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FOURIER EXPANSIONS OF ENTIRE FUNCTIONS OF
TWO COMPLEX VARIABLES

BY

D. KUMAR AND BALBIR SINGH

Abstract. Let p be a finite positive Boral measure on a
compact Jordan region E C C? and L%H), the Hilbert space of
functions of two complex variables holomorphic in E with inner
product is defined as surface measure integral over E. The rela-
tions connection the growth of an entire function of two complex
variables f(z1,z22) € L?u) with its Fourier Coefficients with respect
to an orthonormal sequence of polynomials in L?}W have been ob-
tained. The necessary and sufficient conditions in terms of Fourier
Coefficents have been obtained for f(z1,22) € L?#) to be of finite

order and finite type.

1. Introduction. Let f(z1,22) = >0 my—0 Gmi,me?] 23 be a func-
tion of two complex variables z; and zy, regular for |z;| < ry, t = 1,2, If ry
and ro are arbitrary large then f(z1, z2) is an entire function of two complex

variables.

Let | denote the class of all entire functions of two complex variables in
C?. The growth of a f(z1,22) € [ is studied in terms of its order p and if
0 < p < o0, in terms of its type T also, where

log log M (r1,72)

(1.1) lim sup

rira—oe  log(rira) a
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log M
(1.2) limsup EM L)
1,r2—00 (&1 + 5

where M(rq1,79) = max,,|<,, |f(21,22)], t = 1,2.

The coefficents characterizations of above growth constants are known

[1]. Thus
1 mi.___mo
(1.3) p = limsup —o 1 T2
mi,Mmi1—00 lOg |am17m2 |7
(1.4) T = limsup {mTlmSW’aml’mQ‘p}l/(m1+m2)_

mi,ma— 00

Let p be a finite positive Borel measure on a compact jordan region

E C C? of transfinite diameter d; > 0, t = 1,2, and L%u)’

of functions of two complex variables holomorphic in F with inner product

the Hilbert space

(fag) = /Ef(zl,ZQ)g(Zl,ZQ)d,Ua, fag € L%“),

where |f|2 = [/ %dp] 2 < oc.

We will assure that E = supp(u) is not contained in any (proper) al-
gebraic subset of C2. This is equivalent to the following property of E: If

Py mo (21, 22) is an (analytic) polynomial then
(1.5) Poy iy (21, 22)| 5 =0 = Py my(21,22) =0 on C2.

Sets with this property are said unisolvent. In the case of one complex

variable, F satisfies (1.5) if and only if E contains infinitely many points

(see [3], p.2).

Proposition 1. Let pu be a finite positive Borel measure with E =

supp(p) satisfying (1.5). Let Py, m, (21, 22) be an (analytic) polynomial such
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that

||Pm1,m2(z1,22)||L?#) =0. Then Pp, m,(21,22) =0 on C?.

Proof. We will show that if P, ymo(21, 22)| g #0, then || Py, mo(21, 22) HL?;L)
> 0. Suppose Py, my(21,22)|p # 0 and let 29, € E = Ey x Ey, t = 1,2, be
such that |Pp, mo(21,22)] > 0. Then for some r; > 0, |Ppy,y my(21,22)] >
(|1 Py mo|/2) for all 2z € A(zo,,7¢), where A(zq,,7¢) denotes the closed balls
of centre zp, and radius r;. Since 2o, € supp(u), we have u(A(zo,,2¢)) > 0.

Hence

|Pm1,m2 (Zla Z2)|2d:u

.

[Pz (215 22) 72— =
(1)
> |Pm17m2(21,22)|2d,u
ENA(zo0,,mt)

> Pml,m2 (2017202)’/2)2/’L(A(20t7rt)) > 0.

—~

Hence the proof is completed.

Here we consider the monomials {z]"' 25"} to be ordered lexicographi-
cally. By Proposition 1, we may apply the Gram-schmidt orthogonalization
procedure to the monomials and one obtains orthonormal polynomials de-
noted ppy, mo (21, 22) = Py ms (21, 22, 1) for each my and ma- Py m, (21, 22, 1)
denotes the orthonomal polynomial which is a linear combination of
21" 25" and monomials of lower lexicographic order. Thus A, m,(E) =
{ Py —1,ma—1(21, 22) o0, ma=15 Pmymo (21, 22) being a polynomial of degree

< mq + mao, is a complete orthonormal sequence in L%ﬂ).

The Fourier expansion of f(z1,29) € L%u) is

o
f(zla 22) == Z bml,mgpmhmg (Zl7 22)7

my,m2=0
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(1'6) bm1m2 = /E f(zla Z2)pm1,m2 (Zla Z2)d:u'

A question arises that “Do the relations (1.3) and (1.4) continue to hold

if @, m, is replaced by Fourier coefficient by, m, of f(z1,22) € [C L%ﬂ) with

2

respect to L (u

) In this paper we attempt to solve this question.

2. Auxiliary results. In this section we prove some lemmas which are

required in proving the main theorems.

Let E,, be the largest equipotential curve of £ = FE; x E3 such that
E,, = {z € C* : dyexp V(%) = i}, m/dy > 1, t = 1,2 and V,(2) is
the minimal Carrier Green function of the measure p and C? \E is simply
connected [2], E denote the convex hull of E. Let D,, be the domain interiar

to E,.

