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Abstract. We give detailed discussion of subRiemannian
geometry which arised from the sub-Laplacian Ag on the Heisen-
berg group. In particular, we calculate the subRiemannian dis-
tances along the geodesics. We also find the complex action func-
tion and the volume element on the group. Using this action func-
tion and the volume element, we obtain the fundamental solution

and the heat kernel for the operator Agy.

The Heisenberg group and its sub-Laplacian are at the cross-roads of
many domains of analysis and geometry: nilpotent Lie group theory, hy-
poelliptic second order partial differential equations, strongly pseudoconvex
domains in complex analysis, probability theory of degenerate diffusion pro-
cess, subRiemannian geometry, control theory and semiclassical analysis of

quantum mechanics, see e.g., [5], [6], [16], [17], and [22].

Here we give a detailed discussion of the behavior of the subRiemannian
geodesics on Heisenberg group, which is the paradigm of the theory. This

article is one of a series (see [7], [8], [9], [10], [12] and [13]), whose aim is
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to study the subRiemannian geometry induced by the sub-Laplacian and its
analytic consequences. The paper is based on lectures given by the second
and the third author during the “Fourth Workshops in Several Complex
Variables” which was held at the Mathematical Institute of the Academia
Sinica, December 29, 2003. The authors take great pleasure in expressing
their thanks Professor Hsuan-Pei Lee and Professor Chin-Huei Chang for
organizing this activity and to Professor Tai-Ping Liu for his strong support.
The authors would also like to thank many colleagues at the Academia Sinica

for their warm hospitality they have received while they visited Taiwan.

1. Definitions for the Heisenberg group. The Heisenberg group
is a nilpotent Lie group of step 2 which makes this case very special in the
class of subRiemannian manifolds. There are a few ways to introduce the
Heisenberg group. In this section we shall show that all these are equivalent.
Let G be a noncommutative group. If h, k € G are two elements, define the
commutator of h and k by [h, k] = hkh™ k™! = hk(kh)~L. If [h, k] = e, we
say that A and k& commute (e denotes the unit element of G). The set of
elements which commute with all other elements is called the center of the
group Z(G) = {g € G;[g,k] = e}. If K <« G is a subgroup of G then let
[K, G] be the group generated by all commutators [k, g] with ¥ € K and
g € G. When K = G, then [G, G] is called the commutator subgroup of G.

Definition 1.1. Let G be a group. Define the sequence of groups
(I'(G)),>1 by To(G) = G, I'n+1(G) = [['(G),G]. G is called nilpotent if
there is n € N such that I'),(G) = e. The smallest integer n with the above

property is called the class of nilpotence.
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The subset of M3(R) given by

@
Il
o O =
S = 2

C
b |;a,b,ceR
1

define a noncommutative group with the usual matrix multiplication. Con-

sider the matrices

1 a; as 1 bl bg
0 0 1 0 0 1
Then
1 a1 +b az+bz3+aibs
AB = 0 1 a9 + b2 )
0 0 1
1 —a1 aijag —as 1 —b1 b1b2 — b3
At=10 1 —ay , B7'=|0 1 —by
0 O 1 0 0 1
The commutator
1 0 a1b2 — b1a2
[A,B]=ABA™'B'=| 0 1 0 :
0 0 1

and hence the commutator subgroup

I1(G)=[G,G] = ([A,B;A,B € G) = kER

S O =
S = O
- o X
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Let
1 0 k
C=1010
0 0 1
Then
1 a c+k
AC=1| 0 1 b =CA,
0 0 1

and therefore [A, O] = AC(AC)™! = I3. Hence I'y(G) = [I'1(G),G] = I =
e, and the group G is nilpotent of class 2. G is called the Heisenberg group

with 3 parameters.

The nilpotence class measures the noncommutativity of the group. In
the following we shall associate with this group a noncommutative geometry
of step 2. This geometry will have the Heisenberg uncertainty principle built
in.

The bijection ¢ : R? — M3(R),

1 il t
¢($1,$2,t) == 0 1 I
0 0 1

induces a noncommutative group law structure on R3
(1) (z1,22,t) 0 (2}, 25, t") = (21 + @), T2 + 29, L + ' + 3127).

The zero element is e = (0,0,0) and the inverse of (z1,x2,t) is (—z1, —x2,
r129 —t). R3 together with the above group law will be called the nonsym-
metric 1-dimensional Heisenberg group. This group can be regarded also as
a Lie group. The left translation L, : G — G, L,g = ag, for all g € G is an

analytic diffeomorphism with inverse L;! = L,-1. A vector field X on G is
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called left invariant if
(La)«(Xg) = Xag, for all a,g € G.

The set of all left invariant vector fields form the Lie algebra of G, denoted
by L(G). The Lie algebra of G has the same dimension as G and is iso-
morphic to the tangent space T.G. We shall use this result in the following

proposition in order to compute a basis for the Lie algebra of the Heisenberg

group.
Proposition 1.2. The vector fields
X =0z, Y =04 +x10, T=0
are left invariant with respect to the Lie group law (1) on R3.
Proof. Consider the notation 3 = t. In this case the left translation is
L4y a5,a5) (%1, T2, 73) = (a1 + 71, a2 + T2, a3 + T3 + a172).

Let X be a left invariant vector field. Then for all @ = (a1,a2,a3) € G,
X, = (Lg)s«Xe. In local coordinates X, = 3, Xid,.. The components are

(2) X! = (Lo)«Xe(z) = Xo(x; 0 Ly),

where x; is the i-th coordinate and X, is the value of the vector field X at

origin. Let b = (b1, b2,b3) € G. Then

(x10Lg)(b) = a1
(xg0 Lg)(b) = mo
(r30Ly)(b) = 3

= x3(a) + z3(b) + x1(a)z2(b).

S]
=
~—~
I
8

L 1(ab) =a;+b :ml(a)—i—ml(b),
Lab) = xg(ab) =ag + by = xg(a) + wg(b),
Lab) = xg(ab) =a3+ b3z + aiby
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Dropping b,
0Ly = x1(a)+ 21,
r20Lg = x2(a)+ T2,
xzz3oL, = uz3(a)+ x3+ x1(a)xs.

Substituting in equation (2) and using X, = £10,, + €20, + £30,,, yields

Xy = Xe(zi(a) +a1) =&,

Xi = Xe(aa(a) +a2) = €,

X2 = Xe(vs(a) + x5+ 21(a)ze) = € + 21(a)€>.

Hence, the left invariant vector field X depends on the parameters &

X = §laac1 + 528&12 + (53 + x1§2)3x3
= 510351 +§2(3x2 +x18£3) +§3aﬂr3
= X +88Y +£°T,

and the Lie algebra is generated by the linear independent vector fields X,
Y and T.

In the following we shall show that the nonsymmetric model can be

always reduced to a symmetric model, using a coordinate transformation.

Proposition 1.3. Under the change of coordinates
y1 =1, Y2 =T, T=4t— 21100,
the vector fields

X :8;,31, Y:@m + 210, T:(?t,
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are transformed into

X = 6y1 —2y20;, Y = 8y2 + 2y10-, T =40;.

Proof. The proof follows from the following relations

o, = 40,
8:132 = ayz - 2y18Ta
(9;,31 == ayl - 2y287—.

Consider the vector fields Xy = 0, — 2290y, Xo = Oy, + 2210, X3 = 04
onR? = R% xR;. We are interested in a Lie group law on R? such that X7, Xo
and X3 are left invariant. This shall be done using the Campbell-Hausdorff

formula. The constants of structure are denoted by cfj and are defined by
3
[XZ‘,XJ‘] = Z CZX].C
k=1

Form [X7, Xo| = —40; and [X1, 0] = [X2, 0] = 0, the constants of structure

dye=cy=0, j=1,2,3

If £ = (x1,x2,23) and y = (y1,y2,¥3), a locally a Lie group structure is given

by the Campbell-Hausdorff formula:

1 . 1 -
(woy)¢=$i+yi+§zc§k$jyk+ﬁ D T YTy Chg
j7k k7s7p7j
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In our case, we obtain a globally defined group structure

(xoyh = z1+y1,
(xoy)a = z2+ye,
1
(xoy)s = x3+ys+ 5(—4)(561?/2 — T2y1),

) k3
because the term xp y; s ¢,; ¢y = 0.

Proposition 1.4. The vector fields X1 = Or, — 2220;, Xo = Oy, +2210;

are left invariant with respect to the Lie group law on R>

(w1, m0,t) o (2,25, ) = (x1 + 2}, 22 + 2h, t + 1 — 2(212) — 207))).

The Lie group H; = (R3,0) is called the symmetric one dimensional
Heisenberg group. The unit element is e= (0,0, 0) and the inverse (1, z2,¢) "

= (—1‘1, —T9, —t).

We shall study the subRiemannian geometry associated to this model.

The geometry comes with the Heisenberg uncertainty principle
(X1, Xo] = —40;.

This brings the hope, that the Heisenberg manifolds (step 2 subRiemannian
manifolds) will play a role for quantum mechanics in the future, similar to
the role played by the Riemannian manifolds for classical mechanics. In
quantum mechanics, the states of a quantum particle (position, momentum)
are described by differential operators. It is known that two states which
cannot be measured simultaneously, correspond to operators which do not
commute. For instance, if x and p are the position and the momentum
for a particle, then one cannot measure them simultaneously and hence, we
write [x,p] # 0. The state of the particle is measured using a radiation

beam sent towards the particle. The radiation is reflected partially back.
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Using the variation of frequency between the sent and reflected beams, the
Doppler-Fizeau formula will provide the speed of the particle. This method
will provide accurate results if the radiation will not significantly change the
speed of the particle i.e., its kinetic energy K = mwv?/2. This means the
radiation has a low energy and hence, a low frequency, because F,qgiation =
hv. Therefore the wave length of the radiation A = 1/v will be large. In this

case the position of the particle cannot be measured accurate.

