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Abstract For ¢>0, &< 1 we deﬁne Tc = 1nf {n21 S,, >cnd},

where S, is the sum of iii.d. random variables with positive mean,

_In this paper we give functional forms of the central limit theorem
- -and the law of iterated logarithm for max;g,Sjj¢ and Tc.

. 0. Introduction. Let £i, &, -- be a sequence of mdependent
1dentlcally d1s‘cr1buted ramdom varlables Wlth Eé = # >0, Var &;
= g% << 00, Write S,,-—E1+ -+ &, For c>0, 0 <1, we define
the Airst passage time T.=inf {n>1, "S.>cn®}. A central limit
theorem for Tc as ¢— o was glven by Sxegmund [5]. A closely
related central hmlt theorem for max,<,, S;/j“ was obtamed later
by Teicher [9], which is in fact an easy consequence of [5]. The
laws of iterated logarithm for both max;<,S;/j* and T have been
established by Chow & Hsiung [2]. In this papér, we will ‘give
functional forms of these theorems. Our treatment generalizes that
of Vervaat [10], which discussed a special case of our results. Of
-course, the invariance principles of both Donsker and Strassen play
an ixhportant role in this approach. It is apparent that our approach
can be applied to othef_ situations, for - example, infj<,S;/j? for
 p>1 and N, = inf {#=1:S,<c*#nf} for ¢>0, [8]. The above
assumptions and notations W111 be valid throughout th1s paper unless
mentioned otherwise, ' '

v 1. Functional llmlt theorems for processes W1th pos1t1ve dnft
Let D= D[O 00) be the set of all real valued right- contlnuous
functions on [0, ) which have a finite left limit at each p01pt.
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TLet C be the subset of continuous functions. We will regard D as
* a metric space with the metric introduced by Skorohod and Stone
(c.f. [11, [71). The concept of convergence in D can be charac-
terized as follows: Let X, XeD. X,— X in D if and only if
there exists a sequence of homeomorphisms 1, of [0, o) such that
1,(8) =1 and X,(2,(2))— X(¢) uniformly on compact sets in [0, o).
Clearly, for XeC, X,— X iff X,(¢) converges to X(¢) uniformly on
‘ .compact sets in [0, ). For XeD, we define X'(¢) = suDosa=: X (u),
X' () eD.

LemMA 11. Let X,€D, YeC, 7,>0, 7,.—0. Let + be
@ continuous strictly increasing funclion on [0, ©).  Then
(X, () — v())/1.— Y (t) uniformly on compact sets of [0, o)
implies (X1 () — v (@))/1a — Y () uniformly on compact sels of
[0, o0). - ' A ‘ 7 ‘

Proof. Let ¢, £, be any positive numbers. Since Y is unifornily
continuous, bounded on [0, %] and ¥ is continuous stictly increasing, .
there exists no' such that Y()—Y(@)<e+ (¢ (t) —¥(s))/7. when-
ever #>m, and 0 <s<¢<t. By assumption there exists 7 >,
such that (X,(s) —¥(s))/mx—Y(s)<e for all #=m and all
s€ [0, 2,]. Therefore for >, (X,(s) —v¥())/17.— Y (¢) <2 for
all s and ¢ with 0<s<?<4, which implies the desired result. -

TueoreM 1.1. Let Xi, Xz,--- be random elements in D, Y a
random element in C and ni, 75, positive random variables such
that 1,—0. Let v be a continuous strictly increasing function on
[0, ). Then '

- ’ —_ d ’ | —

: _‘X"—_t-—-)Y i;nplies ._‘X_’L‘__._wj_) Y.
_ Na ‘ | N ;

Proof. It is a consequence of ‘Lemma 1.1 and the folloWing

theorem of Skorohod [6] and Dudley [4]:

THEOREM 1.2. Let Y, Yy, Yz, - - be random elements in a separable
metric_space S such that Y, converges io Y in distrz'buti,o’n. Ti_zen
there exists vandom element Y', Y, Y, in S defined on a common
Drobability space and -having the same probability distributions as
Y, Yy, Y, - such that Yi—Y' a.s. - |
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The above approach is essentially the same as that in Vervaat
[10]. Here we have adopted the convention ——. for convergence in
distribution.

