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OSCILLATION IN LINEAR NEUTRAL DIFFERENTIAL

SYSTEMS WITH SEVERAL DELAYS

BY

K. GOPALSMAY AND PEIXUAN WENG (£fi&)

Abstract. Algebraic sufficient conditions are obtained for

all nontrivial solutions of the linear system

ch )z (t +Za” )zj(t — o) =0,

i=1,2,...,n

to be oscillatory.

1. Introduction. Oscillations of scalar neutral differential equations
have been investigated by many authors (Gammatikopoulos et al [6-8], Ku-
lenovic [10], Gopalsamy and Zhang [5, 14], Lu [11], Ruan [12]). The purpose
of this article is to derive a set of sufficient conditions for all nontrivial solu-

tions of the neutral system

(1) ch )i (t—7) +Za,j (t)x;(t—0;) =0, i=1,2,...,n
7j=1

to be oscillatory. It has been established by Arino and Gyon [1] that a
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necessary and sufficient condition for the linear system
d m m
(2) T y(t) = > Byt —oj)| = Awy(t —7)
j=1 i=1

(where A;, Bj are n x n matrices, o; and 7; are nonnegative constants and y

is an n vector) to be oscillatory is that the associated characteristic equation

m m
(3) det | M| T — ZBje*’\"j _ ZAieﬂ\n —0
Jj=1 i=1

has no real roots. In applications it is often desirable to derive sufficient
conditions expressed in terms of parameters (coefficients, delays etc.) of the
equations themselves. This involves further analysis of the characteristic
equations such as (3). In fact, it is a nontrivial task to obtain conditions
for (3) to have or not to have real roots. A special case of (2) has been
considered by Gyori and Ladas [9] in the form

(4) %[xz(t) —pixi(t—T)] f: z": i(t—or)| =0, i=1,2,...,n,
and easily verifiable sufficient conditions for the oscillation of the system (4)
have been obtained. Our result obtained below differs from the result of Gy-
ori and Ladas [9] in two different respects; firstly we consider the coefficient of
the neutral term to be a general matrix rather than a diagonal one; secondly
we reduce our result to the oscillation of a scalar neutral differential equation
whereas in [9] the result has been reduced to a nonneutral delay differential
equation and thereby the effects of the coefficients p; (i = 1,2,...,n) are
lost.

2. Oscillation criteria. A nontrivial solution of system (1) is said

to be oscillatory if at least one component of solution is oscillatory in the
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sense of oscillation of scalar valued functions. A solution = = (x1,x2,...,2,)
of (1) is said to be nonoscillatory if all the compenents of the solution are

nonoscillatory; that is there exists a tg € R such that

|zi(t)] >0 for t>ty, i=1,2,....,n

Theorem 1. Suppose that the following conditions are satisfied:

1. 01,09,...,0, are positive real numbers and 7 is a nonnegative number;

2. a5 (i,j = 1,2,...,n) are bounded continuous functions defined for all
t>0;

3. ¢j (4,7 = 1,2,...,n) are bounded continuous functions with bounded

derivatives such that

= 1,
¢ = mmmpdlel<
(5)
C = 11r§nii%1n %gg cii(t) — s igpz lcji(t)] > 0;

J#z

4. all nontrivial solutions of the scalar neutral differential equation

(6) L u(t) ~ Cult — 7)) + pu(t — 00) = 0

are oscillatory where

o= il n= i e
J#l
a; = infay(t), Bji=suplaj(t)|, j#i.
t>0 t>0

Then all nontrivial solutions of the linear neutral system (1) are oscil-

latory.
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Proof. Our strategy of proof is to assume the existence of a nonoscil-
latory solution of (1) and then derive a contradiction. Accordingly suppose

that (1) has a solution such that
|zi(t)] >0 for t>Tp, i=1,2,...,n
Then for t > T1 =Ty + 0* + 7 (6 = max{oy,09,...,0,}), we have
lz;(t)] > 0; |z (t—7)] >0, |x;(t—0;)]>0; i=1,2,...,n
Let §; =signx;(t) for t > T, then for ¢t > Ty, we have

d

T {5@ ZCZ] )oix(t

+ Z al-j(t)él-xj(t — O'j) =0,
j=1

which leads to

d

le(t)] + + a;i(t)|zi(t — o)

— Z Cij (t)él-xj (t — 7')
j=1

IN

Z|aw Wit —oj)], i=1,2,...,n
J#z

One can simplify (7) to the form

d
I {’xz ch )6ix;(t—7) | +ais|zi(t—0i)| < Zﬁw’% o),

j 1 j=1
(8) 7

i=1,2,...,n.

