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Abstract. Let g; > 1, i=1,2,---, %, be n real numbers such that
(Inaj)/(Ina;) are rational for £, j=1,---, 2, and let

U = {ze €] |2i] <a;, |z:] <1 for i=j}.

Let €(ay,:+-, an) be the holomorphic  envelope of U;.‘=1 U;}. In

this paper, we will determine all proper holomorphic mappings
@ Qay, -, an)~> sz(a;,. .., a;).

Introduction. Consider the following problem: Given two
bounded domains 2 and 2’ in C€”, determine all proper holomorphic
mappings ¢ : 2—>£’. In this context, “proper” simply means that
¢ maps sequences in £ converging to the boundary of £ to
~ sequences in 2’ converging to the boundary of 2.

In the case £ = 2" = B, (the unit ball in C*), Alexander [1]
showed that ¢ must be a biholomorphism. Combining the machinery
of Chern and Moser [3] with the technique of Alexander [1], Burns
and Shnider [2] proved that a proper self-mapping of a strictly
pseudo-convex domain is a biholomorphism. On the other hand,
Rudin [5] showed that all proper self-mappings of the polydisc are
given by (21,7 -+, 2a) = (¢1(2:,),- -, ¢4(2: ), where each ¢, 1<k<z,
is d finite Blaschke product in one complex variable and (4y,---, i,)
is a permutation of (1, 2,---, #).

"~ In this paper we will determine all proper holomorphic mappings
¢: 92— 92 when £ and £’ are the special analytic polyhedrons to
be defined in the following.

' Let ¢;>1, j=1,---, n, be n real numbers such that /e
are rational for 7, j=1,---, #, where «; =Ina;,

" Received by the editors November 11, 1977.
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Up={ze C"| |z;| <a;, |z <1 for i#j}.

It is well known that the holomofphic envelope £2(as, -+, @)
of U7 U7} is given by ' ) ’

'Q={ZEC”‘IZJ'I<“]7 i=1,"-, n,
2519 |zl <ewss, i, & =1,
W {290 |2 %%k 2| %% < eni®i%, ijFFk, i, 5, k=1, n,
lzlldz..-dn lé21d1‘13".dn. .. Izﬂlal---dn_l <ed1-..¢”} .

Since @;/e; are rational, we may consider that the 2*—1 parts
of the topological boundary of £ are defined by 2” — 1 monomials
v, j=1,---, 2" —1 of least degree and assume v ;(2) =2z,
j=1,--+, . Our main result is the following theorem.

Main theorem.

1. TEEOREM. Let 2(ay,- -+, a.), 2'(ai,---, ax) be two domains
defined by (1) and let © = (41,---, ¢.) be a proper holomorphic map
from 2 onto 2'. Then after a permutation among coordinates (in

the target space), there ave n real numbers 0i,---, 0, and n positive
integers m,,---, m, such that © is defined by
(2) -. ¢j(2;’) :__eiﬂ]'z;nf’ . j___._l,..(.’ ”.

Before we carry out the proof of Theorem 1, let us write down
a key lemma. '

Key LeMMA. Let {fj}j-1.23.. be @ countable family of
holomorphic functions from U" (polydisc in C*) to U (unit disc in
C). Let us denote us C* by u= (2, w), z€ C, we C**. Suppose
L;(&) = lim, f;(#¢, 0) exists for almost all (€ T (unit circle in C)
and all j. Let E,-:{CéTi [L;(¢)| =1}, and suppose U, E; covers
T a.e. Then there is at least ome j such that f; depends on z
alone. ‘

Proof of the key lemma. Since the countable union U E; covers
T a.e, one of the E; must have positive measure say E; For -
fixed (€ E,, 0<7r<1, consider fi(#¢, w) as a family of holomorphié
functions from U"?! to U. Since lim.f(#, 0) =L, (¢) € T, by
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732 of [5], limsifi(#C, w) = L;(¢) uniformly on compact subsets
of U, In particular, lim,.,fi(#¢, w) = L,(¢) for all we Ut
Let ¢.(2) = fi(z, w), then ¢,€ H®(U) for all we U*' For »
w, w € U*", we have lims1 §u(#¢) = limysy 9w (#¢) for all ¢ € E,.
Since E; has positive measure, ¢.(2) =0 (2), i.e., fi(z, w) =fi(z, w’).
Which proves f; depends on z alone. Q.E.D. '

Proof of the theorem. By the above lemma, there are » integers
1<6(1),---, 6(m) <2°—1 such that the holomorphic functions
Yej>(0(2)) depend only on z;, j=1,--, # (where v are the
monomials which define the boundary of £ ) Then the proof
consists of two steps.

