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A NOTE ON A PAPER OF WONG

BY

JOHN R. GRAEF AND PAUL W. SPIKES

Abstract. In a recent paper in this journal, J.S.W. Wong [1]
studied the oscillatory behavior of solutions of a second order non-
linear differential equation. In this paper a counterexample to a key
lemma used by Wong is constructed, In addition, the error in Wong’s
proof is indicated, and a correct version of the lemma is suggested.

In a recent paper Wong [1] discussed the oscillatory nature of
solutions of the equation

(1) x'" +a(t) f(xz) =0,

where it is assumed that a is locally integrable and f is continuous.
He was particularly interested in obtaining oscillation results for
(1) under the assumption

(Ao) There exists a sequence {7,}— oo such that

fT' a(s)ds=0 for all ¢>T,,

rather than under the stronger conditions
(A:)" For all large T

liminf [
IlIrl-’Ln fra(s)dszo,

or
(A1) For all large T

lim inf [
m}_ion fra(s)ds>0.

In so doing, Wong attempted to show [1, Lemma 2] that under
very mild conditions on f, namely, 2f(z)>0 for x50 and
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f'(z) =20 for all x, condition (A,) guaranteed that any nonoscil-
latory solution a(f) of (1) satisfies «(¢) 2’(¢) >0 for all large ¢
We will construct an example satisfying the hypotheses of Lemma
2 in [1], but for which the conclusion fails.

Consider the equation

(2) 2" +alt)x=0, t>1,

where a(t) = [sin(Int) + cos (Int)]/#[2 + sin(Int)]. Now x(¢)
=92+ sin(Int) is a nonoscillatory solution of (2) and x(¢)2'(¢)
=[2 +sin(In?)][cos (In?)]/t + 0 for all large . Since f(x)=x
clearly satisfies the hypotheses of Wong’s lemma, it remains only
to show that (A,) is satisfied.

Let {T,} ={exp (2nz)}. For convenience we adopt the following
notation

0.(e) = exp (2nz + o)
and observe that 0,(0) = T,. The only intervals where a(f) is
nonpositive for ¢ = T, occur when 37/4 < « < 7z/4. We will show
that

0, Cal2) 0, Clx14)
f a(s) ds + f a(s)ds>0,
6,00 0,314

from which it follows that
f; a(s)ds=0 forall t>T,.

If 0<eae< /2, then exp (2nz) <t < exp (Zux + z/2), so
sin(In?) + cos (In?) 21 and a(?) = 1/3#* there. Thus
0, Cal2)
I = j;"m a(s) ds
= —(1/3) {exp [—(2nz + =/2)] — exp [—(2nx)]]}
= [exp (n/2) — 1]/3exp (2nrx + =/2) .

Now if 3z/4 < & < 7n/4, then exp (2nz + 37/4) <t < exp (2nz + Tr/4)
so sin(Int) + cos(Iln?) = —2Y% and a(?) = —2'%/12. Hence
0, (Tzl4)
I = _/; a(s) ds

n(3m4)

> 212 {exp [—(2nx + Tx/4)] — exp [—(2nz + 3z/4)1}
= 22 [1 — exp n]l/exp (2nr + Tz/4).
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We then have

I + I = {[exp (#/2) — 1] exp (5z/4)
+ 2!2 [1 — exp z] (3)}/3 exp (2nr + Tz/4)
= [exp (z/2) — 1] exp (=/2) {exp (37/4)
— 22 [1 + exp (—=/2)]1(3)}/3 exp (2nz + 7x/4) .

Since exp(3z/4)>7 and 1+ exp(—=/2)<13<2' we have
I + I >0 so (Ay) holds.

Due to the above example, the results in [1] which depend on
Lemma 2, namely, Theorem 1, Corollaries 1, 2, 5, and 6, and parts
(a) and (b) of both Theorems 3 and 5 are not valid. It should be
pointed out, however, that Wong’s lemma is correct when condition
(Ao) is replaced by (A;)". (The error in the proof of Lemma 2 in
[1] occurs in assuming that the zeros of 2'(¢) occur along the
sequence {7',} in (A,).) Finally, we note that the above example
can be modified to include nonlinear equations of the type

2" + b(t) |[2|"sgnx =0, n<r<i,
by letting 5(¢) = [sin(In?) + cos (In#)]/2[2 + sin (In#)]” and
observing that in calculating 1, &(¢) > 1/37 2 >1/3¢.
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