Adding the respective sides of (8) from i = 1 to i = n and then simplifying,

we obtain

9) %[lez ZZC@] )oixi(t—T)

i=1j=1

Z aii_ZBji |zi(t—0;)| <0.
i—1

i=1

=t
JF#i
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We further simplify (9) to the form

d n n n
(10) = D lwi(®)] = D0 cis(®)diz;(t — 7) +MZ|€UZ ai)] < 0.
i=1 i=1j=1
Integrating (10) on [11,t], we have
n n n
Z|£CZ ZZCW )oix(t —i—,uZ/ |z;(s — oy)|ds
i=1 i=1j=1
(11) o
< Z|€Uz ()] + D23 leig (M)l (Ty — 7).
i=1j=1

Let

p= Z’xz T ’+ZZ‘CU 1)z (Th — 7)),

i=17=1

then we can rewrite (11) as follows:

Sl + 3o n [ faits —o0lds < p 33 lelast )

i=1 i=1 1 1j5=1
(12) i i i=1j=

n
< pted lmit—1),
=1

and therefore

(13) Z’xz \<p+czmt—7')] for t>1T.
i=1

Define v(t) = >°iL; |zi(t)| and note from (13) that

v(t) < p+ev(t—r1)
< pHcp+cv(t —27)]

< p+cp—i—c2[p—|— cu(t — 37)]
(14)

199
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< pll4e+ P+ +F N+ pfo(t — kr)

< 1T + pcFo(Ty + t,),

where t, = t—T1—k7 € [0,7). We can conclude from (14) and the assumption
0 < ¢ < 1 that v is uniformly bounded for all ¢ > 0. Since v(t) = Y v |zi(t)],
it follows that any nonoscillatory solution x = (x1,x2,...,x,) is uniformly
bounded for ¢ > 0. We shall now show that &; (i = 1,2,...,n) are also

uniformly bounded for ¢ > 0. We have directly from (1) that

|2 (1) Z‘aw Hx]t—aj\—i—Z\cw )|zt —7)]

7=1

—|—Z|CZ] Wit —7), i=1,2,...,n,

which by addition leads to

Z‘%(t)‘ < Z Z‘aw( Nz (t — o) H‘Z’cw ||z (t — 7)]
i=1 i=1 | j=1 j=1
(16) +ZZ|% )25(t = 7)]
i=1j=1

< czm )40 S llasy (Ol (t—07) -l 1) g (=)

i=17=1
If we let
n
(17) p(t) =sup Y _ |i(s)],
sSti=1

then we have

(18) p(t) < 7 ! sngZ[lau( Mz (s)] + 15 (@) |25 (s)]] -
Stoi=1

Since z; (i = 1,2,...,n) are uniformly bounded and ¢;; (4,5 = 1,2,...,n)
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are bounded by our assumptions, we conclude from (17)-(18) that #; (i =

1,2,...) are uniformly bounded.

We shall now verify that
(19) lim z;(t) =0, i=1,2,...,n.
t—o0
Using the uniform boundedness of > ; |z;(¢)|, we can derive from (12) that

(20) ,u/ |zi(s —oy)|ds < B < 00, 1=1,2,...,n,
showing that x; € L1(T1,00), i = 1,2,...,n. The uniform boundedness of z;
and &; together with Barbalat’s lemma ([2,3]) implies (19).

Integrating both sides of (10) on [t,00), ¢ > T and using (19), we have

{ZMZ |—ZZCU )oixj(t—T)

i=17=1

—|—,u/ Z|xzs o;)|ds < 0.

We estimate the terms of (21) so that

n o N
—lez )+ i, ()3 oile = )|+ / > las(s — oilds
(22)

< <maxsup2]c], )Z]mz(t—T)]

1<i<n ¢>0 i1
J#i
which implies

(23) Zm |—cZ|xzt_T|>u/ Zm —oy)|ds,

where

29 €= i () s o3 )]
J#z
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We can further simplify (23) so that

) Yl ZCY fat =) +u [ Y fai(s)lds,
1=1 i=1

790 4=1

where 0g = min{oy,09,...,0,}. We note v(t) = >y |z;(t)| and derive from
(25) that
(26) v(t) > Co(t—7)+ p v(s)ds, t>1T.

t—oo

Let 0 = max{og,7}. We define a sequence {py} as follows:

’U(Tl), T —o<t<Ty,
wo(t) =
v(t), t>Ty,
(27)
ert1(T1), T —o<t<T,
Vp+1(t) = 00
Corp(t—7)+ p or(s)ds, t>1Ty.
t—oo

It is found from (27) and (26) that

(28) 0< - <pr2 <1 <o <+ <2 < 1 < o,

which shows that the limit limg_, o @i (t) = ¢*(¢) exists in a pointwise sense.

By Lebesgue’s convergence theorem, ¢* satisfies

e}

@ (t) = Cp*(t — 1) +u/ ©*(s)ds, t>Ty

t—oo
or equivalently

d

[p"(t) = O™ (t =T + pp™(t —00) =0, t=>T1.