In order to measure the position accurately, the radiation wave length
has to be as small as possible. In this case the frequency v is large as will
be the energy FEiadiation- Lhis will change the kinetic energy of the particle
and hence its velocity. Hence, one cannot measure accurately both the po-
sition and the speed of the particle. The Heisenberg uncertainty principle,
fundamental in the study of quantum particles, can be found also in other
examples at the large scale structure. Let’s assume that you are watching
high-street traffic from an airplane. You will notice the position of the cars
but you cannot say too much about their speed. They look like they are
not moving at all. A policeman on the road will see the picture completely
differently. For him, the speed of the cars will make more sense than their

position. The latter is changing too fast to be noticed accurately.

2. The horizontal distribution. Unlike on Riemannian manifolds,
where one may measure the velocity and distances in all directions, on
Heisenberg manifolds there are directions where we cannot say anything
using direct methods. On the Heisenberg group, an important role is played
by the distribution generated by the linearly independent vector fields X3
and Xo:

H:z — H, =span,{ X7, Xo}.
As [X1, X2] ¢ 'H, the horizontal distribution H is not involutive, and hence,

by Frobenius theorem, it is not integrable, i.e., there is no surface locally

tangent to it. A vector field V' is called horizontal if and only if V, € H,,
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for all z. A curve ¢ : [0,1] — R3 is called horizontal if the velocity vector
¢(s) is a horizontal vector fields along c(s). Horizontality is a constraint
on the velocities and hence, it is also called in the literature nonholonomic

constraint.

In this paper, we shall construct many horizontal objects, i.e., a geomet-
ric objects which can be constructed directly from the horizontal distribution
and the subRiemannian metric defined on it. The main goal is to recover the
external structure of the space, such as the missing direction 9; by means of

horizontal objects.

Proposition 2.1. A curve ¢ = (x1,x2,t) is horizontal if and only if

(3) t = 2(1"11‘2 — 1‘11"2).

Proof. The velocity vector can be written

¢ = 210y, + 220y, + 10
= 9’51(8361 + 2.%'2(%) — 21"11‘2(% =+ i‘g(@m — 21‘18,5) + 2.%'1@'28,5 + t@t

= 11X1 +T9X9 + (t + 22129 — 2.%'2.%.'1)8,5.
Hence, ¢ € ‘H if and only if the coefficient of d; vanishes.
Corollary 2.2. A curve ¢ = (x1,x9,t) is horizontal if and only if
(4) ¢ = i1 X, + 2 Xo.
In the following we shall give a geometrical interpretation for the ¢ com-

ponent of a horizontal curve. This will be used in the proof of the con-

nectivity theorem later. Using polar coordinates x1 = rcos ¢, xo = rsin ¢,
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equation (3) yields
i = 2(d1 @0 — w1dn) = —2r2¢(sin® ¢ + cos® @) = —2r2.

In differential notation

(5) dt = —2r% d.

Let r = r(¢) be the equation in polar coordinates of the projection of the
horizontal curve on the z-plane. The area of an infinitesimal triangle with
vertices at origin, (r(¢), o) and (r(¢ + do), ¢ + do) is %T(gb)r(gb + do)d¢ ~
%rz(gb)dgb. Integrating, we obtain the area swept by the vectorial radius

between the initial angle ¢y and ¢ (see Figure 1),

Figure 1. The area swept by the vectorial radius between two

points in the plane.

Taking the derivative,

or
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Dividing the equations (5) and (6)

dt

which says that the t component is roughly the area swept by the vectorial
radius on the z-plane, up to a multiplication factor. The negative sign in
(7) shows that when ¢ is increasing, the rotation in the x-plane is clock-wise.

The equation (7) is valid only if ¢ is not constant.

The areal velocity is defined as

-
ds’

From Kepler’s first law, all the planets have plane trajectory, which are el-
lipses with the sun in one of the focuses. This is similar to the second Kepler’s

law which says that the areal velocity « is constant along the motion.

Theorem 2.3. A curve c in R? is horizontal if and only if the rate of

change of the t-component is equal to 4c, i.e., t = 4av.
Proof. If ¢ = (x1,x2,t) is a horizontal curve,
t = 2(d129 — T109).
Using polar coordinates,
d129 — T1de = —17),

and hence

1, .
a= 5(301352 — T122).

The characterization of horizontal curves with ¢ constant is given in the

following result.
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Proposition 2.4. A smooth curve c(s) is horizontal with t(s) = t

constant if and only if c(s) = (as,bs,t), with a,b € R, a® + b* # 0.

Proof. If ¢(s) is horizontal with ¢ constant, the equation # = —2r2¢
yields ¢ =constant. Hence the projection on the z-space is a line which
passes through the origin. It follows that (x1(s),z2(s)) = (as,bs). If ¢(s) =
(as,bs,t), t constant, then £ = 0. On the other hand,

2(&1x9 — x122) = 2(abs — abs) = 0,
and hence the horizontality condition (3) holds.

The following proposition shows that the left translation of a horizontal

curve is horizontal.

Proposition 2.5. If ¢(s) is a horizontal curve, then ¢(s) = Lyc(s) is a

horizontal curve, for any a € Hj.

Proof. If ¢ = (c1,¢2,c3) and € = (¢, ¢2,C3), then

(8) c1 = a1 +c = él =
Cy = a2+02:>52:c'2
cs3 = asz—+c3— 2(0,102 — agcl) = C3 = (3 — 2(@1&2 — agél)

Using that c is horizontal, equation (3) yields

Cc3 = 63 — 2((11@2 — 0261)

= 2(6162 — 6162) — 2(&1@2 — agél)

2(¢1(ag + c2) — éa(ar + 1))

= 2(5162 — 5251).

From equation (3) it follows that ¢(s) is horizontal.
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Corollary 2.6. The velocity of the horizontal curve ¢(s) = Lqyc(s) is

) &(s) = (La),é(s) = 1) Xalgg) + e2(s) Xalygy).

Proof. As ¢(s) is horizontal, from equations (4) and (8)

Ql-

c(s) = ci(s)Xilg +02(s) Xaly

1(8) Xilg(q) + C2(5) Xalg(q)

= €1(8)(La)  Xile(s) + €2(5)(La) . X (o)
= (La).(e1(s) X1l () + C2(5) X2l ()

= (La),é(s)-

Il
e

e Horizontal connectivity theorem

On the Heisenberg group Hy, the vector fields X7, Xo and [X7, X32] gen-
erate the tangent space of R? at every point. A such subRiemannian manifold
is called step 2. In the case of a general subRiemannian manifold, the num-
ber of brackets needed to generate all directions 41 is called the step of the
manifold. The higher the step, the more noncommutative the geometry will
be and harder to study. The step 1 corresponds to Riemannian geometry,
which is the commutative case. The step condition was used independently
by Chow [15] and Hérmander [19] to study connectivity of subRiemannian
geodesics and hypoellipticity of subelliptic operators, respectively. Using
Hormander’s theorem, the sub-Laplacian Ay = %(X 2 + X2) is hypoelliptic,

e, Agu=feC® = uecC®.
In the following we shall prove Chow’s connectivity theorem in the par-

ticular case of Heisenberg group.

Proposition 2.7. Any two points in Hy can be joined by a piecewise

horizontal curve, i.e., a curve tangent to the horizontal distribution.
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Proof. Let P and Q be two points in R3. Let tp and tg be the t-

coordinates of P and Q). We distinguish between the following two cases:

Case (i): tp # tg Consider the number a = tp —tg # 0. Let P; and
@1 be the projections on the z-plane of the points P and . Consider in
z-plane a curve ¢ : [0,1] — R? which joins P; and @1, such that the area
situated between the graph of ¢ and the segments OP; and OQ; is equal to
a/4. The area will be considered positive in the case of a counter clock-wise
rotation of the curve ¢ between P; and Q1. If ¢(s) = (21(s),z2(s)), then

consider the function

(10) t(s)=tp+2 /Os (xg(u)ml(u) — 1 (u)d (u)) du.

We claim that ¢ : [0,1] — R? defined as ¢(s) = (¢(s),t(s)) is a horizontal
curve between P and Q. Differentiating in (10) we obtain the horizontality
condition £(s) = 2(z2(s)#1(s) — x1(s)d2(s)) and hence, ¢(s) is a horizontal

curve. We shall check that ¢ joins the points P and Q.

¢(0) = (¢(0),t(0)) = (z(P1),tp) = P.
Using ¢(0) = tp, integrating between 0 and 1 in equation (7) yields

(1) = 1(0) —4(A(1) - A(0))
= t(0)—a=tp—(tp —tg)
= to,
and hence, ¢(1) = Q.

Case (ii): tp =tg =t Let R = (0,0,¢). From Proposition 2.4 the curves
¢ [0,1] — R3

c1(s) = (sz1(P), sza(P),t),

ca(s) = (s71(Q), s22(Q), 1)
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in

T Pi ¢

Figure 2. The projection of a horizontal curve.

are horizontal and join the points R with P and R with @, respectively.

Then the piecewise defined curve

IN
»
IN

) — cl(%—s)
) c2(2s — 1)

N )
VAN
V)
VAN
—_ N

is horizontal with ¢(0) = c1(3) = P and ¢(1) = c2(1

~—

= Q.