Donsker’s invariance principle says that (S(smt) — ntn)/ov' n
- L W(t), where S(nt) = S &, is a random element in D and W
is ‘:the Wiener Process on [0, c©). Let ¢(¢) be a continudus function
on [0, ), then ' ‘

S(at) o(t) — nt¢<t> LN W(t) o(2),
oV n

which is a Aconsequenc‘e of a standand theorem‘ (see,‘ for example, -.
"~ Theorem 5.1 of [1]). It follows from Theorem 1.1 that we have

THEOREM 1.3. Let ¢ be a continuous function on. [0, o) such
that to(t) is strictly increasing. Then

SUPo<u<t S(ﬂu) gp(u) - %t¢(t) i ———> W(t) SD(t)
01/1’1

COROLLARY 1.1. For o< 1,

MaX j<, S;/5% —n' =% p 4 -
= S/ 2 NGO, D).
Proof. Let 0<<o <1,
Set
e i >,
) = :
# () {6‘“ if 1<<é.

Then it follows from Theorem 1.3 that
(sup S(nu)) v (Sup _S(nu)) — pi-a

osxss (926)¢

ssus1 (nu)“ 'ufv_t—i»N(O, 1) .

o 7/

(XVY »meérvls max (X, Y).) By the ordinary law of iterated
logarithm for almost every o there exists 1(w) such that for
‘ large ”, ‘

sup S,/]‘” < (n6)1 ¢ g+ 20(2(nd)1-2% log log (%5))1’2

' 0<]_<_n
and

sup S;/j* = n1 ¢ p — 2o(27'2¢ log log n)'/?,

nisj<n
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hence

sup Si/j¢ = (sup, Si/(10)) v (sup /i)

0<j<n 0<j<n

and- the desired result is obtained.

‘Let " K be the set of real valued absolutely contmuous
funct1on 0] on [0, ©) such that g(O) 0 ‘and f (g’ (t))‘zdt<1
~ Strassen [8] proved that the set of random elements
{(S(nt) — ntp)/oV m}’m' is a. e. télat’hfely compact with
set of 11m1t pomts K It follows from Lemma 1.1 that

THEOREM 14. Let : be a commuous functzon on [0 o) such
thzzt tqo(t) is strzctly mcreasmg Then

‘ {Supo<u<;S(nu) o(n) —mtqa(t),u} L
01/2n loglegzn a3

is a.e. relatively compact wzth set of lzmzt pmnts Koy = {yqoly € K}.

For <1, 0<d<]1, set o
- t=9,

t) = = :

?() {6*@‘ t<9d,

then by Theorem 1.4 {(suposus:S(2u) ¢(u) — np)/ov'2nloglogn }
' is a.e. relatively compact with set of limit points [—1, 1].- With
a similar argument as in the proof of the p‘revious corollary we get

COROLLARY 1.2. For o<1, ‘

( maxi——n1 ¢ p }
i = g .
ov/2n'~%* log logn

zs a.e. relatwely compact wzth set of limit pomt I—-1, 1].

REMARK 1.1. Corollarles 11 and 1.2 are. respectlvely the exten-
sions of results in [9] and [2], where only the case 0 < %< 1 s
considered.

ReEMARK 1.2. All the above results still hold if we replace
“increasing” by “decreasing” sup” by ‘in’f”,_u"ro_t< 17 by “p>17,
and the proofs are much the same, et
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2. Functional limit theorems for first passage time processes.
Let D+ ‘be the subset of "D} which consists of nondecreasing, non:
negative unbounded functions. For X € D*, we define X-'(2)
=inf {# >0 : X(u) > t} which is the generalized inverse of X(¢).