It is now easy to see from (27) that
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orr1(t) > Cor(t — 1)
> C%ppy(t —27)
> C3pp_o(t —37)
> CHlpg(t — (k+1)7)
t—t*
= exp{ - In C}po(t"),

where t = (k + 1)7 + t*, t* € [T1 — 0,T1) from which we can conclude that
©* is an eventually positive solution of (29); but this is a contradiction. The

proof is complete.

3. Some Remarks. We have obtained sufficient conditions for the
oscillation of a vector system of neutral differential equations to those of
the oscillation of a scalar neutral equation; whereas Gyori and Ladas [9]
have obtained a similar reduction to a certain nonneutral delay equation.
We remark that there are numerous type of sufficient conditions for scalar
neutral equations to be oscillatory (for instance see Ruan [12], Gopalsamy
and Zhang [5], Stavroulakis [13]). For completeness, we derive briefly one

such condition in the following.

Corollary 2. Let pu, oo, C be as before. A sufficient condition for (6)

to be oscillatory is that

1-C
(30) nog > T

Proof. Suppose that the assertion is not true. Then (6) has a nonoscil-
latory solution which can be shown to be bounded as in the proof of our

theorem above. It is well known that the characteristic equation

(31) M1 = Ce™T) + pe 90 =0
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associated with (6) has a real root. Since the nonoscillatory solution is
bounded, the real characteristic root of (31) cannot be positive. But A =0

is not a root of (31). Thus A = —n (n > 0) is a root and therefore
(32) n(l —Ce™) = pe°.

It is readily seen from (32) that

1 - CenT e Menoo
n
and hence
enao
1—-C > poy > ueoyq
noo
implying
1-C
pog < ———,
e

which contradicts (30). Thus we conclude that (6) is oscillatory when (30)
holds.

It should be noted that (30) explicitly contains C, the coefficient of
the neutral term of the equation (6). For other sufficient conditions which

involve both C' and 7, we refer to Gopalsamy and Zhang [5].

Acknowledgement. The authors are grateful to the referees for their
critical reviews and helpful suggestions which resulted in the improvement

of this paper.

References

1. O. Arino and I. Gyori., Necessary and sufficient condition for oscillation of a
neutral differential system with several delays, J. Diff. Equations, 81(1989), 98-105.

2. 1. Barbalat, Systemes d’equations differentielle d’oscillations nonlinearires, Rev.
Roumaine Math. Pures Appl., 4(1959), 267-270.

3. C. Corduneana, Integral Equations and Stability of Systems, Academic Press, New
York, 1973.



2004] OSCILLATION IN LINEAR NEUTRAL DIFFERENTIAL SYSTEM 205

4. Roger A. Horn and Charles R. Johnson, Matriz Analysis. Cambridge University
Press, Cambridge, London, New York, New Rochelle, Melbourne, Sydney, 1985, 344.

5. K. Gopalsamy and B. G. Zhang, Oscillation and nonoscillation in first order neu-
tral differential equations, J. Math. Anal. Appl., 150(1)(1990), 42-57.

6. M. K. Grammatikopoulos, E. A. Grove and G. Ladas, Oscillation and asymp-
totic behaviour of meutral differential equations with deviating arguments, Appl. Anal.,
22(1986), 1-19.

7. M. K. Grammatikopoulos, E. A. Grove and G. Ladas, Oscillation of first order
neutral delay differential equations, J. Math. Anal. Appl., 120(1986), 510-520.

8. M. K. Grammatikopoulos, Y. G. Sficas and I. P. Stavroulakis, Necessary and
sufficient conditions for oscillations of neutral equations with several coefficients, J. Diff.
Eqns., 76(1988), 294-311.

9. I. Gyori and G. Ladas, Oscillations of systems of neutral differential equations,
Diff. Int. Equations, 1(1988), 281-287.

10. M. R. S. Kulenovic, G. Ladas and A. Meimaridou, Necessary and sufficient con-
ditions for the oscillation of neutral differential equations, J. Austral. Math. Soc., Ser. B,
28(1987), 362-375.

11. W. D. Lu, Ezistence of monoscillatory solutions of first order nonlinear neutral
equations, J. Austral. Math. Soc., Ser. B, 32(1990), 180.

12. J. Ruan, On the oscillation of neutral differential difference equations with several
retarded arguments, Scientia Sinica, Ser. A, 29(5)(1986), 1132-1144.

13. 1. P. Stavroulakis, Oscillations of mized neutral equations, Hiroshima Math. J.,
19(3)(1989), 441-456.

14. B. G. Zhang and K. Gopalsamy, Oscillation and nonoscillation of a class of neutral
differential equations, Proceedings of the First World Congress of Nonlinear Analysis (eds
V. Lakshmikantham, Walter de Gruyter), Berlin, New York, 1996, 1515.

School of Information Science and Technology, Flinders University, Adelaide SA 5001,

Australia.

Department of Mathematics, South China Normal University, Guangzhou 510631, China.