The condition piecewise in the above proposition can be dropped. The
proof can be modified in such that any two given points can be connected
by a horizontal smooth curve. In order to do that, we should take advantage

of the group law.

Given the points P(x1,y1,t1) and Q(x2,y2,t2), a translation to the left
by (—z1,—y1, —t1) will transform them into O(0,0,0) and S(z,y,t'), with

¥=zo—m, YV =yo—w1, t =to—t1—2y1x2— T1Y2).
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If ¢/ # 0, applying case (i) of the previous proposition, we get a smooth
horizontal curve ¢(s) joining O and S.

If ' = 0, then ¢(s) = (sa’,sy’,0) is horizontal and joins O and S, see
Proposition 2.4. Translating to the left by (z1,y1,¢1), the points O and
S are sent to P and @), respectively. Applying Proposition 2.5, the curve
c(s) = (c1(s), ca(s),c3(s)) is sent into a horizontal smooth curve between P

and Q:

(11)  (z1,y1,t1)0c(s)= (xl +c1(8), y1+ca(s), t1+cs(s)2(x1c2(s)y1c1 (s)))

Corollary 2.8. By a left translation, the t-axis c(s) = (0,0, s) is trans-

formed into

L(ﬂﬁl,yhtl)c(s) = (x1,y1,t1 + ).

Proof. Tt is an obvious consequence of equation (11).

3. Hamiltonian formalism on the Heisenberg group. The Heisen-
berg group is a good environment to apply the Hamiltonian formalism. Con-

sider the Hamiltonian function H : T(*x t)R?’ — R given by
1 2 1 2
(12) H(&,0,2,t) = 5(51 + 2290)° + 5(52 —2210)%,
which is the principal symbol of the sub-Laplacian
L o 2
(13) Apg = §(X1 + X3),

where X; = 0y, + 2220;, Xo = 03, — 2210;. In quantum mechanics, the
procedure of obtaining the operator (13) from the Hamiltonian (12) is called

quantization.
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It is natural to consider the Hamiltonian system

i = OH/o¢
14) = OH /06

§=—-0H/0x

6 =—0H/ot.

The solutions c(s) = (z(s),t(s),£(s),0(s)) of the system (14) are called

bicharacteristics.

Definition 3.1. Given two points P(zq,%o), Q(x1,t1) € R3, a geodesic
between P and @ is the projection on the (z,t)-space of a bicharacteristic

c:[0,7] — R? which satisfies the boundary conditions:
(2(0),4(0)) = (0, %0),  (2(7),U7)) = (21,11).

In studying of subRiemannian geometry, the most basic questions are:
Question 1. Given any two points, can we join them by a geodesic?

Question 2. How many geodesics are between any two given points?
Proposition 3.2. Any geodesic is a horizontal curve.

Proof. Let ¢(s) = (x1(s),z2(s),t(s)) be a geodesic. From the Hamilto-

nian system (14)
Ty =8 + 2220, g =& — 210,

and then

on

00

= 21‘2(51 + 21‘20) — 2.%'1(52 — 2.%'1(9)

t =

= 25[72$.1 — 2$1$.2,
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which is the horizontality condition (3). Hence, any geodesic is a horizontal

curve.

e Solving the Hamiltonian system

We shall solve the Hamiltonian system explicitly. We start with the
observation that H does not depend on t. Then

OH

f=——-=0
ot

and hence, the momentum 6 = constant along the solution which can be

considered as Lagrange multiplier. The equations

. o0H . OH
I = —, Tg = —
LT og 27 08
become
L] = 2190
(15) 1 =& + 20
j/'2 = 52 — 25619.

Differentiating, yields

16 .
16) Gy = & — 2010,

{ i1 = &1 + 290
Using € = —0H/0z and the system (15)

(17)

él = 20(&o — 2216) = 2039
€y = —20(&) + 2290) = —201.

From systems (16) and (17)

) { ) = 40

Tg = —462,
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with constant 6. The system (18) can be written as

(19) Z(s) = 40T i(s),

=(40)

1

and x = < ) The equation (19) describes the projection of the geodesic
Z2

on the z-space. We shall show that this is a circle.

where

With the substitution #(s) = y(s) equation (19) becomes
y(s) =407 y(s),

with the solution

y(s) = e**7°y(0).

Therefore @(s) = e*7%y(0). Integrating and using that J and e*7* com-
mute,
S
(20) z(s) = z(0)+ ; e07uy(0) du
_ L1 4075 u=s
= z(0) + 495 (0) o

1 1
= 2(0) = 5T y(0) + 2T w(0)

= MK 40,
where K = —Jy(0)/(46) and C' = z(0) + K.

0 1
Lemma 3.3. If 7 = < . 0), then e*75 = Rygs, where R, denotes

the rotation by angle a in the x-plane.
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Proof.
n n 00 40 4k+1
GAOTs Z (495 J (4;) o
n=0 k=0 O( - )
i (498)4k+2 (498)4k+3
S @kl Y e (41 3)

00 (493)4k (405)4k+2 (405)4F+1 (495)4k+3

i (4k)!  —  (4k+2)! (4k+1)! —  (4k+3)!

- Z( (405)4F+1 | (40s)%k 43 (405)%F  (405)*F+2 )
k=0 (4k+1) (4k+3)! (4R T (4k+2)!

B (COS(498) sin(495)>
R

—sin(460s) cos(40s)

405+

Using Lemma 3.3, the equation (20) becomes

x(s) = Ryps K + C.

As |z(s)—C| = |Ry9s K| = | K| = constant, z(s) will describe a circle centered

at C of radius

K| ‘—Jyw)’ _ ()] _ 1é(0)

46 410 4]0

Proposition 3.4. Consider a geodesic which joins the points P(xg,to)
and Q(xl,tl), with to 7é t1.

(i) The projection of the geodesic on the x-space is a circle or a piece of a
circle with end points xy and x1.
(ii) If the projection is one complete circle, with xy = x1, denote its area

by o. Then
_ [t —tol
PR

Proof. (i) comes from the solution of the Hamiltonian system discussed

above.
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(ii) By Proposition 3.2, any geodesic is horizontal. From equation (7), the
area of the projection on the z-plane and the t-component of a horizontal

curve are related by

4dA = —dt.

Integrating,

1 1
do = /4dA:—/ dt
0 0

= ty—1.

. S . o [l—to]
Corollary 3.5. The radius of the projection circle is R = \/ ==

In Proposition 3.2, it is shown that geodesics are horizontal curves. The

converse is false.
Proposition 3.6. There are horizontal curves which are not geodesics.

Proof. Consider c(s) = (s2/2, s,53/3). The curve is horizontal, because

the horizontality condition holds
i(s) = s? = 2(s? — 52/2) = 2(d120 — T189).
On the other hand, the system (18) becomes 40 = 1 and 0 = —460s, which
leads to a contradiction.
e The t-component

Using the Hamiltonian equation ¢ = 0H /96,

i(s) = 2(wa(s)ir(s) — w1(s)ia(s))
= 2(x(s), I (i(s)))
= 2K+ C, J(40Te"K))
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25K, —40e*"T K 4 2(C, —40e*"7T K
= —8A|K|* - 86(C, e K).

Integrating

i(s) = / (~80]K >~ 80(C.¥T°K)) ds.

diU C, e K) = (JC, diew K) = (JC, 40T T )
& S
= 40(TTTC, T K) = 40(C, YT K),

then
/(C, eI KY ds = 4—10<jC, 75 K) + constant.
Hence,
t(s) = —80|K|%s — 2(JC, Y7 K) 4+ Cy

where C1 = t(0) + 2(JC, K).

e The conservation of energy

Let K = 3(i} + 43) be the kinetic energy. One may show that the
Hamiltonian is equal to K along the geodesics, and hence K is a first integral
for the Hamiltonian system. In the following proposition we shall give a

direct proof.
Proposition 3.7. The kinetic energy is preserved along the geodesics.

Proof. Using equation (19)

dK di?+a3 . .
% = % 5 :$1x1+x2x2

= (&) = 40 (&, Ti) = 0.
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4. The connection form. Let z — H, = span,{X;, X2} be the
horizontal distribution on R3. A connection 1-form is a non-vanishing form
w € T*R3 such that keryw = H,. The form w is unique up to a multiplicative
factor. In this chapter we shall choose the standard 1-form with the property
w(0) =1

w=dt — 2(xodxry — x1dx2).

Definition 4.1. The curvature 2-form of the distribution H is defined
as Q:H x H — F(R?)

(21) QU, V) = dw(U, V).

In our case 2 = 4dxy A dxo. If the horizontal distribution H belongs
to the intrinsic subRiemannian geometry, the form ) describes the extrinsic
geometry of the Heisenberg group. In general, the 2-form 2 describes the

non-integrability of the horizontal distribution.

Definition 4.2. The pair (R3,w) is called a contact manifold if w A £

never vanishes.

In our case w A 2 = 4dt A dzy A dze and hence, the Heisenberg group
becomes a contact manifold. The following theorem shows that, locally, all

contact manifolds are the same as the Heisenberg group (see Cartan [11]).

Theorem 4.3. (Darboux) Fach point p of a contact manifold admits
a local coordinate system t,x1,x2 in a neighborhood U such that w = dt —

2($2d$1 — xldxg).

e The osculator plane

Let ¢(s) = (z1(s),z2(s),t(s)) be a curve. The osculator plane at c(s) is
defined as span{é(s), ¢(s)}.
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Proposition 4.4. Let c(s) be a curve. Then the curve c(s) is horizontal
if and only if the osculator plane at c(s) is the horizontal plane Hes), for

any s.