LemMA 21. Let X,€D*, Y€ C, 7,>0, 7,—0. Let ¥ bea
com‘muous strzctly mcreasmg nonnegatwe unbounded fzmctzon on
[0 00) " Then (X (t) — w(t))/vi,,—»Y(t) uniformly on compact sets
of [0, ) implies (¥ o XgX(2) — I())/1a— =Y o —4(¢) umformly
on compact sets of [0, oo), where I is defied by I (t) =,

THEOREM 2.1. Let Xy, X,:-- be random elements in D*, Y a
random element in C and 71, Ms, - positive random variables such
that 7, 250. Let Vv be a continuous strictly incréasing‘ nonnega}ive
unbounded function on [0, ). Then

Xy 4y implies L2 Xn — 1 o XTI 4,

— Yoyt
Tn . Tn

%;["he proof for Lemma 2.1 is easy and hence omitted., - Theorem
2.1 is a consequence of Lemma 2.1 and Theorem 1.2.
Let S(nu) be defined as in §1 and let

vsugt

X”(t) == Sup W@_ , Y () =W() SD(t), M=o n‘_1/z ,

where

e if t>0,

1) =
#(t) {a—d if 0<t<s,

and 0<o6<1 @<l Let v()=tre(t). Theorem 1.3 says
(X, — ¥)/1.—>Y. Therefore, Theorem 21 tells wus that
(Yo Xt = I)/ns—> — Y o1, I 1> u#, then for almost every o
in the underlying probability space, X;’(t, ®w) =06 for la_rge .
The reason is as follows: : T

X:H(t) = inf {u >0 : S(nu) ¢(u) > nt}
(inf{0<u<o:S(nu)>o*nt}
= if there exists such #,

. S(ou) «
1nf{u26 Ca)* > ul- t}

if S(uu) <omt forall 0Zu<o.
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And if ¢ > p, then there exists (o) such that for all 0<u <6
S(nu) < pnu + 26(2nu log log mz)“2 < é6?nt for large # hence
X4, 0) = 6. , - ' ‘

Define T(#) =inf {#u >0 S(u)/u® >1}. By the similar reason,
for tZzp and 0L u <o, S(nu)/(nu)* < n'-*1¢ for large .. Hence
for t>pu, X:%t) = T(#'"*#)/n>06 for large #. From now on,
Jet’s also assume 0<0<<x<# Consider (v o X3 ——I)/77,,——> Yo w‘ly
on D[u, o), where D[ﬁ, ) 13 the metric space deﬁned 31m11arly
as D[0, ). Then we have

PRac=DN _'

4 _ W((i)l/(l—-a}))‘(i)—a/(l-—é) ‘ -
0”"1/2 . “ . . u

on D[u,YOO), which implies

T

and by some straight-forward computations we have

(T ) —L g
- 1z

I plt-2ad/2ct-a))
y22

. . _; - 1/¢i—a) ci—a)

T (nt) (—) ¢ “ d F\VU=-D\ [ § \~e/-a)
s (L)) ()

anll(Z(I—a))(L)d/( e ) Y23 ’

r l—a u

on D[u, ). Therefore
THEOREM 2.2. For <1,

—(2\Y? e
T (nt) ‘ (,U) t LW((L)U(}—@)
1l M CCL—a)) : el -

v l—a

on Dlu, o).
Put ¢ =4, we get
COROLLARY 2.1. For <1,

Tn) — (1‘3)1/(14)
1 (~)1/(2(1 @)

# l—a \p

N(O 1).
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Similarly, it follows from Theorem 1.4 and Lemma 2.1 that
THEOREM 2.3. For a<<1; the set of random elements in D[p, o)
Tty — (2) oo
L n .
1

2 VTS Tog log #0=D
1o

is a.e. rvelatively compact with the set of limit points {y: [z, )
=R | y(t) = g((#/n)"-®), g € K}.

Put ¢t =p, we get

‘COROLLARY 22. For a<l,

1/1-a)
T(n)— (—n—>
n
Ui-a) T
1_o }/2(£> ¢ log log (ﬁ> “
g l1l—o v/ P o

is d. e. relatively compact with the set of limit points [—1, 1].

REMARK 2.1. Corollaries 2.1 and 2.2 are respectively the exten- .
sions of results in [5] and [2], where only the case 0 < a<<1 is
- considered;

REMARK 2.2. Similar results hold for prbcesses related to
N.=inf{n>1:8,<c¢c'nf}, ¢>0, >1.
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