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Abstract. We prove the following results: (I) an algebraic hyper-
surface of CP; admits a BK-metric if and only if it is linear and ¢13)
a compact complex manifold with vanishing first Chern class admits
a BK-metric if and only if it is covered biholomorphically by C=,

1. Introduction. Let M be a compact, connected, complex
manifold of # complex dimensions. A Kaehler metric ¢ on M is
called a BK-metric if the Bochner tensor of ¢ vanishes. The Bochner
tensor was first introduced by §. Bochner in [1] as a complex
version of the Weyl conformal curvature tensor. For a Kaehler
manifold M, let N be a trivial circle bundle over a small open
subset of M. It is shown in [8] that the Bochner tensor of M is
nothing but the fourth order Chern-Moser tensor of N. The latter
notion has a deal great to do with the pseudo-conformal geometry [4].

Since BK-metrics are simple Kaehler metrics on complex man-
ifolds closely related to pseudo-conformal geometry, it is basic and
interesting to determine the class of complex manifolds which admit
such metrics. In a previous paper, the author was able to give a
complete answer to this problem for analytic complex surfaces. In
this paper, we shall study this problem for higher-dimensional com-
plex manifolds. In particular, we shall prove the following theorems.

THEOREM 1. An algebraic hypersurface of CPs admits a BK-

metric if and only if it is linear.

THEOREM 2. A compact complex manifold of n complex dimensions
is covered biholomorphically by C* if and only if ils first Chern class
vanishes and it admits a BK-melric.
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2. Lemmas. R. Thom [7] has made the class of all oriented
compact differentiable (not necessarily connected) manifolds into an
algebra 2 by identifying two such manifolds X and Y of the same
dimension if there exists a bounded W with W =X — Y and by
defining addition of manifolds as the (disjoint) union, and multipli-
cation as the topological product, these operations being compatible
with the identifications. Thom considers the algebra 2 R Q and
states the theorem:

2 @ Q is genervated by the complex proyectzve spaces Csz of 2k
complex dimensions (k= 0). : :

Each manifold X represents an element of 2 ® Q which we
denote by .(X). In particular, if M is a complex manifold of 4
- complex dimensions, the cobordism class (M) of M can be Wntten
umquely in the following form :

(M) = aCP, + bCPz x CP;.

It is known that the cobordism coeﬁ‘icients a, b for a 4-dimensional
complex manifold are integers [5] The sum of ¢ and & glves the
Hirzebruch index. ‘
~Let ¢;-and ;. be the zth Chern class and the #th Pontryagin

class of - M. TIf w is a cohomology class in H?**(M; R), dimc M = =,
we shall also regard w as the number obtained from w by taking
its value on the fundamental cycle of M,

,Léet M- be a Xaehler manifold with Kaehler = metric

=% 2 (o Qo+ & ®o') and curvature form 2} = LR’ oA’
associated with a unitary frame o),---, ", where # denotes the
complex dimension of M. The Ricci tensor S and the scalar curva-
ture o are given respectively by

= -%— Z (R,-jco" ® o’ ,+ R0’ @ o),
p = 2 Z th:
Where R, 7 f‘ ZZ}R" ; Th_e fpndamental o-form © is given by
o= ___1/*2" L3 of A&,

which is a harmonic form. The cohomology class represented by
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the fundamental 2-form @ of M is denoted by o, which is called the
Sundamental class of the Kaehler manifold.
The Bochner tensor B is a tensor field with local ‘components

Bijkl‘ = R?;“ 2( 1+ 2) (Rsx 051 + Rz] 6kl -+ 61/2 R]l + 6;] Rkl)

+ 0;in0; +6.6
4(n+1)(n+2)( kO30 "’)

If we define a cIosed 2k-form 7 by -

D € L N NI A
T oy = DT 2 i '“Ql’\ N

then 7: is closed and the the Zth Chern class ¢; of M is represented
by 7:. In particular, we have

2.1) .
(22 . pp=-— “812 D (@ingi—oinal),.
=—v -1 oA o /\,gk - gm “/\ ,gfw/\ o
(2.3) 7s 4871:3 Z ( 7 J k i k i
+ 200 N 9L N 9%,
= 381n4 SU(REN SIALEN Q=62 A 8 A DA O
(2.4) L 80N QLA QEADE+ 32PN QLA OF A O

L —6RIN QLN QEN2Y).

For later use we prove the following lemmas.

