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Abstract. Rectifying curves are introduced in [2] as space

curves whose position vector always lies in its rectifying plane. In

this article, we establish a surprising simple relationship between

rectifying curves and the notion of centrodes in mechanics. Fur-

thermore, we show that rectifying curves are indeed the extremal

curves which satisfy the equality case of a general inequality. Fur-

ther geometric properties of rectifying curves are also presented.

1. Rectifying curves. Let E
3 denote Euclidean three-space, with

its inner product 〈 , 〉 and let S2 be the unit sphere in E
3 centered at the

origin. Consider a unit-speed space curve x : I → E
3, where I is a real

interval, that has at least four continuous derivatives. Let t denote x′. It is

possible, in general, that t′(s) = 0 for some s; however, we assume that this

never happens. Then we can introduce a unique vector field n and positive

function κ so that t′ = κn. We call t′ the curvature vector field, n the

principal normal vector field, and κ the curvature of the given curve. Since

t is a constant length vector field, n is orthogonal to t. The binormal vector

field is defined by b = t × n. It is a unit vector field orthogonal to both t
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and n. One defines the torsion τ by the equation b′ = −τn. The famous

Frenet-Serret equations are given by

t′ = κn, n′ = −κt + τb, b′ = −τn.(1.1)

At each point of the curve, the planes spanned by {t,n}, {t,b}, and {n,b}
are known as the osculating plane, the rectifying plane, and the normal plane,

respectively. A curve in E
3 is called twisted if it has nonzero curvature and

torsion.

The Frenet-Serret equations can be interpreted kinematically as follows:

If a moving point traverses the curve in such a way that s is the time pa-

rameter, then the moving frame {t,n,b} moves in accordance with (1.1).

This motion contains, apart from an instantaneous translation, an instan-

taneous rotation with angular velocity vector given by the Darboux vector

d = τt + κb. The direction of the Darboux vector is that of the instanta-

neous axis of rotation, and its length
√

κ2 + τ2, denoted by vang, is called

the angular speed (see [4, p.12] or [1]). In terms of the Darboux vector, (1.1)

can be expressed as

t′ = d× t, n′ = d × n, b′ = d× b.(1.2)

It is well known that a curve in E
3 lies in a plane through the origin if

its position vector lies in its osculating plane at each point, and lies on a

sphere centered at the origin if its position vector lies in its normal plane at

each point.

Rectifying curves are defined in [2] as space curves whose position vector

always lie in its rectifying plane. So, the position vector x of a rectifying

curve satisfies

x(s) = λ(s)t(s) + µ(s)b(s)(1.3)
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for some functions λ and µ. Independent of the choice of Euclidean coor-

dinates on E
3, we may also define a rectifying curve as a curve with κ > 0

whose rectifying planes always contain a fixed point. If we choose this fixed

point to be the origin, we obtain (1.3). Rectifying curves are exactly those

space curves whose axis of instantaneous rotation always passes through a

fixed point, which we can always choose as the origin (see [2]).

In section 2 we recall some known results on rectifying curves from

[2]. In section 3, we establish a very simple surprising relationship between

rectifying curves and centrodes of space curves. In section 4, we show that

rectifying curves are in fact the extremal curves with respect to some special

function. In the last section, we provide further geometric properties of

rectifying curves.

2. Some known results. We recall some known results on rectifying

curves from [2] for later use.

Lemma 1. Let x = x(s) be a unit-speed curve in E
3 with κ > 0. Then

x is a rectifying curve if and only if one the following four statements holds:

i. The distance function ρ = |x| satisfies ρ2 = s2 + c1s + c2 for some

constants c1 and c2.

ii. The tangential component of the position vector of the curve is given

by 〈x, t〉 = s + b for some constant b.

iii. The normal component xN of the position vector of the curve has con-

stant length and the distance function ρ is nonconstant.

iv. The torsion τ is nonzero, and the binormal component of the position

vector is constant, i.e., 〈x,b〉 is constant.
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A curve is called a helix if its tangent makes a constant angle with a

fixed line. A twisted curve in E
3 is a helix if and only if the ratio τ : κ

of the curve is a nonzero constant. Similarly, a curve in E
3 with κ > 0 is

congruent to a rectifying curve if and only if the ratio τ : κ of the curve is a

nonconstant linear function in arclength function s (see, Theorem 2 of [2]).