Proof. 1f span{é(s), é(s)} = He(s), then ¢(s) € Hy). Hence, the curve

is horizontal.

If the curve c(s) is horizontal, ¢(s) € H.e). It suffices to show &(s) €

Hc(s)- From the horizontality condition,
(22) t = 2.%'2.%.'1 - 2.%'11"2.
Differentiating in equation (22)

t = k9@ + 2moity — 20109 — 22149

(23) == 25625'6'1 - 2$1f2.
The acceleration vector along ¢(s) is

¢ = iﬁ@xl + 5'6'2612 + t@t
= 9’&1(8361 + 2.%'2(%) — 21‘2%1({’% + i‘g(@m — 21‘18,5) + 2.%'1.%’28,5 + t@t
= #1X1 + @9 Xo + (f — 208 + 2i0m1)0;

= 1X1 + 22Xo,

where we used equation (23). Hence, ¢ € H. and the osculator plane is

horizontal.

Corollary 4.5. For a horizontal curve c

¢ = Xy + 12X,

7}. = 25625'6'1—25'6'2$1.
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Definition 4.6. Let J : H — H be defined by J(X;) = —Xs, J(X2) =

Xj. J is called the complex structure of the horizontal plane.

We shall use J is order to write the equations for the geodesics on the
Heisenberg group. The following result shows the geodesics satisfy a Newton
type equation. The left side is the acceleration, while the right side is the

force, which keeps the distribution bent. As before, 6 is a constant.

Proposition 4.7. A curve c is a geodesic on the Heisenberg group if

and only if
(i) ¢ is a horizontal curve and
(ii) ¢ satisfies

(24) ¢ =40J¢.

Proof. 1f ¢(s) is a geodesic, by Proposition 3.2, ¢(s) is horizontal. Using
Corollary 4.5 and the system (18),

¢ = @1 X|+i2Xy
= 402X, — 4031 X,
= 4000 J(Xs) + 4031 (X))
= 40J(i1 X1 + i2.X5)
= 40J(¢).

Let us prove the converse: if (i) and (ii) hold, then ¢ is a geodesic. We shall
use Definition 3.1. The horizontality condition (i) can be written as ¢ =
OH /00, which is the Hamiltonian equation for ¢. Using a similar computation
as in the first part, equation (24) written on components becomes the system
(18). Let x1(s) and x2(s) be solutions for this system. Define the following

curve in the cotangent space

V(s) = (x1(s), 22(s), 1(s), €1(s), §2(5), 0),
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where
§1 = @1 — 2x2(8)0, & = dg + 2210,

with 6 constant. Then ~y(s) satisfies the bicharacteristics system (14) for the
Hamiltonian (12). Then the projection on the (z,t)-space is a geodesic and

hence c(s) is a geodesic.

4.1. The subRiemannian metric.

Definition 4.8. A non-degenerate, positive definite bilinear form g, :

Ho x He — F(R) at any point x € R?, is called a subRiemannian metric.

We will consider that subRiemannian metric in which the vector fields
X1, X5 are orthonormal. In this way, we relate the intrinsic geometry of
the vector fields X; and the extrinsic geometry of 2. The subRiemannian
metric will become a Kéahler metric on the horizontal distribution, as we shall
explain later. The following definitions can be found see e.g., Kobayashi and

Nomizu [20]).

Definition 4.9. A Hermitian metric on a real vector space V with a
complex structure J is a non-degenerate, positive definite inner product h

such that

WJIX,JY)=hX,Y) for X,Y €V.

We associate to each Hermitian metric of a vector space V a skew-

symmetric bilinear form on V.

Definition 4.10. The fundamental 2-form & is defined by

(X,Y)=n(X,JY) for all vector fields X and Y.
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A Hermitian metric on a vector space V with a complex structure J is called

a Kahler metric if its fundamental 2-form is closed.

The relationship with the subRiemannian metric is given in the following

proposition.

Proposition 4.11. The subRiemannian metric g in which {X1, Xa} are
orthonormal is a Kdhler metric on H,, for any x € R3. The fundamental

2-form is 4® = Q. Hence

QU, V) =4g(U,JV) for all horizontal vectors U and V.

Proof. Consider V- = H,. We shall show first that g is a Hermitian
metric. Let U = U'X; + U?Xy and V = VX, + V2X5 be two horizontal
vector fields. Using JX; = — X5 and J Xy = X1, yields

JU = -U'X, + U?X;

JV = VX, + V2X,.

Using the orthonormality of X; and Xs

g(JU,JV) = g(U*X, —U'X,, V2X; — V1Xy)
utvt + Urv?
= g(U'X, +U?*X,, VIX| +V2X),)
= g(U,V),

and hence ¢ is invariant by J. The 2-form € is closed because it is exact
Q= dw.

QU,V) = QU'X, +UX, VIX| +V2Xy)
= (U'V?-U*VHO(X, Xy)
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= UV -UVH(X1(w(X2)) = Xo(w(X1)) — w([X1, X2]))
= AUV -U*VHw(d,)

= 4UW?r-Urvh

= 4g9(U'X, +U?X,, V32X, — V1Xy)

= 4g(U,JV).

Using the skew-symmetry of 2 we obtain:

Corollary 4.12.

g(U,JU) =0 for any horizontal vector U.

The geometrical interpretation of §2 is given below.

Proposition 4.13. Let 7 : R‘Z’x H R2 be the projection which sends

the horizontal plane onto the x-plane
T« (X1) = Osy, 7w (X2) = O, .

Then, for any horizontal vectors U and V', the area of the parallelogram

generated by m.(U) and 7.(V') is equal to |QU, V)| /4.
Proof.

d.%'l (U) dl‘l(V)

QUV) = 4(dey Ndxo)(U, V) =4 dzo(U) dxo(V)

vt vt
Uz v?

Using the interpretation of the determinant as an area, the proof is complete.
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Proposition 4.14. Let ¢(s) be a geodesic curve. Then

0Q(U, ¢) = g(U, ¢) for any horizontal vector U.

Proof. Using the Kahler property of the metric g and the geodesics
equation (24)

OQ(U, ¢) = 409(U, J¢) = g(U, ¢).

When 6 = 0, then g(U,é) = 0 for any horizontal vector U and then

¢ = 0. Hence é(s) = éa(s) = 0. We obtain the following known result:

Corollary 4.15. Let c(s) be a geodesic for which the momentum 0

vanishes. Then

c(s) = (as, bs, ty),

with to constant.

The following proposition deals with the metric properties of velocity

and acceleration.

Proposition 4.16. Let c¢(s) be a geodesic. Then

(i) The velocity ¢ and the acceleration ¢ vector fields are perpendicular in
the subRiemannian metric.
(ii) The magnitude of ¢ in the subRiemannian metric is constant along the
geodesic.
(iii) The magnitude of ¢ in the subRiemannian metric is constant along the

geodesic.
Proof. (i) Proposition 4.14 yields

g(é, &) = 09(¢, é) = 0.
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(ii) Differentiating

L g(6.6) = (2.0) + 9(.8) = 0

(iii) The vector field ¢ is horizontal, and using equation (24) and (ii)

g(é,¢é) = 160%g(¢,¢) = constant.

In the classical theory of three dimensional curves, the curvature along
a curve c(s) is a function defined by k(s) = |T'(s)|, where T'(s) = ¢(s)/|é(s))
is the unit tangent vector. If s is the arc length parameter, |¢(s)| = 1 and

the curvature k(s) = |é(s)].

Proposition 4.17. The curvature of a geodesic curve is constant,

k(s) = 4/0].
Proof. Consider the geodesic ¢(s) parametrized by the arc length. Then

k(s)? = g(&,&) = 160%g(¢, ¢) = 166°.

The curvature of a geodesic depends on the momentum 6. As we shall
show later, 0 is a Lagrange multiplier which describes the number of rotations
of the geodesics around the t-axis. Hence, we shall be able to prove a Gauss-

Bonett type theorem for the geodesic curves.

The following proposition provides the complex structure of the hori-

zontal distribution in function of €2 and the basic horizontal vector fields.
Proposition 4.18. For any horizontal vector field U we have

J(U) = %(Q(Xl, U)X + (X2, U)Xs).



216 OVIDIU CALIN, DER-CHEN CHANG AND PETER GREINER [September

Proof. As both sides are linear, it suffices to check the relation only for

the basic vector fields. Using (X1, Xo) = —Q(X2, X;1) = 4, yields

1 1
JX1 = =Xy = QX5 X1)Xz = Z(Q(Xl,Xl)X1 + Q(XQ,XI)XQ)

1 1
JXz = X1 = 7Q(X1, X2)X1 = Z(Q(Xl’XQ)Xl + Q(XQ,XZ)XQ).

5. Lagrangian formalism on the Heisenberg group. In this
section we deal with finding the subRiemannian geodesics and character-
izing their lengths. The horizontality condition is a constraint on velocities.
This type of constraints is called non-holonomic. The Lagrangian which de-
scribes the geodesics has non-holonomic constraint. This constraint can be

expressed using the 1-form w.

Proposition 5.1. If ¢(s) is a horizontal curve, then

/w:().
¢

Proof. As ¢*w is a 1-form on R, then ¢*w and ds are proportional

where the proportionality function h(s) is
. d

Let ¢(s) be defined on [0, 1]. Then

/d)w _ /01¢*w:/Olh(s)dSZ/Ol%)(w)(%)ds

= [Cwto()yas= [ wtdion =0,
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because QS €eH.

