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Abstract. It is proved that for multiple Fourier series the
condition T, lem|?Logm < o is sufficient for almost .everywhere
" convergence of the rectangular sums of the corresponding Fourier
series. . This result is a generalization of Kaczmarz for double Founer
series.

1. In view of the theorem of Carleson and Hunt to the effect
that the Fourier series of an L?- function on [0, 2z) converges
almost everywhere (p>1) (see [2, 4]), the preVlously mterestmg
_theorem of Kolmogorov-Seliverstov-Plessner [1, 71, which says that
if 2 (aj+8)logj< oo, then the corresponding Fourler series
converges almost everywhere, loses much of its interest. - However,
in view of the fact that Fefferman [3] has found a continuous
function on 7% = [0, 2z) x [0, 2z) whose Fourler series has every-
where divergent rectangular Ppartial sums, the analogous result of
Kaczmarz [5] becomes mterestlng, namely that for double series
the -conditions X..c}logilogi< co and ZRi(ch +ei)logi< oo
imply almost everywhere convergence of the rectangular partial
. sums of the corresponding Fourier series. For 1- dimension, X ¢i<< oo
is sufficient. For 2-dimension it is not enough but Kaczmarz’s
conditions are sufficient. So ‘it is natural to ask what is the
situation for h1gher dlmensmns? In this paper we show that the
condition X, |¢a.|? Logm<oo where - m = (my, ms,- - -, m,) is an
integer lattice point of R” and Log m = T2 log [m,] w1th log 0
and log1 interpreted as 1, implies almost everywhere convergence
of the rectangular partial " sums of the corresponding multiple ‘
Fourier series .. c¢nei™'*.
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To judge from an example given for multiple Fourier series by }
Fefferman [3], or from the interesting improvement of Kaczmarz’s
theorem in Sjolin [6], it seems that our result cannot be essentlally
improved.

2. Consider the #z-torus T,=1[0, 2z) x [0, 2x) X ceex [0, 2z) of
" points- & = (&1, Xy, -+, Lx). For f& LTy let Si(a, 1), oz, f)
be respectively the rectangular partial sum and the (C, 1) sum for
“the Fourier series of f at x, where I=(ly, b, - -, §y) is a mnon-
negative integer lattice point of R*. We shall make use of the
‘standard equa11t1es

s =L [ f) Di(z =) dy,

o(w, ) =L [ fo) Kz —v)dy,

where D;(x) = D1, (1) Dlz'(-'lfz)' . 'D’n,(x”) and Ki(x) = Kl,(xl) K, (xs)- -
Kl (.’L'n) .
Then it is convement to mtroduce the followmg definition.

DEFINITION Let v be any strictly increasing function from
{1, 2,- ., B}, 1<k<n, into {1, 2 , #} and let v’ be a strictly
increasing function from {1, 2,---, n—k} into {1, 2,---, #} such
that {vi, v2,o-s Ve Vi Ve ey vaos) = {1, 2,--+, #}.  Then », »' are
called a complementary pair. ‘ v

For points x € R*, we designate 2, = (L, Typ**, Ty,) as points
in & space. We also write dx = dx, dx,.. '

The following two lemmas are needed:

LEMMA 1. If fe LXT,), set

NZ * — [Sl(x; )l
| (1) | S (x, D) sup ~ feal
(i) o¥(z, ) = sup lo(x, I .
Then

1182 N < AlSflles
lo%Ce, Pl < AllSzs

where A is an absolyute' constant depending only on n.
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- Proof. The proof of (i) is essentially the same as in [7, pp
161-162], and (ii) is given in [7, p. 308]

'LEMMA; 2. If fe L2(T,,-) and if v, v' are a complementary pair
defined as above; set
Pl?v'(x: f)
Dlv,(x - y?v'f(y) dyv\' 1
'[//Log l,,o ' j ) ‘ )

‘ o — ' ’ Tn—k
= spp kaKu(x YD, 4y, sup {
Then

UPLa, Pl < Alfls.

Proof. Note that o |
P, £ =wbsp f, K (@ =0, St Sy D dtss
where f, is the restriction of f on‘,T -+ Then

» Pfu'(xy f) = z” 01}:(-7),,, n—k(‘z'v": fyy)) .

Hence

IP% (2, £l = f P, f)1* dx
- f dz [ 1Pa, Pltas, |
= 1 f dz,, f o8 (s ST, £5)11 o,
<A fT _ 824(a,0, f5lixap e (by Lemma 1, ii)
=Af { [, 185w, 13,017 .} d.
=af AL, 18taten, 501 dar} @y,

< A [ 1fo (s, pdv, (by Lemma 1, 1)
= AlfIE.

The proof is complete.
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3. Now we can prove our theorem.

THEOREM. If fe LXT,) anrd fm is the mth Fourier coefficient
of f, suppose that '

> 1 fal?Logm< oo,
where m = (nty, Moy -, 1) and Logm = H};l log |m;| with log0
and logl interpreted as 1.

Then the rectangular partial sums Si(z, ) converge almosz
everywhere.

Pfoof. Let S*f(z) = sup; |Si(z, ..
Note that

Sz, f) =Y, fnei™s
= > (fuVTogm &™) biny bimy1* +-Bim,1 5

where the summation is taken over all integer Iatt;ice‘ points
m = (M, Mz, -, m,) such that |m;| <I; and bimj = 1/vVTog 1m;|
(j=1, 2+, n). Thereis a g€ L¥T,) such that Jn=FfnvLogm
for ’each m. By':n-dimensional Abel partial summation we obtain

-1 X )
Sz, )= >, Sy@ 0) Dby Aby,--Aby, +- -

5=(%0,+,9)
1,-1 b

(%) +Z{ }: Su z>(x,g)(HAbd )(Hbf;)}-;—-..

v Y, =00

4 Si(x,
;(x g) —— 1/L =7’

where I—1=(h=1, b=+, L=1), h—1=(~1, b, =1~ b, =1),
y, v is a complementary pair (d,, /,») is an integer lattice point
p=(Dy Do+r> bu) With P, =d,, pi=1; @G=1--, n—Fk
j=1,---, k); and the summation X, is taken over all v satisfying
l<n<nm<--<w<n

Denote the first term in ( ) by F, the last term by L, and -
the general term by G. :

Obviously, we have |L] < S*(x, g): Another Abel partial

summation and the convexity of the sequence (1/V1ogj. ),.;a show
that
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|Fl < As¥(=, 9),
G| < AZP tur(@, 9),

where the summation is taken over all complementary pairs. There-
fore we have '

5% f(@)] < A{ot(a, 0) + Sz, 0) + X Paurler, ).
By Léemmas 1 and 2, we conclude 7
18" @) < Allgls = A 1Fal* Logm)

From this inequality. and from the density of the Atrigonometric
polynomials in L*(T,) it follows that

lllim sup [Si(z, f) — Sz:(x, Nllz=0.

" So the almost everywhere convergence of S:(x, f) follows, and the .
proof is complete
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