For a unit-speed curve on a surface, the length of the surface-tangential

component of acceleration is the geodesic curvature, denoted by κg. Curves

with vanishing geodesic curvature are called geodesics.

The following result from [2] plays an important role in this note. Here

we provide a simple alternate proof of this useful result.

Theorem A. Let x be a curve in E
3 with κ > 0. Then it is a rectifying

curve if and only if it is given by

x(t) = a sec(t + t0)y(t),(2.1)

where a, t0 are constants with a 6= 0 and y = y(t) is a unit-speed curve in

S2.

Proof. For a unit-speed curve y = y(t) in S2 and a positive function ρ,

we put x = ρy. Then we have

x = ρy, x′ = ρ′y + ρy′.(2.2)

which implies that the unit tangent vector field t of x is given by

t =
ρ′

v
y +

ρ

v
y′, v =

√

ρ2 + ρ′2.(2.3)

Hence, the principal normal vector field n of x is parallel to

t′ =
(ρ′

v

)′

y +
(2ρ′

v
− ρρ′ + ρ′ρ′′

v3

)

y′ +
ρ

v
y′′.(2.4)



2005] RECTIFYING CURVES AS CENTRODES 81

On the other hand, for the unit-speed curve y, we have

y′′ = −y + κg ny,(2.5)

where ny = y × y′, the spherical normal vector field, is a unit vector field

tangent to S2, but normal to y. So, by substituting (2.5) into (2.4), we

obtain

κvn =
((ρ′

v

)′

− ρ

v

)

y +
(2ρ′

v
− ρρ′ + ρ′ρ′′

v3

)

y′ +
κg

v
x × y′.(2.6)

Since 〈y,y〉 = 1, we have 〈x,y′〉 = 0. So, after taking the scalar product

of (2.6) with x, we know that x is a rectifying curve if and only if the

distance function ρ of x satisfies the differential equation: (ρ′/v)′ = ρ/v,

which is equivalent to

ρρ′′ − 2ρ′2 − ρ2 = 0.(2.7)

The nontrivial solutions of equation (2.7) are given by ρ(t) = a sec(t+t0)

with constants a 6= 0 and t0. Hence, x = ρy is a rectifying curve if and only

if it is the curve given by (2.1).

a. A rectifying curve over a circle. b. Two rectifying curves over a circle.
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3. Rectifying curves as centrodes. For a regular curve x in E
3

with κ 6= 0, the curve given by the Darboux vector d = τt + κb is called

the centrode of x. The notion of centrodes plays some important roles in

mechanics and joint kinematics (see, for instance, [3, 5, 7, 8]).

The following result establish a very simple relationship between cen-

trodes and rectifying curves.

Theorem 1. The centrode of a unit speed curve in E
3 with nonzero

constant curvature κ and nonconstant torsion τ is a rectifying curve.

Conversely, every rectifying curve in E
3 is the centrode of some unit

speed curve with nonzero constant curvature and nonconstant torsion.

Proof. Assume that x = x(s) is a unit-speed curve with nonzero constant

curvature and nonconstant torsion. Consider the centrode

d(s) = τ(s)t(s) + κ(s)b(s),(3.1)

of x. By differentiating the centrode d with respect to s and applying the

Frenet-Serret equations, we have d′ = τ ′t which implies that the unit tangent

vectors of d and x at the corresponding points are parallel. So, the first

equation in Frenet-Serret equations (1.1) implies that the principal normal

vectors of d and x at the corresponding points are also parallel. Hence, the

binormal vector fields of d and x are parallel as well. Therefore, by (3.1), we

know that the position vector of the centrode of x always lies in its rectifying

plane. Consequently, by definition, the centrode d is a rectifying curve.