We shall associate a Lagrangian L : TR? — R with the Hamiltonian
(12). This is done using the Legendre transform in (&,£). The Lagrangian
is given by the maximal distance between the hyperplane < &, & > 46t and

the convex surface given by the Hamiltonian in RS:

L(Cﬂ,t,i,t.) = HE%X<£1x1+£2x2+9t_H(£aeaxat))

= F(x,t.@,t.6,0
max (x,t,2,t,€,0)

When the maximum is reached, the partial derivatives vanish

OF  OF

(25) 8_5_0’ 20 =

The equations (25) can be written as

L _OH . OH
YT T g
(26) 1.'1 = §1 + 21’26, i‘g = §2 — 21‘10, t = 21‘2.%.'1 — 2.%'1.%.'2.

Using relations (26), the Lagrangian becomes

Lot d) = Exdy + Eoivs + 0 — %(51 +2290)% — %(52 ~ 92,0)?
= (&1 — 2220)i1 + (F2 + 2210)da + 00 — %(33% + &3)
= (7 +d3) + 0( — 2moi1 + 2w1) — %(9‘0? + 3)
= %(ﬁ + £2) + 0(f — 22901 + 221 9).

Using the 1-connection form w

(27) L(e,¢) = 3 (8 +3) + 0uw(@),
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where ¢ = (x1,z2,t). We are interested to minimize the action integral

T Tl
S(m)=/ L(c,c')ds:/ 5(¢%+a‘a§)ds+a/w.
0 0 c

The action has two parts: the kinetic energy and the non-holonomic con-
straint. 6 is called the Lagrange multiplier. The curves ¢, which are critical
points for the action S(c, 7), satisfy the Euler-Lagrange system of equations
d (0L) oL

Proposition 5.2. A solution of the Euler-Lagrange system of equations

(28) is a geodesic if and only if it is a horizontal curve.

Proof. As any geodesic is a horizontal curve, it suffices to show that a
horizontal solution of the system (28) is a geodesic. If ¢ = (x1,x9,t), the

system (28) becomes
iy = 40y, do = —40i;, 6=0.

Proposition 4.7 completes the proof.

5.1. Lagrangian symmetries.

Proposition 5.3. The Lagrangian (27) is left invariant with respect to
the Heisenberg Lie group structure, i.e., L(¢,¢) = L(c,¢), where ¢ = Ly(c),

for any a € Hy.
Proof. If ¢ = (c1,¢2,c¢3), € = (¢1,¢2,¢3) and a = (a1, az,as), then

CiT = a1+cp=—=7¢1=¢
Cy = a2+02:>52:c'2

c3 — das + C3 — 2(&102 - (1261) — 53 == 63 - 2((11@2 - 0261)
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Then the kinetic energy is left invariant

1 . . 1_-2 -2
5(¢%+03) = 5(01 +e2).

The horizontal constraint

E.g — 25251 + 2515.2 = (3 — 2(@1&2 — azél) — 2(0,2 + Cg)él + 2(@1 + Cl)ég

= (3 — 2c9C1 + 2¢1¢9.
Hence, the Lagrangian is preserved by left translations.

Corollary 5.4. The solutions of the Euler-Lagrange equations (28) are

left invariant by the translations on Hj.

We shall use Noether’s theorem approach to find first integrals of motion

for the Lagrangian (27):
.o 1 .2 D) : . .
L(z,t,z,t) = 5(351 + 15) + 0(t — 22901 + 2x149).
The following theorem can be found in Chapter 4 of Arnold’s book [1].

Theorem 5.5. (Noether) To every one-parameter group of diffeomor-
phisms (hs)s of the coordinate space M of a Lagrangian system which pre-
serves the Lagrangian, corresponds a first integral of the Euler-Lagrange

equations of motion I : TM — R

AL dhs(q)
0q’ ds

(29) 1(q,q) = {

o)

For the Heisenberg group, M = R3, ¢ = (z,t) and

aL_(aL oL oL

8—q = a—xl’a—xz,g) = (i‘l — 20x9, %9 +2(9.%'1,9).
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There are three independent one-parameter groups of diffeomorphisms
hs(w,t) = Loy (z,t) = (a1(s)+21, a2(s) +x2, az(s) +t—2(a1(s)z2—az(s)r1)),
with a(s) € {(0,0,s),(0,s,0),(s,0,0)}. The associated vector field is

(0,0,1), for a(s) = (0,0, s)
0" 0,1,2x1), for a(s) = (0, s,0)
(1,0,—2x9), for a(s) = (s,0,0).

Hence, formula (29) provides three functional independent first integrals

Iy = 0 = constant,
Iy, = 9+ 40x1 = constant,
I3 = &7 — 40z = constant.

Differentiating, we obtain the Euler-Lagrange system (28)

1 = 4019
ZTo = —401

6 = constant.

The rotational symmetry of the Lagrangian will provide a non obvious first
integral. The Lagrangian is invariant by the one-parameter group of rota-
tions hg(x,t) = (Rsw,t). Using Ry(z) = e’*z, we have % = Je’* and

hence, the vector field generated by the rotation

dhs(q)
ds

= (Jx,O) = (xg, —xl,O).

s=0

The first integral associated to the rotation vector fields is the kinetic mo-

mentum with respect to the t-axis

I = (231 — 29I2)$2 + (xg + 29%1)(—$1)
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= (Cb1$2 — :'chl) — 29||$H2
Using the horizontality condition ¢ = 24129 — 2&9x1, we get the first integral

2] =t — 46||z||> = constant.

Proposition 5.6. If ¢ is a geodesic, for any a € Hy

(1) the left translation € = Lqc is also a geodesic,

(ii) the geodesics ¢ and ¢ have the same length.

Proof. (i) Let ¢ be a geodesic and let ¢ = L,c. From Proposition 5.2
the curve c is horizontal and solves the system (28). From Corollary 5.4 and
Proposition 2.5, the curve ¢ is a solution of the Euler-Lagrange system (28)

and it is horizontal. Using Proposition 5.2, we get that ¢ is a geodesic.
(ii) From Corollary 2.6
¢ =1 X1]; + éaXol|s

and hence |¢|? = |¢|?. Using Proposition 4.16 (ii)

Ye) = /01|e|d5 — ¢ = [ = /01 € ds = £(2).

5.2. Connectivity by geodesics.

Consider a geodesic joining the points P and Q). By a left translation, the
point P can be transformed into (0,0, 0). By Proposition 5.6, the geodesic is
transformed into another geodesic of the same length, which starts at origin.
Hence, it makes sense to study the metric properties and the connectivity

only for geodesics starting from the origin.

Because of the Lagrangian rotational symmetry, it is useful to use polar
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coordinates x1 = r cos ¢, T9 = rsin ¢. The Lagrangian becomes

(30) AL:%W2+W¢%+6@+2ﬁ¢)

The symmetries for the Lagrangian will provide symmetries for the geodesics.

The Lagrangian (30) is invariant under the symmetry
S (T’ Qb, ta 9) - (T? _¢a —t, _9)

If (r(s), #(s),t(s)) is a geodesic corresponding to 6, then (r(s), —¢(s), —t(s))
is a geodesic corresponding to —f. Consequently, whatever statement is
made for the geodesics joining the origin with the point (r(s), ¢(s),t(s)),
when 6 > 0, it can be also made for the geodesics between origin and

(r(s),—¢(s),—t(s)), when 6 < 0. This allows us to do the analysis only
for the case 6 > 0.

e Euler-Lagrange equations

A computation shows

d oL . oL .

5 or o~ oo+ 40),
90 r4¢p 4 20r°, 30 ,

oL oL

= _9 = =

ot ’ ot 0,

and hence r(s), ¢(s) and 6 satisfy the Euler-Lagrange system

i =rd(¢ + 46)
(31) r2(¢ + 20) = C(constant)

f# = 6y = constant

If the geodesic starts at origin, r(0) = 0 and hence C' = 0. The second
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equation of (31) yields $ = —260. With the assumption # > 0, the argument

angle ¢ will rotate clock-wise. The Euler-Lagrange system becomes

it = —46%r
(32) b =—20
6 = y(constant).

When 6 = 0, the system (32) becomes

7 =0
$=0
0 =0.

Proposition 5.7. Given a point P(x,0), there is a unique geodesic

between the origin and P. It is a straight line in the plane {t = 0} of length
lz|| = \/2? + 23, and it is obtained for 6 = 0.

Proof. In the case 6 = 0, the Hamiltonian is H(§) = 4¢7 + ££3. From
Hamilton’s equation ¢ = OH /30 = 0, t(s) is constant, and as ¢(0) = 0, it
follows that t(s) = 0 and the solution belongs to z-plane. Using the equation

7 = 0, it follows the solution is a straight line.

From now on, unless otherwise stated, we shall assume 6 > 0. From the

system (32) we can arrive at a first integral of energy.

Proposition 5.8. (i) The function I(r,t,0) = 7% + 46%r2 is a first
integral for the system (32).

(ii) %I(T,f,&) is equal to the energy of the system, i.e., I = &% + i3.
Proof. (i) Differentiating

d .
il — 9h (5 4 4021 = 0.
I (r,t,0) 7(7 +460°r) = 0
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(ii) In polar coordinates, &% + &3 = 72 + r2¢2. Using ¢ = —20 completes

the proof.
Let ¢(s) = (z1(s),x2(s),t(s)) be a geodesic. As ¢(s) is horizontal
¢c=11X1 +x2X9

and if g denotes the subRiemannian metric in which X7, X5 are orthonormal,

then
|é(s)]5 = g(é(s), é(s)) = 7 (s) + @5(s).

