T (x; p) 0! v)(0) = z(w)(det o)ty (—0™t),
| (@B 071 4)(0) = §(0) ¥(a). . \

Let 2* denote the collection of o' € 2 for which wrw:5<0. Let
2* denote the group of unitary characters of the multlphcatlve
group £* A typical element 1 of £* is given by

(13) Mw) = lmi‘ffl [w1]°: |0z [we]°,

- where &1, £&2€R, 61, 6=0 or 1 and [w:;] = wi/|w:i]. We also
denote 2 by (&, ei; &, ¢2) and identify 2* with (R X Z) x (R x Z).

The map fib>|detw|'?f is an isometry from IL2(2) onto
L*(2* dof|det |). - Combined with the Fourier transform of
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the multiplicative group &£* we have the Mellin transform
M : I3(8) — I*(£*) such that '

2 1 1/2
(1) m—(M«mw__f |det 0] 2(0) ¥(0) 22— [d etaT

Vo EL‘(!J) N I}0), 1€ 8% Let G¢ be the image of Li(£)
under M. We shall compute F =MFM-, F-1=MF-*M-,
T(x; p)=MT(x; p) M-' and A= MA M- on . TFirst, we
note that ' o

1 Let &4=(0,0; 0,0), ¢&2=(0,1; 0, 0), ¢s=(0, 0; 0, 1) and
¢e=1(0,1; 0, 1). Then A(w) = (Ziacili(0)) [detw|?, . where
—(d1+2ds+ ds), ca=cs= %1 (di—ds), c.= % (d1— 2d: + ds).
2. Zom(@) = lo1]? [0:]" | 02| [02]™
3. [det 0] = ¢(w). .

" We are going to show ¢; = bz =C3=10¢, = 0. For (&, ¢) € R X Z,
let

€y

I

2 I"(l +zE>cos(—jT+ ’5)75—215 r(+ +ZE/2)

. Vo 2 (i —ie/2).’
k1(f, 6)= . ) E=0,
2% (1 - (1 G\ .o T(E +1E/2)
on 1"( +z§) sm(4 2)7: 126—-———1“(1—25/2) |
e=1.

For 1= (&, e1; £, e2) € 9%, define
‘kz(l) = ka(&y, e1; &3, &) = —Fi(&y, e1) Ri(&y, €2) .

PROPOSI:TION‘S. For any ¢ < Lf(;Q), let ¢ =Mpecs S, the image
of ¢ under the Mellin transform M. Then for any 1< £*

Fo(2) = Ba(2) 6(27Y),

F14(2) = —=a(=I) ka(2) 6(271),

(15) X o R o~
Bg(2) =3 ¢;d(1¢;0),

Frs 53 = (=D 31 22¢1) .
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Proof.
F5(2) = MFqsu) = (8z)- f |det &2 () FqS(co) Idetw!'ld(o
—(167r i)- f ldetwl"zx(w)fe’c’“"’)qS(ﬂ)d?y [det o]t do' -

Let ¢ € C2(£2), for any > 0, e-cCloil+19,D) {deta |~V (@) & 197 ¢(7)
is-integrable.on £ x 2-with respect to dody. By Lebesgue dominated
convergence ‘theorem and"-Fubini'atheorem- SE e T

F¢(l)—11m(167c i)- f gttt +los ldetcol““z /I(ca)
L feeswed ‘. S
o= lim (16z* z) f (¢(77)/ e‘e"“’l'*‘“’z{)*“‘ e o
: ldef o] /I(co)e“”"‘”dm) dn A f, WA
= @6yt [ (o) tim [ emeaoasionn
+ Idet o]~ 2(w) €11 do) dr,

2(0) = lorl# [0 |0l [o],

j; —E(l;ll+lwzl) ldetca[””z x(w) e do

[

__f —ec1¢1|+lw21> e1(71101+772f02)
* oy #1712 [oy]1 Ia»zl‘ff”2 [w:]*2do, dos
o
T -we_,emllﬂ’“”‘ lwll’fl‘m [601]" dco1 '
f e—em"““”’ﬂwzl"ff‘” [w:]*2dws,
TR e e . - L
L N o :
f-o; ezclel +imi0y [o |51 [ oy ] 1 de;
® = .. .
= [ ereirnior (—o 1 (<1 don
. v (=) T
® e
T+ f e co1tiney o, f6=12 gy,
-0
o« - 3 /’
= / L@t 0y o fE 2 (] Ve d,
et _

® o ,
. f e f0rinor o, 81712 gy, |
. M ~oo PR e e e
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o0 . o -
f e-to1-inoy o 10 =12 g — f e-Ce=inog g (/2+IED-1 g
0- - ) N L
gy

Principal value. Similqﬂy

f°° e Ce+inoy g (/2riED- 1dw1 = (e + z271) /eeity) p(l + z51> ’
S 2

[] u

AP

(& + i71)~G/2+iED Ai~:ei—<1‘/2+’isac}9g lf‘e,+~i71!_+z‘arg (€+5ﬂl)) ,

11m (Iog le + zml + zarg (e + zm)) = log1771f 4 7'sgn (771) =

hm (e + 2771) (1/2+;51) — |7]1[ (1/2+z€1) e—;(1/2+151)55‘n(n1)n/2

Slmllarly T

hm (e — 1771) (172+ze ) = lml“”z*‘f ) e1(1/2+161)sgﬂ(7]1)z/2 o

llmf elm1l+mlml l(o11161 -1z [01] da)l o .
- 1771]—<1/z+,g 9 (e—‘<1/2+=£ )Em w2

S ei(1/2+1fl)[ﬂljﬂ:/2) T( X3 +ii§;\f’ T el
2 o

lim e-—e;lall+i‘ﬂ1ml ['(D lifli—-l/z Ewl]e,1 dCd1 LT ey = 1A’ R
E-»0 «
ER Iﬂ L-—(l{z-r—:‘fl)( e—1(1/2+1£1)l:771]1t/2 S