Conversely, assume that α = α(s) is a unit speed rectifying curve in E
3

defined on an open interval I. Then, from Theorem 2 of [2], we know that

the ratio τα/κα of the torsion and curvature functions of α is a nonconstant

linear function in arc length. Thus, without loss of generality, we may assume

that

κα =
cτα

s
(3.2)
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for some positive number c.

Let f(s) = 1

c

∫ s
s0

κα(u)du. Obviously g = f−1 exists. By applying the

fundamental theorem for space curves, there exists a unit speed curve β =

β(t) whose curvature and torsion functions satisfy κβ(t) = c and τβ(t) = g(t).

Let us consider the centrode of β given by dβ(t) = g(t)tβ(t) + cbβ(t)

and its reparametrization γ(s) = dβ(f(s)). Then

γ(s) = stβ(f(s)) + cbβ(f(s)).

It follows that γ′(s) = tβ(f(s)). Thus γ has unit speed and tγ(s) =

tβ(f(s)). Differentiating twice gives that the curvature and torsion functions

of γ are given by κγ(s) = cf ′(s) = κα(s) and τγ(s) = sf ′(s). From (3.2)

then follows that τγ = τα.

Therefore the unit speed curves α(s) and γ have the same curvature and

torsion functions. Hence, the fundamental theorem for space curves implies

that α is congruent to γ. Consequently, the rectifying curve α is the centrode

of a space curve with nonzero constant curvature and nonconstant torsion.

The curve x in Theorem 1 can be replaced by a curve with nonzero con-

stant torsion and nonconstant curvature. In fact, we also have the following.

Theorem 2. The centrode of a unit speed curve in E
3 with nonconstant

curvature and nonzero constant torsion is a rectifying curve.

Conversely, every rectifying curve in E
3 is the centrode of some unit

speed curve with nonconstant curvature and nonzero constant torsion.

We omit the proof since it can be proved in the same way as Theorem

1.

Remark 1. The centrode of a curve with nonzero constant curvature

and nonzero constant torsion is a point.
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Remark 2. For a regular curve x with κ 6= 0, the curves C± = x ± d

are called the co-centrodes of x. Similar proof as Theorem 1 also yields

that, a curve x with nonzero constant curvature and nonconstant torsion is

a rectifying curve if and only if one of its co-centrodes is a rectifying curve.

4. Rectifying curves as extremal curves. If a curve x is given by

x = ρy for some function ρ and curve y in S2, then x is called a curve over

y and y is the spherical projection of x.

The next result shows that a rectifying curve is indeed an extremal

curve which assumes the minimum value of the function v4κ2/ρ2 at each

point among the curves with the same spherical projection.

Theorem 3. Let y = y(t) be a unit-speed curve in S2. Then, for any

positive function ρ = ρ(t), the curvature κ and the speed v of x = ρy, and

the geodesic curvature κg of y satisfy the inequality:

κ2

g ≤ v4κ2

ρ2
,(4.1)

with the equality sign holding identically if and only if x is a rectifying curve.

Proof. Let y be a unit-speed curve in S2 and ρ a positive function.

Since the spherical normal vector field ny = y× y′ of y is perpendicular to

x′ = ρ′y + ρy′, we may put

y × y′ = cos γn + sin γb,(4.2)

for some function γ.