LEMMA 1. Let M be a compact complex manifold of 4 complex
dimensions. If M admits a BK-metric, them its first cobordism
coefficient satisfies

31
1035 (et
If the equalzty holds, ezther every BK metric o on M is flat or (M g)
is a locally product. ‘manifold. of two Kaehler surfaces, one with con-

stant positive holomorphzc sectional curvature H the other with constant
negative holomorphic sectional curvature —H.

P ez (- 3cacl + 3cscy).
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LEMMA 2. Let M be a compact complex manifold of 4 complex
dimensions. If M admits a BK-melric, we have _

(2) 84525 @ + 135 = 2107 ¢t — 5723 ¢z €1 + 3968 ca ¢y,
(3) 978075 @ — 201 b > 35861 ¢f — 116829c; ¢i + 143964 coc1.

If the equality of (2) holds, every BK-metric on M is flat or
(M, g) is a constant holomorphic sectional curvature or (M, 9) is a
locally product manifold mentioned in Lemma 1.

If the equality of (3) holds, then every BK-metric on M is flat
or (M, 9) is a locally product manifold mentioned in Lemma 1.

Moyreover, inequalities (1), (2) and (3) are best possible.

Proof of Lemmas 1 and 2. “We denote by % the Hodge star
operator and we put
S® = trace(S?), i=1, 2, 3, 4
Then S® = p/2. By direct computation we obtain the following:

k> 28 N2E N2 A= —6S +4S®p + 3(§M)*

(2.5) 3 S@ o2 1 .
— 2 + = ot
T

DI NN N FNCEEE I

+ 15w+ RIS — (S)* — 40 3 RgRyzRE

(2.6) -t 8 Z Rk? pmk RB + 8 Z R sz R;m RB
— 16 Z R sz R;mlc RSm -8 Z R Rkl R::h Rsm

+8 Z Ru pit ukl Rsz”

SDINCNCE NN

1S<3>p—6pZR‘” Vit 40 2 R R Rl
| +40 > R%; RE. R + 242 R R} Ry lel
2.7) ' —2u 3 R; R R _R'_—24 Z R;R;. R - R -
+12Y R;R%: R R'+123 R;R: RE. R

—6 X Ry R, 2R



1978]  CHERN CLASSES AND KAEHLER METRICS 263
€D 28 N2EN QTN DY

3RT

= — LIRIS® + <L IR — 16 3 Ry RE; RY,; R,

2. ,
( 8) + 64 Z R: akl (?mk Tlm - 64 Z R 6mk RS

akz rim

+ 32 Z R akl an rm —32 Z R,m akl an: R:n’
*ZggAgeAgg N 25

_8(4)__16ZRMRBR“/ Rs '—SZR;ﬁRBRY R’

5iF 571 [

+32 Z R: TRT RY Rzn’ + 32 Z R: RS R 87 Rfm;
29
( ) : + 32 Z R,:i} 737 R&ll Rzlk - 64 Z R rkz ML Rzlk

- 16 Z R Tkz Blk ¢]l + 16 Z Ra’ Tkl Ry Rzlk ‘

— 16 Z r:l .ma Rzm

where

RE=2D R’; and |R|* =16 R%-

(t]’b

" If the Kaehler metric ¢ on M is a BK-metric, we have

RS- = 12 (Rgi 855 + Rgp 05 + 8as Rp7 + 0ap Ri7)

- —ﬁ)— (5m 5,91' + 5::,9 3:‘1‘)-

Substituting this into (2.5)~(2.9) we obtain the following:--

%> 025N 828N 2T N 23

(2.10) , 3 1
, = — 6SW £ AS®p + 3(SD®)2 — 2 §@p2 4 = E
2 16
*E:Qz,?AggAgg ANg35
8 3 '
= =0 g®W 4 2 g®
(211) 9 5o

o,

7 19 13
+ L sy - O gmpey 13
15 O T 5 ST T 10
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> 028 N2EANLQT N DS

1 23
V= e s S 29 S(s)
212) . - = T80
1 7 41
+ S®Y)2 sopr 4 4l
og SO 5 SV Seeee P

D UL N HIN L

~ M owy B gw,

(2.18) T T s 810
+ _29_(,5'(2))2 67 Scz)) 2 3 179 2

394 2025 129600

‘“*Zg,;/\m/\g"/\m

S 31 1 41 '
: =1 gw 3l g Sz — @ 2
(214) 162" T 620 _” w18 S T 5100 S
277 :
1296000 *