By the arc length parametrization, i.e., when the parameter s is the arc

length along the geodesic, the curve ¢(s) becomes unit speed:
i3(s) + d3(s) = 1.

Proposition 5.8 yields
#2(s) + 40%r%(s) = 1.
Separating

dr 4y
V1— 46212 %

and integrating

1
% arcsin(260s) = +s,

yields
1
(33) r(s) = iz—a sin(26s),

where we consider

+sign for 2nm < 20s < (2n + 1)7, and
—sign for (2n 4+ 1)7 < 20s < (2n + 2)7.
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This yields a circle of diameter 1/(26) which passes through origin.

Lemma 5.9. If $(0) = ¢, then

(34) r(¢)? = (2_10)2 sin?(é — do),
(35) Ho) ~tdn) = gm0 G)ZHOZ o),

Proof. From the second equation of the system (32) ¢(s) —¢(0) = —26s.
Substituting in (33) yields (34).

One of the Hamiltonian equations yields

. OH ) . ;
t= 50 = 2(t1x9 — x102) = —2r2¢.

Integrating between ¢ and ¢ and using equation (34)

G G
o) ~tlan) = =2 [ roydo = 2(55)" [ sin(o - ) do
_ _42? /0¢¢>0 win? s — 4_22$in 2(¢ — (bo)z— 2(¢ — (bo)

e Boundary conditions
We are interested in connecting the origin with a point P(z,t) by a
geodesic ¢ : [0,7] — R3. Consider the boundary conditions:

(36) 2(0) =0, #(0) =0, ¢(0) = ¢o,

(37) [z(T) =R, (1) =1, ¢(1) = ¢1.

Because of the rotational invariance around the t-axis, we may choose ¢g = 0.
From i = —2r2¢ and ¢ = —26, we get t = 46r2 > 0. Hence t(s) is increasing
and if £(0) = 0, then ¢(7) > 0.
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Lemma 5.10. The following relations take place among the boundary

conditions:
(38) ¢1 = —20r,
(39) sin(¢y)? = 460*R?,
1 Sin(2¢1) - 2@1
4 — - eyl Al
t
(41) T2 = ~H(91) = p(207),
where
(42) p(z) = — xZ —cotx
sin® x

Proof. Integrating in the second equation of the system (32) and using
the boundary conditions yields (38). Equations (34) and (35) together with
the boundary conditions (36)-(37) yield equations (39) and (40). Eliminating

46? from equations (39) and (40) yields (41).

The behavior of the function p given by (42) is very important in un-
derstanding the subRiemannian geometry of the Heisenberg group. The
function p was first used by Gaveau when he studied heat operator on the
Heisenberg group. Later, this function was studied extensively in the papers

[2], [4], [7], and [9]. The graph of u is given in the following figure.
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Figure 3. The graph of u(x).

Lemma 5.11. p is a monotone increasing diffeomorphism of the inter-
val (—m, ) onto R. On each interval (mm,(m + 1)7), m=1,2,..., pu has a
unique critical point x,,. On this interval u decreases strictly from +oo to

w(xm,) and then increases strictly from p(x,,) to +o0o. Moreover
W) + 7 < w(@my1), m=1,2,...

0< (m+1)7r—x < =

2 "
Proof. As p is an odd function, it suffices to show that it is a monotone
increasing diffeomorphism of the interval (0,7) onto (0, +00). We note that

sinx — x cos  vanishes at = 0 and it is increasing in (0, 7). Then

1, sinz —xcosx =1/3, =0,
sm”x >1/3, z€(0,m).

The first identity holds as an application of the I’'Hospital rule:

. sinx —xcosx . CcoOST —CcoST + xsinx
lim ——— = lim —5
z—0 sin® x z—0 3sin“ x
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x 1

1

— lim — .
3z—0sinx 3
The second inequality holds because

1 x4 2z cos?x — 3cosxsinx

_,U'l/(x) = 1 > 0;

2 sin® x

The numerator vanishes at « = 0, and its derivative is
dsinz(sinz —xcosz) >0, z € (0,m).

Therefore p is a diffeomorphism of the interval (0,7) onto (0,00). In the
interval (mm, (m+ 1)m) p approaches +o00o at the endpoints. In order to find

the critical points, we set

sinx — xcosx 1—=xzcotx

/
H ( ) sin® sint z

Hence the critical point z,, is the solution of the equation z = tan x on the

interval (mm, (m + 1)7). Note that

T+

= ——T7 _ cot
o) = e
L t(a + ) + —
= — —————_ — COU\X T
sin?(z + ) sin? x
= @)+ ——5—,
SN~ xr

so the successive minimum values increase by more than 7. From Figure 3

we have
us 1
M < &y <MW+ o = (m+§)7r.
Using x,, = tan x,,, yields
1 1
(43) cot(zy,) = — < —.

Ty  MTT
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Let f(z) = cotx. As f'(z) = —=%— < —1, there is a ¢ between z and y

sin” x

such that

and (43) yields

1 1
0< (m+ )T — oy < cOt Ty, < —.
2 mm

2 2 4 d 8 10 | 12
241 X
44

Figure 4. Critical points of p are solutions of tan x = x.

The number of geodesics which join the origin with a arbitrary given

point is given in the following theorems.

Theorem 5.12. There are finitely many geodesics that join the origin to

(x,t) if and only if x # 0. These geodesics are parametrized by the solutions
¢ of
2]
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There is exactly one such geodesic if and only if
(45) [t < p(z1) ||z,

where x1 1s the first critical point of u. The number of geodesics increase
without bound as |t|/||z|> — oo. Let (1 < (3 < --+ < (N be the solutions of

(44). The square of the length associated to the solution (p, is

(46) 2= i Yllel?.  m=1,....N.

m sin G

Proof. The enumeration of geodesics follow from Lemma 5.11. The line
y = [t|/||z]|? intersects the graph of u finitely many times. There is only one
intersection if and only if inequality (45) holds. See the graph of p.

As the geodesic was parametrized by arc length, its length is given by
the value of the parameter 7. Dividing the square of the equation (38) by
equation (39) yields the square of the length

¢
= (sinlgbl)2R2'

¢ satisfies equation (41). For each ¢1 = —(,, we get the length described
by formula (46).

The natural dilations of the sub-Laplacian operator
1 2 1 2
B (aml + 2332(915) + 3 (81'2 - 2331(915)
are
(1‘1,.%'2,15) — ()\.%'1,)\1‘2,)\%5), A > 0.

We are looking for a formula for the length of geodesics, different than (46),

such that 7 is homogeneous of degree 1 with respect to the above dilations.
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Theorem 5.13. Consider the geodesics joining the origin with the point
(z,t), z #0. Let(y,...,( N be the solutions of equation (44). Then the square
of the lengths is given by

(47) s = V(G (It + [1212))

where

.%'2

V(x): P)

T + sin“xz — sinx cosx

Proof. Equation (44) yields

[t + ll2ll* = u(Gn)llzl® + ll2]* = (1 + ()l )%,

and hence

21 = e (8 + ).

Using equation (46) and the definition of p given in (42)

G S 1
Sm = (Sin Cm)2‘|x||2 - (sim2 (m 1+ ,U(Cm)) (|t| * H:c||2)

i (e 4+ ll211*) = () (] + l1]?)-

sin? Cpn + G — sin? ¢ cot G,

Proposition 5.14. The projection of the geodesics joining the origin

and (z,t), x # 0 are circles or arcs of circle with diameters of at least ||z||
1 ]l

4 —_— =2 .
(48) 5 = Tame 2 o]

Proof. From the first equation of Lemma 5.9, the diameter of the circle

is 1/26. Using relation (39) yields

1 R

20 | sin ¢1|
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Replacing R by ||z|| and ¢1 by (,, we arrive at relation (48).

10 4

i

0 2 4 6 8 10

Figure 5. The graph of v(x).

e Geodesics between the origin and points on the t-axis

We have seen that the number of geodesics increases without bound as

[t|/||z]|?> — oo. The following theorem deals with the limit case ||z| = 0.

Theorem 5.15. The geodesics that join the origin to a point (0,0,t)

have lengths s1,ss ..., where

2

Sm

= mm|t|.
For each length s,,, the geodesics of that length are parametrized by the circle

st.

Proof. We shall treat the problem as a limit case ||z|| — 0 of Theorem

5.13. Then the solutions (,, — mm. Relation (47) becomes

2

Sm

= v(mm)lt],
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with the coefficient given by

m2m?

v(mm) = — - = mm.
mm + sin® mm — sinmm cos mm

The above proof is using Theorem 5.13. In the following we shall provide
a direct proof. The approach will use polar coordinates and the fact that

the solution is given by

7n((b) = 7nmaat’ Sin(¢ - (bO)‘

Consider the solution v parameterized by [0, 1], with the end points v(0) =
(0,0,0) and v(1) = (0,0,t). Using that |}| is constant along the solution, we

have identity in Cauchy’s inequality

t ! 1/2 t 1/2
= [ Hes)lds = ([ )" ([ 1ae)R) " = Ve,
0 0 0
where Hj is the constant value of the Hamiltonian along the solution

1. 1. )
Hy = 5’7\ = 5(90% +i3).

e Quantization of 6

The parameter 6 is constant along the solution and it is an eigenvalue

for the following boundary value problem

i = —46%r
r(0) =0, (1) = 0.