By differentiating (4.2) with respect to the arclength of y and by apply-

ing (2.5) and the Frenet-Serret equations, we discover that

κgy
′ = vκ cos γt + (γ′ + vτ)(sin γn − cos γb).(4.3)
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Since y = y′ × (y × y′), we obtain from (4.2) and (4.3) that

κgy = (γ′ + vτ)t − vκ cos γ(sin γn− cos γb).(4.4)

From 〈x,x〉 = ρ2, we have 〈y, t〉 = ρ′/v. Hence, after taking the scalar

product of (4.4) with t, we get κgρ
′ = v(γ′ +vτ). Substituting this into (4.3)

and (4.4) ensures that

vκgy = ρ′κgt − v2κ cos γ(sin γn− cos γb),(4.5)

vκgy
′ = v2κ cos γt + ρ′κg(sin γn− cos γb).(4.6)

Both equations yield

ρ2κ2

g = v4κ2 cos2 γ,(4.7)

which implies inequality (4.1). Clearly, the equality sign of (4.1) holds if and

only if we have sin γ = 0. It follows from (4.2) that condition sin γ = 0 is

equivalent to the condition: y × y′ = ±n.

On the other hand, from x = ρy, we find

x′ = ρ′y + ρy′, x′′ = ρ′′y + 2ρ′y′ + ρy′′,(4.8)

which ensures that

(x′ × x′′) × x′ =
〈

x′,x′
〉

x′′ −
〈

x′,x′′
〉

x′

(4.9)
= ρ(ρρ′′ − ρ′2)y− ρ′(ρρ′′ − 2ρ′2 − ρ2)y′ + ρ(ρ2 + ρ′2)y′′.

Thus, by substituting (2.5) into (4.9), we discover that

(x′ × x′′) × x′ = (ρρ′′ − 2ρ′2 − ρ2)(ρy − ρ′y′) + ρ(ρ2 + ρ′2)κg y× y′.(4.10)

Because the binormal vector field of x is in the direction of x′ × x′′, the

vector field (x′ × x′′) × x′ is in the direction of the principal normal vector
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field n of x. Hence, by applying (4.10) we know that the principal normal

vector field n of x is parallel to the spherical normal vector field ny of y if

and only if ρ satisfies (2.7). Since the nontrivial solutions of (2.7) are given

by ρ(t) = a sec(t + b) for constants a 6= 0 and b, Theorem A implies that

x = ρy is a rectifying curve if and only if ny is parallel to n. Consequently,

we know that the equality sign of (4.1) holds identically if and only if x is a

rectifying curve.

A space curve is a circular helix if and only if it has nonzero constant

curvature and nonzero constant torsion. On the other hand, Theorem 3 en-

ables us to obtain the following classification of curves with nonzero constant

curvature and linear torsion in terms of spiral type rectifying curves.

Corollary 1. A curve x in E
3 has nonzero constant curvature and

nonconstant linear torsion in arclength s if and only if it is congruent to

a rectifying curve over a unit speed spiral type curve y in S2 with geodesic

curvature κg = c sec3 t for some nonzero constant c.

Proof. If a curve x in E
3 has nonzero constant curvature and nonconstant

linear torsion in arclength s, then Theorem 2 of [2] implies that x is congruent

to a rectifying curve. Thus, after applying a suitable translation in t and a

suitable rigid motion, we have x = a(sec t)y(t) for some unit-speed curve y =

y(t) in S2 according to Theorem A. From these we have v4/ρ2 = a2 sec6 t.

Hence, by applying Theorem 3, we have κg = c sec3 t, where c is either the

constant given by aκ or by −aκ.

Conversely, if x is a rectifying curve over a unit speed curve y = y(t) in

S2 with geodesic curvature κg = c sec3 t, c 6= 0, then x = a sec(t + t0)y(t)

for some nonzero constant a. From this we find v4/ρ2 = a2 sec6(t + t0).

Since x is a rectifying curve, Theorem 3 implies that κ2
g = v4κ2/ρ2.

Hence, we get κ2 = c2/a2 which is a nonzero constant. Therefore, Theorem
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2 of [2] implies that the torsion of x is a nonconstant linear function in

arclength.

Remark 3. Applying Frenet-Serret’s equations, we may show that

either of the co-centrodes C± of a curve x is a fixed point if and only if x is

a rectifying curve with κ = c1 6= 0 and τ = c2 ∓ s, c1, c2 ∈ R, where s is an

arclength function of x.