From (2.12) and (2.14) we find
DI RN RN N S NN N

(2.15) T
=58 g 29 (gmyzy 67 gmyppg 1
: 1

9 1800 9000 *
| From [5], we know that the cobordism coefﬁcients satisfy
(2.16) 5 = — 4¢, + 4czcq + 202 — 4e; ¢ + cl,
(217 95 = 10¢s — 10cs ¢y — 3c2 + 8¢z ¢f — 2ci.
Thus from (2.1), (2.2), (2.3), (2.4) and (2.16) we find

(2.18) f*zg:;/\gg A 8T A 82 =16rc,
219) [ D02 A 0B A0 A =162l — 32t el
220) [ 3 02 A 0% A 0] A2 = 160 cf— 48xic; cf + 48zt escy,

(2.21) f ZﬁgAQBAQSAﬂw—SOna

Substituting (2. 20), (2 21) 1nto (2 15), we get
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1035 = 31(ci — 8eaci + 8eacs) + 9 -, f [4S® — (S®)2)

(2.23)

SR S®pt 4 S
144000 r J (83550 I

On the other hand, we have
(2.24) O AS® > (8®)E

The equality sign of (2.24) holds if and only if §® is proportional
to the identity transformation, ie., the eigenvalues of & have the
same absolute value. Combining (2.23) and (2.24) we find

(2.23) 1085a > 31(ct — 36362 + 3¢scy),

where the equality sign holds if and only if, with respect to a
suitable frame, the Ricci tensor S of M _h'as the following form:

| o
(2.24) o .s:,( r )
) 0 =i

Since the metric ¢ is Bochner Kaehlerlan, th1s implies that either the
metric is flat or (M, ¢) is a locally product manifold of two Kaehler-
surfaces, one with constant positive holomorphic sectional curvature
H, the other with constant negative holomorphic sectional curvature
— H (see, for example; [3]). This proves Lemma 1.

Now we prove Lemma 2. From (2.10)-(2.12) find

1 7 .. 2 ;
S<4>:___S<2>p2+_p4+~_* 28 NREN 2T N2}
25 400 2 T

2.25) ‘117>x<25.3.,,/\‘9'3/\.95/\HQ7

2
+66% > 22 A28 A 81 A 03,

s®p =355t Lot + D30 01 A 08 NG A

(2.26) - 1%* S 05 A28 A Q1A 3

T+ _g_*zbg: LN VNS
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11 1 11 v 8
M) =22 §®p2 = php 2k D QENL2ENQTANL
(S ) 50 0 400 14 3 Z 8 Y 3
(2.27) —27%> 05 N2EN 2T A DS
+12%> 25 A Q5 A 21 A BB
'Onv the other hand, from (2.10)-(2.14) and (2.17) we get
~ 2
122) = [ {125 — 2500 + 7(5®) ~ L s
(120)% = | 255 + T(S®) = 22 5
9 4}
4 2 ptt
400 °

Substituting (2,25)—(2,27) into (2,28), we find

(2.28)

96z + 43 [ %3 92 A 2§ A 01 A B3

— 405 | % 22 N 28 AN 27 AN 98
(2.29) f Z

+558 [ 3, 85 A8 A 0T A QY
63 :
— S®p2 — 4
=/ { 200 * }
Therefore, by using (2.18)-(2.20) and (2.29) we obtain

3= — 9861 + 432¢.¢1 — 837¢s4

(2.30)
+— 1 [{4208® % — 630"
12800 ¢ .[{4 p* — 630"}

Thus, from (2.23) and (2.30) we find
84525z + 13b = 2107ci — 5723¢5¢; + 3968¢scy

(2.31) 7105 4y __ 2) 287 2) _
+ L5 OB [ {450 — (59)2} + T 2T [(165®4% — o*},
9780752 — 2015 = 358616i — 116829c; ¢ -+ 143964cs ¢,
(2.32) . 3045 W e 12621 [ .
324f{4s (SEP+ os00at J 7"

On: the other hand, from [3], we have

(2.33) 168 > o

The equality sign holds if and only if the metric is Einsteinian.
Thus from (2.24) and (2.31)-(2.33) we obtain the inequalities (2)
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and (3). If the equality sign of (2) holds, (2.31) implies that either
0 =0, 4S® = (S®)? or the Bochner-Kaehler metric is Einsteinian.
In the first case, either the metric is flat or (M, g) is a locally
product manifold mentioned in Lemma 1. In the second case, the
metric must have constant holomorphic sectional curvature. If the
equality sign of (3) holds, (2.32) implies that p = 0 and 4S® =(S®)%
Thus (M, g) is either flat or the mentioned locally product manifold.
(Q.E.D.)

