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1. Introduction. The n (> 3)-dimensional incompressible Navier-
Stokes equations have been a challenging problem both in mathematics and
in physics for a long time. There have been tremendous efforts in trying
to solve the global strong solutions with arbitrarily large initial data in cer-
tain Sobolev spaces. Partial regularity for suitably weak solutions has been
established very well by Caffarelli, Kohn and Nirenberg in [1] and by Fang-
Hua Lin in [5]. See also Ladyzhenskaya [3], Serrin [11], Temam [13] and
Zhang [19]. Necas, Ruzicka and Sverak proved the non-existence of a self-
similar solution of the Navier-Stokes equations for 3-dimensional problem in
[6]. Long time asymptotic behaviors of L?-norm of the solutions has also
been studied extensively by Schonbek in [7]-[10], by Wiegner in [14]-[16] and
by the author in [17]-[20].

It is well known that the Cauchy problems for the 2-dimensional incom-
pressible Navier-Stokes equations

(1) ur+u-Vu—Au+Vp=0, V-u=0,

with large initial data u(x,0) = ug(z) € H™(R?), have global smooth solu-
tions in L®(RT; H™(R?)), where m > 1 is sufficiently large, see [4]. How-

ever, if we increase the spatial dimension by only one, namely, consider the
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3-dimensional Cauchy problems, then, for large initial data in H™(R3), no
global strong result has been proved. It seems that the second order dissipa-
tion —Aw is not “strong enough” to support the “nonlinear reaction terms
u - Vu + Vp”. Even the presence of the “good term —%Au” cannot guar-
antee the global existence for n-dimensional problems, n > 3, although for
n = 3 it is good enough. Actually, some people conjecture that ||Vu(-,t)|?
of the solutions for n = 3 with large initial data blow up in finite time. It
seems to us that the Cauchy problems with small initial data admits global
strong solutions. We believe that when the dissipation and the nonlinearity
attain some kind of balance, the strong solution will exist globally. To guar-
antee the global existence of the strong large solutions without breaking the
physical meaning of the Navier-Stokes equations, i.e. keeping the nonlinear-
ity w - Vu + Vp and the incompressible conditions V - u = 0, we can either
increase the order o of the dissipation (—A)%u or decrease the dimension n

of the physical problems in R", thus allowing n to be a positive real number.

These suggestions make sense mathematically.

We are interested in the smallest power ¢ in (—A\)7 such that the Cauchy

problems u(x,0) = up(x) for the modified Navier-Stokes equations
(2) ur+u-Vu+a(—A)°u+ Vp=0, V-u=0,

possesses a unique global strong solution u € L*(RT; H™(R")) for arbitrar-
ily large initial data u(z,0) = up(z) € H™(R"), where m > 1 is sufficiently

large.

Theorem 1. Let 0 = 2 and ug € H™(R") with V - ug = 0.
Then the Cauchy problems u(z,0) = ug(x) for the modified Navier-Stokes
equations (2) have a unique smooth solution u € L™ (R*; H™(R")),Vu €
L?(RT; H™(R™)).
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2. Proof of Theorem 1. Using the incompressible condition V - u =
0, for all x € R™® and t € R, we see that for continuously differentiable

functions u and p € C*(R™; RT), there hold

/]R" u(z,t) - [u(z,t) - Vu(z, t)]de = / u(z,t) - Vp(z,t)de = 0.

Rn
The proof of Theorem 1 consists of four steps.

(A) First of all, if we make the scalar product of the vector u(x,t) with
the modified Navier-Stokes equations (2), we get

(3) d [t Pdr + 20 [ (-8 Pu(e, ) Pdr =0,

E R™ R"

Hence we get the elementary estimates

(4) sup u(, )[* < [luol, 2@/0 I(=2)7u( 6)|Pdt < uol.

terRt

(B) Next, we multiply the modified Navier-Stokes equations by
2(=A)%u(z,t) and integrate with respect to z € R™ to obtain

(=) Pz, )| da + 2a/ (=) u(z, t)dz

n

LAY
dt Jpn

(5)
_ 9 /W(—A)”u(x,t) (ule, t) - Vu(z, t))dz.

The right hand side in the above equation is controlled by

2 / (=AY ul,t) - [ul, 1) - Va(e,1)dz
< %/R |(—A)"u(m,t)|2dx+%/w (2, 1) - Vu(z, t)2de
< & [ oyt 0P+ 2Oy [ V0G0
<3 [ 1=0) u(e, ) d

+C |l AP (= 2) 7 )72 [lul, 227 (= 2)7 (-, 1)][/7]
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(0%

§§/Rn|( A)u xt|dz+/ w(z, t)?dz

n/2 2
+C [/ ]u(m,t)]Qdm] [/ \(—A)"/Qu(m,t)\zdx}
R™ R™
2
< a [ a7 utwoPde+ ™) | [ 120 (e, b))
R™ R™
In the above estimates, we have implicitly used 40 = n + 2. At last, we get

the estimate

d

E/]Rn ‘(_A)U/Qu(x,t)‘zdm + Q/Rn ’(—A)OU(x,t)\zdx

< Ol [ [ 127w, 0]

Integrating in time to obtain

/Rn\( A2y mt\dm—i—a// u(x, s)|*dxds

< [ oy Pu)Pdr + oGl [ [/Rnu 8P 2uta ) Pa| s

Applying the generalized Gronwall’s inequality, we have the global estimate

/Rn|( AN)72y( xt|dm+a// u(z, s)|2dzds

6) < [ 14" 2uow)Pdzexp [C ol / / £)u(e,b)dudt|

< / (=27 Pug(@)Pda exp [Clluol )] = C(luol|™ 2, lluol|2):

In the above discussions, notice that 5= < 2 is always true if we choose
o= ”T”. This is the key estimate for global strong solutions of (2) with

large initial data.