5. Further geometric properties of rectifying curves. Given a

curve y in S2 and a positive function ρ, the curve x̂ = ρ−1y is called the

reciprocal of x = ρy. For a given regular curve γ in E
3, Γγ := γ′/||γ′|| is

called the Gauss map and γ∗ = γ × tγ is called the dual curve of γ.

Proposition 1. Let y = y(t) be a unit-speed curve in S2 and ρ = ρ(t)

a nonconstant positive function. Then the following eight statements are

equivalent:

a. x = ρy is a rectifying curve.

b. The reciprocal x̂ of x is of constant speed.

c. The dual curve x∗ of x is spherical, i,e., |x∗| is a nonzero constant.

d. The principal normal vector field n of x is parallel to the spherical normal

vector field ny of the spherical projection y of x.

e. The speed v of x is proportional to the squared distance function ρ2 of x.

f. The spherical normal vector field ny is tangent to the Gauss map of x.

g. The speed v of x and the speed vG of the Gauss map G satisfy vvG = ρκg.

h. The Gauss map of x is given by G(t) = sin(t + t0)y(t) + cos(t + t0)y
′(t)

for some constant t0.

Proof. Let y be a unit-speed curve in S2 and ρ a positive function.

Since the reciprocal of x = ρy is x̂ = y/ρ, the velocity vector of x̂ satisfies

x̂′ = − ρ′

ρ2
y +

1

ρ
y′.(5.1)
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Hence, the reciprocal x̂ has constant speed if and only if ρ satisfies the

equation:

( ρ′

ρ2

)2

+
1

ρ2
=

1

a2
(5.2)

for a constant a 6= 0. Since the solutions of (5.2) are given by ρ = ±a or

ρ = ±a sec(t + b) with constant b, Theorem A implies that statement (a)

and statement (b) are equivalent.

The equivalence of statement (a) and statement (d) are already done in

the proof of Theorem 3.

A direct computation shows that the distance function ρ∗ of the dual

curve x∗ is ρ2/v. Hence, statements (c) and (e) are equivalent,

It follows from v =
√

ρ2 + ρ′2 that the speed v is proportional to ρ2

if and only if ρ satisfies the equation ρ2 = a
√

ρ2 + ρ′2 for some positive

number a. Solving this differential equation for nonconstant solutions gives

ρ(t) = a sec(t + b), b ∈ R. Thus, statement (a) and statement (e) are also

equivalent.

Since G = t, we have G′ = vκn. Therefore, statements (c) and (f) are

equivalent. Moreover, we have vG = vκ. Hence, vvG = κgρ if and only if

v2κ = κgρ. So, by applying Theorem 3, we see that statements (a) and (g)

are equivalent.

From (4.8) we know that the Gauss map of x is given by

G =
ρ′

v
y +

ρ

v
y′.(5.3)

It follows from (5.3) that statement (g) holds if and only if ρ satisfies the

following system:

ρ =
√

ρ2 + ρ′2 cos(t + t0), ρ′ =
√

ρ2 + ρ′2 sin(t + t0).(5.4)
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On the other hand, it is easy to verify that the nontrivial solutions of

(5.4) are also given by ρ(t) = a sec(t + t0) with constants a 6= 0 and t0.

Hence, by applying Theorem A again, we conclude that statements (a) and

(h) are equivalent as well.

Remark 4. The equivalence of statements (a) and (d) of Proposition 1

implies that κg = vvang for a rectifying curve x = ρy, where v and vang are

the speed and the angular speed of x and κg the geodesic curvature of y.

Remark 5. The equivalence of statements (a) and (b) of Proposition 1

can be interpreted optically as follows: The curve x = ρy is rectifying if and

only if the spherical mirror reflection x̂ = ρ−1y (with respect to spherical

mirror S2) is of constant speed.

c. A rectifying curve and its d. A spherical curve and its

reciprocal. centrode.
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