3. Proof of Theorem 1. If M is an algebraic hypersurface of
CP;, let 7 be the generator of H?*(CP;; Z) corresponding to the
divisor class of a hyperplane section CP,, Then the total Chern
class ¢(CP;) of CP; is given by

c(CP) = (1 + h)S.

Let 7:M ——>CP5 be the imbedding and v be the normal bundie of
j(M) in CP;. Denote by d the degree of M. The total Chern class .
¢(v) is given by

c(y) =1+ dh,
where % is the image of % under the homomorphism j*: H2(CPs; Z)
— H®(M;Z). Since j*T(CP;)=TM®v, we have j*c(CP)

= c¢(M) » ¢(v), where ¢(M) is the total Chern class of M. Thus
we find

A+n)={1+ci+cs+ces+c}(1+ ar),

which implies

o= {i (=i S ;) e}

§=0

From this we find

2= % 6—dYd, b=-11—-2a&+d)d

|-

On the other hand, we have
¢i— 3¢c;¢i + 3cscy = (d® —6)(d —6).

Since  207(6 — d‘*) < 31(d*—6)(d—6) for d>2, Lemma 1 implies
that M admits no BK-metric for d>2. Thus d=deg M <2, If
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d =2, we have ‘
2107ct — 5723¢, ¢f + 89685 ¢1 = 84525,
and | o
84528z + 130 = — 169017.

Thus from Lemma 2 we see that M admits no BK-metrié. It M IS
linear, then M is CP.. In this case M admits a BK-metric, namely,
the Fubini-Study metric. (Q.E.D.)

4. Proof of Theorem 2. Let M be a compact complex smanifold

of # complex dimensions. Assume that M admits a BK-metric 0.
Then we have ' o

o"=* ci=f* "2y,
and
Q)n_262 =f* @n'—z 72.

By a straightforward computation we get

and -
(12) orte, = B2 BL [ — 85 + IR,

where S® = ¥ R5R;;. On the other hand, since the metric is a
BK-metric, we have

2:46&(2) ‘ 2 2
(4.3) 1] n+2s * (m+ 1)(m+2) o

Substituting (4.3) into. (4.2) we get

n—2 _ (ﬂ—z)! - ﬂ(ﬂ + 3) 2 Sn 2
(44) ot =R [ D s )

From (4.1) and (4.4) we find

N _ 7 n—1 ,2 (n—2)!n (oF— S
R el T R APy el At SOS
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Since p* < 4nS® and the equality holds if and only if the mietric
7 is Einsteinian; (4 5) implies

6 T - -2 S‘ ”® ] n;i 2
(4— ) @ Cy —————-2<n +1) @ €1

and the equahty of (4 6) holds if and only if the metnc g is
Einsteinian. ) '

v Now suppose that the ﬁrst Chern class Cy of M vanishes. Thén
(4 6) glves ' :

<47> o 0" %, < 0,

Smce every Emstelman BK metric has constant holomorphm sectional
curvature, the equality of (4.7) holds when and only when the
metr1c g on M is flat. * ‘
~ Now, by the assumptmn, the first Chern class of M vamshes
‘The main result of [9] shows that there exists an Einstein-Kaehler
metric § on M such that ¢ and § have the same fundamental class,
that is, ® = @. Since § is Einsteinian, Theorem 2 of [3] shows that
- . ” . ae
0" e, = "% ey me” 2t =0.

Combining this with (4.7), we find that " %?¢; =0 and the BK-
metric is flat. Consequently, M is covered biholomorphically by €=,

Conversely, if M is covered biholomorphically by C€*, the can-

onical flat metric on C” induces a flat BK-metric. In particular, the
first Chern class of M vanishes. (Q.E.D.)

5. Remarks. REMARK 1. By using the technique given in the
proof of Theorem 2, we have the following.

THEOREM 3. If a compact complex manifold M admits a BK-
metric § and an Einstein-Kaehler § such that they have the same
Sfundamental class, then M is covered biholomorphically by CP*, C* or
the ball D" in C*,

The converse is also true.

REMARK 2. In view of Theorems 1, 2 and 3, and results in [2]
we would like to make the following conjecture.
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CONJECTURE. A compact complex manifold is covered biholomor-
phically by CP* (respectively, D*) if and only if it admits ¢ BK-
wmelric and its first Chern class is positive (respeciively, negative).
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