(C) Finally, we multiply the modified Navier-Stokes equations by
2

2(—=A)*“u and integrate in x to obtain the following equation
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it 5 |(—A)0u(a:,t)|2dw+2a/w (=A% (e, t)2da
(7)
S /Rn(—m%u(x,t) Jula,t) - Ve, t)|de.

Applying the fractional interpolation inequality given in the Appendix, we

see that the right hand side of the above energy equation is dominated by

2

/n(—A)2"u(x,t) Ju(z,t) - Vu(z, t)|dx

/R (APl 1) - (- D) ule ) - Tule,1)d

= 2

< (=) Pu(a, t)Pde + 2 [ (=0 P lue,t) - Ve, 0] Pda
o Jrn
< /| A2 P, ) Pd + Cllul )| oy [V (= 2)7 (-, ) 2 oy

FON(=2)"2u(, ) |2 IV, O 2y
2 =ayelPu(e, ) Pda
]RTL

IN

+C [ )22 (= 2)7 2u(-, 8)]"/]
X [I(=2)72u(e, ) |2 D10 | (= )30 2y ()| (/)

+C {”(_A)Jmu(',t)Hzfn/(‘w)H(—A)?"’/2u(-,t)H"/(‘lg)}
X {Hu(. t)\|2—("+4)/(40)H(—A)(’u(-,t)\|("+4)/(40)]
= / (=) Pu(x, t)Pda
+C (- )P [[(=2)7 Pl o) [P DO (= )3 2u -, )| D/
FC (-, 1) |2 Do) || (=AY 2y (- )2 (40)
X (=), B+ (= )37 20, )/ 0

IN

o [ =20 ute ) e+ Yl (=2 u(, )
FOI=L)ul O (= 8) u-, D)
o [ 121l O dw + (=20 u( ) + Cl-A)ul )],

IN

where we have also applied the uniform estimates sup;cp+ [|u(-, )| < |luoll
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and sup ||(=A)72u(-,t)|| < C||(=A)7/?ug||. Now equation (7) becomes

i/ \(—A)"u(m,t)]Qdm—l—a/ (=AY 20z, ) 2da

dt Jpn R™

< C ](—A)”/Zu(x,t)IQdm—i—C/ (=A)u(e, t)de.
RrR" R™

Integrating in time gives

/ (=) u(z,t)| dx—i-a/ / A3z, s)|Pdeds
R™ R™

< /Rny( Ao ()| dx—l—C/ / £ 2u(z, s) Pdads
" +C/ /]R" u(z, s)|*dzds
< ¢ 1= u@) P+ [ jue)da.

R?’L

(D) The global L? estimates for higher order derivatives of the solu-
tions and for the pressure p can be similarly obtained if ug € H™(R™). The
uniqueness follows from routine method. This completes the proof of Theo-

rem 1.

Remark. Let p > n > 3 and ¢ > 2 and % + % =1, such that

o) a/p
/ [/ \u]pdx} dt < oo.
O n

Under this condition, Zhang [19] established that

c [ ﬂ L2r/(rn)(R+;Lr(Rn))] ﬂ |: ﬂ LOO(RJr;LS(Rn))

p<r<oo 2<s5<00

3. Appendix. We list several well-known inequalities in dynamical

systems.
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1. (Gronwall’s inequality) Let the positive continuous functions f, g

and h € L'[0, +00) satisfy the inequality

o) < 5O + [ g(h(s)ds,

for all £ > 0. Then we have the estimate
t t t
g(t) < f(0)exp [/ h(s)ds} +/ f'(s)exp {/ h(r)dr} ds.
0 0 s

Next, we present some classical interpolation inequalities in Sobolev

spaces.

2. (Gagliardo-Nirenberg’s inequality) For all 1 < p,q,r < 400
and for all integers n > 1 and m > k > 0, there are positive constants

a € [k/m,1] and C, such that for all u € C§°(R"™), we have the estimate

1D*ull Ly

IN

ClID™ullfr [[ull s, where

n/p—k = an/r—m)+ (1 —a)n/q,

p
T

a1 +-tan=~k

gorttan,, |P

D i
H ax?l . ax%n

Lp

The only exception is that o # 1 if m —n/r =k and 1 < p < 0.

The following interpolation inequality plays a role in the modified

Navier-Stokes equations.