The solution is r(s) = Asin(26s). Using the boundary condition yields

20 = mm, m integer. Each value of # will determinate a certain length.
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e The Hamiltonian and the { component

From the boundary conditions #(1) = ¢. One has ¢ = —20 and then
d(s) = ¢g — 20s, where ¢pg = ¢(0) and ¢ = ¢(1) = ¢p — 260. Using the

equation £ = —27’2(;3 one may integrate between ¢¢ and ¢1 = ¢y — mm.

b= 2 [T a0 = 202, [ o — 0 d
)

0 i
= -2 ’I“max/ sin“udu =2r;,, . / sin” u du
0 0
1 1 mm
— 2 : _ 2 — 90,2
= 2rmax(§u — 4 5in 2u)‘0 =TT = 2077 0.

From the conservation of energy

1. : 1.
5(7“2 +r2¢?) = 5(7“2 + 4r%6%) = H,.

When r = 72 then » = 0. Hence

max’

2

= x> OL€ obtains

and using ¢t = 20r
The lengths are

(Um)? =2Hy =20t =mnt, m=1,2,3...

Proposition 5.16. The equations of the geodesics starting at origin are

i

mm

b(®) = o (sin(2(p — gu)) ~ 26— du), m 1.

sin(¢ — ¢o)
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R N T
mar e Aop2 N 20\ mn
B
Tm(¢) Vo Sln(‘ﬁ QSO)

For computing ¢,,(¢) one integrates dt = —2r2 d¢ between ¢y and ¢

Proof. Using that

then

Ho) = ~2%, | sin2(6 — o) do = —211L / T i wd
o) 0

mm

Hence

i

2mm

tn () = 5~ ( sin(2(6 — ¢0)) — 2(6 — o))
Corollary 5.17. The projection of the m-th geodesic on the x-plane is

a circle of radius

and area

_

™ Am”

We note that r,, and t,, depend on ¢y but the corresponding length
Ly, = /mm|t| does not.

Let us return to the equation f = —2r2<]5. As before, one may integrate

between ¢y and ¢; = ¢g — 7 and obtain

tn =)~ tlon) = =2 | 7 2(g)dp = w2, = nR2.

Here R is the radius of the projection of the geodesic with m = 1 (since we
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just need to consider the first complete circle). Denote
T = [t(do — ) — H(oo)|-

Then T = wR?. Here T is the period, i.e., the time needed for the particle

to come back to the origin. Hence
VT =7 R

is an analog of the third law of Kepler.

0.2]
0.27\0,41\0.6 0.8

Figure 6. Projection of geodesics through the origin.

D) 1
z(t)

Figure 7. Projection of a geodesic outside the origin.

e A Milnor-type property

In the classical theory of three dimensional curves one defines the total
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curvature of a curve ¢ : [0, 7] — R3 as [J k(u) du, where k(s) is the curvature

along the curve ¢. Milnor’s theorem (see Millman and Parker [21]) states

Theorem 5.18. The total curvature of a closed curve in R? is 2wy,

where x is an integer.

It is known that y represents the number of the knots of the curve c. In

the case of a plane curve, y = 1.
We shall show a similar property for the geodesics between origin and

points on the t-axis. We shall prove the following:

Proposition 5.19. The total curvature of a geodesic between the origin
and the point (0,0,t) is 2rm, where m = 1,2,... is an integer which gives

the number of rotations of the geodesic.

Proof. Consider the curve c : [0,7] — R? joining (0,0,0) and (0,0,),
parametrized by arc length. Then |é¢(u)| = 1, and by Proposition 4.17, the

curvature is k(u) = |¢é(u)| = 4|0|. Hence, the total curvature

/ k() du = 4/0]r.
0
From the boundary value problem

P = —46%r
r(0) =0, r(r) = 0.

it follows that 207 = mm. Therefore, the total curvature is equal to 27m,

m=1,2,...

5.3. Geodesics between any two arbitrary points.

Given two points P} and P», we shall study the connectivity by geodesics

in the cases (z1,y1) = (z2,y2) and (x1,y1) # (v2,y2). Making a left trans-
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lation by (—x1, —y1, —t1), the points P; and P, will become the origin and

the point R, respectively, where R has coordinates

(952 —T1,Y2 — Y1,t2 — 11 — 2(2/1902 - $1y2))-

By Proposition 5.6 the left translation of a geodesic is a geodesic of the same

length. Then Theorems 5.12 and 5.13 become:

Theorem 5.20. Given the points Py(x1,y1,t1) and Py(xz2,y9,t2), there
are finitely many geodesics between Py and Py if and only if (x1,y1) #

(x2,y2). These geodesics are parametrized by the solutions ¢ of

lta — t1 — 2(y122 — 21Y2)|

(49) (2 —21)% + (y2 — y1)?

= p(C).

There is exactly one such geodesic if and only if

|ty — t1 — 2(y122 — 2192)| < pler) (w2 — 21)” + (y2 — 91)%),

where ¢y s the first critical point of . The number of geodesics increase
without bound as
ta — 11 — 2(y122 — 21%2)]
[(w2 = 21)* + (y2 — 91)°]
Let (1 < (2 < --- < (N be the solutions of (49). The square of the length

— OQ.

associated to the solution (p, is

s?n = ( G )2[($2—$1)2—|—(y2—y1)2]

sin ¢y,

= (G (It = 1 = 20122 — 21y2)| + [(22 — 21)? + (12 — 11)?)),

where

x2

v(z) = 2

T + sin“xz — sinx cosx

Now, Theorem 5.13 becomes:
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Theorem 5.21. Given the points Py(x1,y1,t1) and Py(x2,y9,t2), with
r1 = x2 and y1 = ya, the geodesics that join Py, and Py have lengths

s2 = mmwlty — t1].

6. Carnot-Carathéodory distance. Recall that a curve c(s) =

(z1(8), w2(s),t(s)) is called horizontal if é(s) € He(s), i-e.,
w =1t — 2xodr + 221do.

By Chow’s theorem, any two points P and @) can be joined by a horizontal
curve. We have shown in Proposition 2.6 that the curved can be considered

smooth. Hence
S ={c;¢(0) = P,¢(1) = @, ¢ horizontal curve} # Q.

The length of a horizontal curve c is

0 = [ ol e6o)) ds,

where g: Hx 'H — F is the subRiemannian metric. The Carnot-Carathéodory

distance is defined as d¢ : R? x R® — [0, 00),
de(P, Q) = inf{l(c);c € S}.

One may verify that do has the distance properties:
(i) de(P,P) =0,
(ii) de(P,Q) = d(Q, P),
(iii) do(P,R) < do(P,Q) +d(Q, R).
The main result of this section is to show that the Carnot-Carathéodory

distance d¢ is complete, i.e any Cauchy sequence with respect to d¢ is
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convergent. We shall prove this using the equivalence between the geodesic

completeness and the completeness as a metric space.

Definition 6.1. If for any point P, any geodesic ¢(t) emanating from

P is defined for all t € R, the geometry is called geodesically complete.
The following theorem can be found in Strichartz [23]:

Theorem 6.2. Let M be a connected step 2 subRiemannian mani-

fold.

(a) If M is complete, then any two points can be joined by a geodesic.

(b) If there exists a point P such that every geodesic from P can be indefi-
nitely extended, then M is complete.

(¢) Ewvery nonconstant geodesic is locally a unique length minimizing curve.

(d) Ewvery length minimizing curve is a geodesic.

It is known that the geodesics starting from the origin on the Heisenberg

group are infinitely extendable. Using (b) of Theorem 6.2 we get

Theorem 6.3. The Carnot-Carathéodory metric do is complete.

e Computing the Carnot-Carathéodory distance

In the following we shall describe two ways to obtain the Carnot-
Carathéodory distance. From (c) and (d) of Theorem 6.2 we get a way to

compute the Carnot-Carathéodory distance
do(P,Q) = {l(c), where c is the shortest geodesic joinning P and Q}.

Using Theorem 5.13 with m = 1, the Carnot-Carathéodory distance from
origin

de(0, (2, 1)) = v(C)(Jt] + lz]?).
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In particular, if the points are on the same vertical line, the Carnot-

Carathéodory distance squared is proportional with the Euclidian distance

do((z,t), (x, 1) = 7|t' —t| = nde((z,t), (z,1)).

Another way to obtain the Carnot-Carathéodory distance is using the

complex action (see [3]). Consider the modified complex action function
f(x,t,7) = 7g(x,t,7) = —itt + 7 coth(27)||z|?,
where

g(@,t,7) = —it+ /T{(i>5> — H}ds
0
= —it + coth(27)||z||?

is the complex action. Like the classical action, the complex action g satisfies

the Hamilton-Jacobi equation:

5 5
=2+ H(r,52) =0.

Using Theorem 1.66 of [4], there is a unique critical point with respect to 7
of the modified complex action function f in the strip {|Im(7)| < 7/2} given
by 7.(z,t) = i0.(x,t), where 0. is the solution of

t = p(276) |z
in this interval. At the critical point
1
f($, t, TC) = 5(10(0, (x’ t))

This works only in the case x # 0.
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7. Complex Hamiltonian mechanics on H;.

7.1. The harmonic oscillator and the Heisenberg group.

We shall show that the harmonic oscillator leads to the Heisenberg op-
erator by certain complex quantization. Consider a unit mass particle under
the influence of force F(z) = x. The Newton’s equation is & = x. This
is the equation which describes the dynamics of an inverse pendulum in an

unstable equilibrium, for small angle z, see Figure 8.

Figure 8. The inverse pendulum problem.

The potential energy

T 562
U(x):—/o F(u)du:—g.