Step 1. We show that after a permutatipn arhong coordinates
(in the target space), Vi = ¥
Step 2. From Step 1, we have
D(2) = (8:(21), 82(2),°7-, dul2a)).
Now we show ¢;(2z;) = e’ z;?, which completes the proof.

Step 1. Let us assume o) = ¢'7v¢'5---, where #>1. Let

2° = (#, %, -, £,) such that
Yo (0(2°)) = vi(0(2°)) v i P(2°)) -+ = ‘,

Since v.1)(9(2)) depends only on 2, we have vy (0(z, 2°))
= U0z, 2)) v Dz, 27))--- =0 for all 2 € C*! such that
(=, z’) € 2. Then at least one of the factors of sy must vanish
for all (2% 2’) € 2, and we may assume v¥1(0(z;, 2)) =0 for ail
(z1, 2’) € 2. We claim that 1 cannot be a factor of any v,

j=2,---, n. For instance, if Yo =v¢'{¥'% -, where £=1, let
|z:] <1, then there are zs,-:-, 2, such that (z, 2, 2s,-°-,2,) € 2.
Since

Yo (0(21, 22,0, 2Za)) ;
= ’Sb',;.(@(z:; B, ", zn)) ‘S”’g(@(z:, Byt 0, zﬂ)) Tt
=] 0 -
and Vo@(9(2)) depends only on 2z, we have Yo o®(2) =0,
which is a contradiction. Since there are # such functions, hence
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after a permutation among coordinates (in the target space), ¥ is

the only factor of Vo, j=1---, n. So the only possibility is

Yop =V, j=1,---, n. It follows that ¢;(z) = ;6 0(2) depends

“only on zj, j=1,-+, n. This completes Step 1. SEER P
-~ Step 2. Let ~

U=({zeC| |zl <1},

rU={ze | |z|<r}.

From Step 1 we have '
(21, -, 2a) = ($1(20),- -, 6a(2a));

we first show that ¢;(U) 2 U and ¢;(a; U— U)c @, U~ U, which
will give us (2). Before we continue the proof, we have to make
the following observation. If [£i| <1 then

2n ({z1} x €*1)
= {(2, 25, 22) ] 1251 <aj, =2, m,
l2;]9 |2;]% < e®i®i,  §F, &, j=2,--, m,
|22 | %7 0 | 2] ©2%a™ Ene o - | 2, ] @27 s < @%27 %)

def =
= {z} x 2;.

If 1< IZ:I <aly

2 n ({z} x ¢ 1)
= {2, 2, 20 | 2] <ay la]meilen, =2 n,
Clzilei lzgla <ewdi |g|mwuiltn, iskf, i, § =2, 0,

A P AR EALE
<emren || mer i

def =
= {z1} X Lizp1 .

It is clear that if [2i] >1, then £:D &;. Coming back to the
proof, let us suppose for some 2% € U and [¢:(z)|>1; then
® = (¢s, -, ¢s) will map {2z} x £ properly.onto {4:(2)} X 24,1
Since (g¢g,""-, ¢,) is independent of z;, then (4s,---, ¢4) will map
2, properly onto £{,,¢:p1, which is a contradiction to the fact that ‘
Q)= (¢1,°*+, ) maps £ properly onto £’. That proves

(O ESU.
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Suppose for some [2i] >1 and [¢:(27)| <1; then O =(¢1-¢n)
will map {#1} x 2).; properly onto {4:(21)} X 21, and hence ((f)g,‘ ',-,'_qﬁ‘,,)
will map £, properly onto 2. Then for some 2;, [z:| =a. {zl'lf?z(“{,
any sequence 23— 2, liMuw,w|¢2(25)| = @2 On the other hand, "s'iric‘e
[z,] <@, we must have [¢:(2:)] <@, which is a contradiction.
Hence we have

¢1<41U—;‘{7)ga{ﬁ—f]—.
Consider ¢; as a proper map from @, U to aiU and ¢.|U as a

proper map from U to U, and let ¢7*(0) = {wy, -+, wn}. Then ¢,
can be written as

= 60 21/@ ~ ‘ w;/a
¢1(z1) ae H 1— (w;/ay)(2:./a))

and

21— W;
$1(2;) = &’ il |
ior 1 —wj 2,

In order to have the two expressions represent the same function,

we should have w; =wy,=---=w,, =0 and
» 26?
a ezﬁ
L . e 1 )
al et?
ie.,

$1(z1) = e 2P,
Similarly we can prove
$;(2;) =e” 2. QE.D.
2. COROLLARY. @ exisis iff there is a permutation among
(1,---, ») and positive integers mi,---m, such that
aoiy = a;°
3. COROLLARY. Let P(2) be the subgroup of Aut(2) consisting

of the elements of permutation among coovdinates. Then

Aut (2)/P(2) >~T".
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