3. (Fractional interpolation inequality) Let f, g € W2™P N L(R").
Then for all p, g with

there holds the estimate

[(=2)"(fo)ll L2 @n)
< COl(=2)"flle@mllgll Lagny + Cll fll La@m) (=)™ gl Lo ()
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4. (Leray-Schauder fixed point principle) Let X be a Banach space
and let Ay : X x [0,1] — X be a well defined mapping. Suppose that
(1) For all fixed A : 0 < A <1, A, is a completely continuous operator.
2)
(3) ApX = {a}, where a € X is a fixed point.
9

(

of the equation Ayzy = x) with 0 < A <1 satisfy

For all bounded subset £ C X, Aj is uniformly continuous in .

There is a A-independent constant M > 0, such that all possible solutions

[zl < M.

Then there exists a point zg € X, such that

Alxo = Z9.

Acknowledgment. I am very grateful to Professor Zhou Yulin and
Professor Guo Boling for their comments. I am also very grateful to the

referee for his valuable comments.

References

1. Luis A. Caffarelli, Robert V. Kohn and Louis Nirenberg, Partial regularity of suit-
able weak solutions of the Navier-Stokes equations, Communications on Pure and Applied
Mathematics, 35(1982), 771-831.

2. H. Beirao da Veiga, FExistence and asymptotic behavior for strong solutions of
the Navier-Stokes equations in the whole space, Indiana University Mathematics Journal,
36(1987), 149-166.

3. O. A. Ladyzhenskaya, The Mathematical Theory of Viscous Incompressible Flow.
Second English edition. Mathematical Applications. Gordon and Breach, New York, 1969.

4. J. Leray, Sur le mouvement d’un liquide visqueux emplissant I’espace, Acta Math-
ematica, 63(1934), 193-248.

5. Fang-Hua Lin, A new proof of the Caffarelli-Kohn-Nirenberg theorem, Communi-
cations on Pure and Applied Mathematics, 51(1998), 241-257.

6. Jindrich Necas, Michael Ruzicka and Vladimir Sverak, On Leray’s self-similar
solutions of the Navier-Stokes equations, Acta Mathematica, 176(1996), 283-294.



2004] ON THE MODIFIED NAVIER-STOKES EQUATIONS 193

7. Maria Elena Schonbek, L? decay for weak solutions of the Navier-Stokes equations,
Archive Rational Mechanics Analysis, 88(1985), 209-222.

8. Maria Elena Schonbek, Large time behaviour of solutions of the Navier-Stokes
equations, Communications in Partial Differential Equations, 11(1986), 733-763.

9. Maria Elena Schonbek, Lower bounds of rates of decay for solutions to the Navier-
Stokes equations, Journal of the American Mathematical Society, 4(1991), 423-449.

10. Maria Elena Schonbek and Michael Wiegner, On the decay of higher-order norms
of the solutions of Navier-Stokes equations, Proceedings of the Royal Society of Edinburgh,
126 A(1996), 677-685.

11. James Serrin, On the interior reqularity of weak solutions of the Navier-Stokes
equations, Archive for Rational Mechanics and Analysis, 9(1962), 187-195.

12. M. Taylor, Pseudodifferential Operators and Nonlinear Partial Differential Equa-
tions. Birkhauser, Boston, 1991.

13. Roger Temam, Navier-Stokes Equations. North-Holland, Amsterdam, 1984.

14. Michael Wiegner, Decay results for weak solutions of the Navier-Stokes equations
on R™, Journal of London Mathematical Society, 35(1987), 303-313.

15. Michael Wiegner, Decay and stability in LP for strong solutions of the Cauchy
problem for the Navier-Stokes equations, in “The Navier-Stokes Equations, Theory and
Numerical Methods”, edited by John Heywood et al, Springer-Verlag, New York. Lecture
Notes in Mathematics, 1431(1990), 95-99.

16. Michael Wiegner, Decay of the Loo-norm of solutions of the Navier-Stokes equa-
tions in unbounded domains, Acta Applicandae Mathematicae, 37(1994), 215-219.

17. Linghai Zhang, Sharp rate of decay of solutions to 2-dimensional Navier-Stokes
equations, Communications in Partial Differential Equations, 20(1995), 119-127.

18. Linghai Zhang, Long time uniform stability for solutions of n-dimensional Navier-
Stokes equations, Quarterly of Applied Mathematics, 57(1999), 283-315.

19. Linghai Zhang, Uniform stability for solutions of n-dimensional Navier-Stokes
equations, Bulletin of the Institute of Mathematics, Academia Sinica, 27(1999), 265-315.

20. Linghai Zhang, Long-time asymptotic behaviors of solutions of n-dimensional dis-
sipative partial differential equations, Discrete and Continuous Dynamical Systems, Series
A, 8(2002), 1025-1042.

21. Linghai Zhang, Stability and regularity of suitably weak solutions of n-dimensional
magnetohydrodynamics equations, Journal of Partial Differential Equations, 16(2003), 82-
96.

Department of Mathematics, Lehigh University, Bethlehem, Pennsylvania 18015-3174,
U.S.A.

E-mail: liz6@lehigh.edu