+ ei(1/2+ie,)tnﬂ”/2) F(l + 151) 3

= |>77: |;<1/z+:e,> 2i sin ([771] <4 z-1"5 ) > F<%+ i&); i

2
= [gy] -C/E+IED [Vn‘i]fi*ziéiriy[% + z% El]” T[% i ZE‘],
where I' is the usual gamma function.~~
. lim me-—-elwll+€lml lw1[$1—1/2 [(Dl]e dcal ‘

E-0 o/ =0

o ;,7 ] — ) 7] ﬁ;k (El, ),
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lim we~—elwzl+iz’2m2 [wz] 782=12 [ w3 ]2 dws
£-0 / ~o0

= [nal =416 [3]%0 v/ 2w (e, &) .

Notice | 7
| 74(n) = |mal =% [ma]es [na] =%2 [na] 2,
lei_rg'(lﬁxzi)"/; ¢(77)L g-cClogl+lo,D)
o |det o] V2 o) €919 do dn
= (16223)* [ g(a) Iy |-0rvie
e [n1]e1 | 9e] ~ 248D [5]%2 2zks (&4, €13 &, €2) .

= (8x)7* [ 6(n) 271(n) a(2) dn = Fa(2) MB(271)..
The calculation of F-! is similar to F. ) We proceed to calculate B?.
lx?;ﬁ(l) = (87r)‘1'/;2 [det 0| =2 2(@) f(w) ¢(w) do

= (8n)f1/; |det w| 12 l(w)(a(a)) ch C,-(a))) ¢(w) dw
= (8=x)"! Zc,-'/; |det @] =2 (20 ¢;) (@) qﬁ((u) do

i=1

4
= ch (20 ¢;) .
j=1 !

The calculation of 7°(x; p) is straightforward. '
Fr{om~ (7) BFT(z1; p)F-'=FT (zs; 17)~F‘11§ on L*(2) if and
conly if BFT (31; p) F-'=FT(z:; p)F-'B on G

| PROPOSITION 7. gﬁf‘(m; Px)ﬁ‘l;ﬁf(zz; NF1B on G if
and only if for 7=1, 2,8, 4 ’

(G6j) RO BT G = 03 k(S 20) Raai™ €a¢ 20
| | a.e for 1€ 9*.
| Proof. Since 471.= ¢; and C(—1) =1,
BFT (z; ) F-13() '
= ; ¢; FT(z1; p)F-14(20¢;)

4 .
= — > ¢; k(20 ;) k(R0 £ 27 Ca) (A1 0 115 Ca)
J=1
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FT(zs; p) F-1 Bo(2) S
= B () 36 FG el

vNotic’e that (o~'x1) (@) = (0 y2)(@) = |det w|iC1ts22/2, By comparingb

‘the coefficients of both sides, the proposition is proved. Consider
(16-1), then ' '

c1ka(2) ka(x3* o 2)
= ¢1 ks(&1, €13 kfz, ez) :
s ho(—pe + &y, e+ &1+ 1; —p2 + &z, M2 ’+ es + 1)
= -~C1 ki(&1, €1) ka(&s, e2) ' »
o By(—p2 + £y, ma + &1 + 1)/k1(—.02 + &y, M2 + &2 + 1),

crko(Z120) k(27" Ca a /10)

= ¢ kz(pl—;ﬁz— + &4, €13 _E%Qg_ + &, 62)

. kz(—j—,p,l—;—ﬁz— + &y, myt e+ 1;

—Prt e 4 e m1+52+1)

2
— —e kl(_lil_:ﬂ + & 61) kl(_&l:ﬂ + &, 62)
2 2
. k%—% +Ey, Myt o + 1)
. kl(__,p_l-zt_p_z + &2, M1 +oe2 + 1) .

Consider & and Egb to be complex, then %; is a meromorphic
function with isolated poles determined by its first argument. Its
pbles are different by an even integral multiple of 7. Since 015 o,
(p1— 02)/20, (o1 + 02)/25 ps and pi1, pp are real numbers, the
poles of k(1) k(x5 Cs2) do mnot coincide with the poles of
Ex(C120) Ba(xT* ¢eC120). Thus the function equation holds only if
¢y = 0. \ -

For other function equations we notice that the only difference
is the ¢; in the arguments. Since ¢; is of the from (0, ei; 0, ¢2),
as meroporphic functions all left sides of (16-2), (16-3) and (16-4)
have same poles as the left side of (16-1), and all right sides of
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(16-2), (16-3) and (16-4) have same poles as the rlght side of (16-1).
Hence the equations (16~J) hold if and only if c, =0 j=1, 2 3, 4.
The above result together Wlth Corollary 4, we have

- THEOREM. . (p1, 1) 5= (oz Mes) - them - the - representalions
(o1, ma; ) and T(oz, msy: ). are not -equivalent.. o S
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