The Lagrangian L : TR — R is the difference between the kinetic and the

potential energy

1 1
L(z,i) =K - U = 5:1';2 + 59@2.

The momentum p = g—ﬁ = & and the Hamiltonian associated with the above

Lagrangian is obtained using the Legendre transform: H : T"R — R

. . 1, 1, 1, 1
H(x,p) = pir — L(w, &) =p* — 5p* = Ja” = op” — 2a”.
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Using the ideas in Xavier and de Augiar [24], [25], we consider the following

complexification
x =z +1ip2, p=p1+iza.

Hence H : T*C — C and

1 1
H(Cﬂap) = 5}02 - 5332
= 5(1?1 + 21'2) — 5(1‘1 + Zpg)
1 . 1. .
= 5(191 + i) + 522(901 + ipo)?
1 . 2 1 . 2
= 5(171 +ixe)” + 5(1961 —p2)
1 . 2 1 . 2
= 5(1?1 +ix9)” + 5(292 —ix1)”.

Replacing 0 = —1,
1 5 1 5
H(xz,p;0) = 5(1?1 —0x9)” + 5(2?2 + 0x1)°.
Quantizing, p; — Oz,, p2 — Os,, 8 — 0; and hence H — Ay, where
Ax = 5(611 — x20;)" + 5(612 + x10;)

is the Heisenberg operator.

8. Fundamental solution and the heat kernel for sub-Laplacian.

We plan to construct the fundamental solution of the operator

Ag = Xi+X3
2 2
= (a:vl + 2552815) + (8332 — 2561615)
= 39%1 + 39%2 + 40, (ﬂﬁzaxl - 9015352) + 4(23 + 23)02.

It is expected that the fundamental solution has the following form (see [2]
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and [8]):

(50) K(x,y) :AE(X7Z(7;);(ij7T) 0

which has a simple geometric interpretation. Here x = (z,t) = (x1,x2,t)
and y = (y,8) = (y1,92,5). It is easy to see that the operator Ay has a
characteristic variety in the cotangent bundle T*H; given by H = 0. Over

every point x € Hy, this is a line, parametrized by 6 € (—o0, 00),
51 = —21‘26, 52 = 2.%'1(9.

Consequently, K may be thought of as the (action) ™! summed over the char-
acteristic variety with measure Fv. When Ap is elliptic, its characteristic
variety is the zero section, so we do get simply 1/distance, as expected.
When Ay is sub-elliptic, 7g behaves like the square of a distance function,

even though it is complex.

Obviously, the operator Ay is left-invariant with respect to the Heisen-
berg translations. Thus we may set y = 0 in K(x,y). From Section 7, we

know that

9(x,0,7) = g(x,7) = coth(27)]||z||> — it.

In this case, the volume element v is the solution of the following transport

equation

ov

(51) 9

2
+ 37 (X;9)(X;0) + (Apg)v = 0.
j=1

Moreover, the energy E and the volume element v can be calculated explic-

itly:

_0g 2= _
Ex,7) = e sinh2(27') and v(x,T) = —

1 sinh(27)
dm? - |a||?
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Change the variable of integration 7 to g:

(52) K()g@:/MdT:/RE(_%) dT:—/g%vd—g,

ko g(x,7) g 9
where

gr = lim g=+(z? +23) — it = £||z|?* —it.

T—300

In this notation
6i7T/2 1

4r? Sgr —9) g —9-)

V=

Thus

K(X,O):/ v@,
-9

where we made a branch cut
C = (_OO - Zt7g—] U [g+7 —it + 00)7

with upper and lower directed edges denoted by C; and C_, respectively.
Integrals of v/g vanish on upper and lower semicircles as their radii increase
without bound. Therefore we can integrate on a “dumbbell” with waist at

g+. Inside this domain v/g has a simple pole at g = 0. Hence

Figure 9. The “dumbbell” with waist at g.
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/2 1 d
_6 71/2 _ 71/2 — R /U(g) — __/ _g
12 (9+) (=9-) es’9=0 g 27 c,uc+v g
Now
[l (e[
C+ g —C- g - g ’
hence
1 dg
v 9:0 - - s V—

21t Je_uey 9

1 / dg 1 / dg
= —-— vV— + — v—
2ri Je_ g 2miJe, g

1 / dg 1 / dg
= —— v— — — v—
2mi Je. g 2miJe. g

1 d '
, v = iK(X, 0),
wJe. g 7

and therefore we obtain a closed form for (52)

1 1

8t /|zl[F+ &2

This is the Folland-Stein formula of [16] on the Heisenberg group. Unfortu-

K(x,0) = —

nately this simple formula is just a lucky coincidence of too much symmetry,
and on general non-isotropic Heisenberg groups the fundamental solutions
are given in the form (50). The reason is that the fundamental solution must
include all the distances, which necessitates the use of g, and the summa-
tion over all the distances means integration on 7. Note that the change
of variables 7 — ¢ is reminiscent of classical calculations in action-angle

coordinates.

Next we write the heat kernel associated to the sub-Laplacian Ay on
the Heisenberg group in terms of the “distance function” f = 7¢ as follows

(see [2], [3], [4], and [14]):

R CAROE L Pl s)7" o (x,1)¥(y, s)dyds,
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where
1 _fetr)
Pu(-%',t) = W/Re u V(T)dT
Here
f(a,t,7) = Tg(w,t,7) = —irt + T coth(27) | |*
is the complex action and

2T

Vir) = sinh(27)

is the Van Vleck determinant. Using the modified complex action function
f(z,t,7), one may discuss the small time behavior of the heat kernel. Then

we have the following theorems.

Theorem 8.1. Given a fized point (x,t), © # 0, let 0. denote the
solution of equation (44) in the interval [0,7/2). Then the heat kernel on

H; has the following small time behavior:

1 _d2(x,)

e e o), umor

P, (z,t) =

where

0.
G(xa t) = Hx“\/[l — 26, COth(2ec)],

and d. denotes the Carnot-Carathéodory distance.

Theorem 8.2. At point (0,t), t # 0, we have

1 _do

(2u)26 2w {14+ O(u)}, u— 0.

P,(z,t) =

One also has

Theorem 8.3. The heat kernel P,(x,t) on Hy has the following sharp
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C _d@y U
Pzr,t)| < —e "2« -minc 1, [ ——F—— .
Pul@, 0l < 3 { V ||wudc<w,t>}

For the proofs of Theorems 8.2 and 8.3, see [4]. There exist no explicit

upper bound:

heat kernel for a higher step heat operator as yet. For the examples of this
paper we are looking for a heat kernel of the form
1 _f of ) 1 [+ s
P(x;u) = — WV —2zdr ) = —— “V(f)d
pe) = o [tV (=5har) = [T e tvinar
where f = 1g and fi =lim,; .1 f. %{ turns out to be a constant of motion,

just like gg = —F is; i.e., a constant on the bicharacteristics. Then V is a

solution of

ov af . .
(53) (T + AHQ)E - EAHV =0,

where

0
T= 9y + (X19) X1 + (X29)Xo

is derivation along the bicharacteristic curve. The equation (53) may be put

in the following form:
(54) T (T +Arg)7- = 5-AuV| = gAuV.

This should be compared to the equation for the volume element v of (51)

which is a solution of

Oov 0Og

As we mentioned earlier, the above equation may be reduced to an Euler-
Poisson-Darboux equation by a clever choice of coordinates. To find a higher

step heat kernel we need a solution of equation (54). Equation (55) suggests
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that one may try to find such a solution as a perturbation of the volume

element of the fundamental solution.

Remark. We also can apply this method to the higher step case, i.e.,

the vector X; and Xs are defined as follows:

X1 = 0y + 2kx2(x% + x%)kflat

Xy = O, — 2kzi(2? + 22k 1o,

with £ > 1. In this case, there is no group structure and the complex
bicharacteristics run between two arbitrary points y and x. We obtain 2
invariants of the motion, the energy E and the angular momentum 2. One
cannot calculate them explicitly, but we know their analytic properties, and
g (see Theorem 3.3) and v may be found in terms of E and 2. We state the

result as follows.

Theorem 8.4. For k > 1, the fundamental solution K(x,y,t — s) of

Ay has the following invariant represention,

E(x7y7t -5 T)U(l’,y,t -5 T)
9(z,y,t — 5;7)

K(x’y’t_s):/ dT’
R

where the second order transport equation (51) may be reduced to an Euler-

Poisson-Darboux equation and solved explicitly as a function of E and €.

Namely,
ei7r/2 1 1
V= —m(./‘h— — g) 2(./4— - g) QF(P-HP—)’
where
— % o% Q4
A=A =l + Iyl =it~ 5) = == + g1
and

_ 21/k(:c1 +i£62)(y1 —iy2) _ (1+ ' )—1/k

P, =P_
i Afr/k Q4 /k

)
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with

Qr = lim Q.

T—t00

Here F' is a hypergeometric function of 2 variables,

92 1 1 Sy S_
F(Py,P-) = ;ALA{VQ—850—SJ

1— P P_(sys_ )k }ds+ ds—
)

(1—Pys/Fy 1 =P s"M)1 = (PP ks s

sy s_

Readers may consult the paper [2] and the forthcoming book [10] for
detailed discussions. When k = 2, the fundamental solution K(z,y,t — s)

has the following simple form:

(3

K(z,y,t —s) = mlogh,

where
— 1=P?—i(P+P)
h =

(P,P) 1+ |7)|2 ’
with
p = Dt T LT 2 W) -y 2 (gl it )

AL/2 ’ 9 Y '

This formula first appeared in [2] and [18].
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