Lemma 2.1. If a polynomial Py, m,(21,%2) of degree my +mg satisfies

the inequality | P, mo(21,22)| < L for z; € E, then we have

(210) |Pm1,m2(21,22)| < LRgangnQ fOT zZt € ER” Rt > 1, t= 1,2.

Lemma 2.2. If f(z1,22) is analytic on E and we have

[ VPl < L.

E

if E' is an arbitrary closed jordan region interior to E, then we have
|Pm1,m2 (Z1’Z2)| < Lr Jor 2z € E,a

where L' depends on E" but not on Py, m, (21, 22) nor on L.
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These lemmas can be proved in the same way as in single complex

variable (see [4]).

Lemma 2.3. If Py, m,(21,22) forms a complete orthonormal sequence

in L%u) then for any € > 0.

ri\"™ e \?
| Py ms (21, 22)| < Mo (d_1) (d_2> (14e)y™tm2 4 ¢ B,
where My depends on € but not on my, mo.
Proof. Since we may assume
/E | Py s (21, 22)[Pdpe < 1 for all - my, ma.
By Lemma 2.2, we have for any £’ C F,
| Prnyoms (21, 22)| < My for 2 € E,

where My depends on E’. So for any € > 0, applying Lemma 2.1, we get

| Py o (21, 22) | < Mo(1 + g)y™Mtm2  for oz € I
Now let Ej, . C E, so that

| Py s (21, 22)| < Mo(1 4 €)™ 1™ holds on E also.
Again applying Lemma 2.1, proof is completed.

Lemma 2.4. Let f(z1,22) be analytic in the domain Dg, and have a

singularity on Eg,, then

1
(2.11) Hmsup |y |V M1Hm2) <

= )
mi,ma—00 Rt

Ri>1,t=12.
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Proof. Since ||f(21,22)||L% : <1, we have
"

bsanal < | Py 22l

using Cauchy-Schwarz inequality, we get

[ ma| < (u(E)Y?

or

1
(2.12) B Sup | Dy mo |/ M2 < = Re>1

mi,mo t
However, strict inequality in (2.11) is equivalent to the analyticity of f(z1, 22)
in Dp, for some Ry with ¢ < R;. Thus if f(21, 22) has a singularity on Ep,

then equality holds in (2.12).

Lemma 2.5. Let f(z1,22) € L%u) and by, m, satisfies (2.11). Then

f(z1,22) can be continued analytically to the domain Dg,, t = 1,2.

Proof. To see that the series Y 0% .. _0bm; myPmy,ms (21, 22) converges

uniformly on compact subsets of Dp,, choosing a number R}, 1 < R} < R;.

Ri—R;
R

Let e > 0 and € < , so that Rf(1 +¢) < R;. Let Rf* be such that
Rf(1 +¢) < R < Ry. (2.11) gives that there exists my, = mq,(R}™),

ma, = ma, (R5") such that

1
(213) |bm1,m2| < (RT*)ml (R§*)m2 fOI’ ml Z mloa m2 2 m20'

Applying Lemma 2.3, it gives

RA\™MY RE\m2
(2.14) |Pml,m2(z1,z2)|<M<d—11> (d—j) (1+e)™*™2 for 2y € By, t=1,2.
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Combining (2.13) and (2.14) implies that

R* \m1 Rx
‘bml,mg thmg (Zl7 22)‘ <M (dl_Rl**) (dQ_RZ**) (1+5)m1+m2 for Zt € ER*{ .
1 2

Using above inequalities and Weirstrass M-test we conclude that 3270 . g
by may Py ma (21, 22) coverges uniformely on Egs. Since Ry < Ry it implies

that the series converges uniformly on compact subsets of Dg,. But

o0

/E Fz122) = D by iy Py s (21, 22) p P oo (21, 22)dp = 0.

m1,m2=0

2

Since Py, mg (21, 22) forms a complete orthonormal sequence in L(ﬂ), SO
o
2
f(zz,22) = Z bimy,mo Py ms (21, 22) on E C C”.
mi1mo=0

Hence f(z1, 22) can be continued analytically on Dg,.

Corollary. f(z1,22) € L%u) is an entire function of two complex vari-

ables if and only if

lim ‘bm1,m2‘1/(m1+m2) =0.

mi,mg—00

Lemma 2.6. Let f(z1,22) € L%u)' For any € > 0, there exists two
integers Ni(e, E1) and Na(e, Ea) such that

— d1ef\™ [ doet\™
‘bM1+1,m2+1‘ < KM(TlaTZ) ( ! ) ( 2 ) )
1 T2

for all Ry > 1 > r1y, = 11,(€), Ra > ra > 19,(g) and my > N1, ma > Ns.
Where M(r1,r2) = max.,eg,, |f(21,22)|, K is independent of m1, my and

T, T2.

Proof. We construct a sequence {Qum, m, (21, 22) }oy; my—o Of polynomials



52 D. KUMAR AND BALBIR SINGH [March

by induction. Such that

_ die®\™ [ dge”\ ™2
| f (21, 22) = Qmymo (21, 22)] SAM(TI’TQ)< . > ( . ) ’

1 T2
for z; € E,,, m1 > N1, = N1,(¢, E1), mg > Ny, = Ny, (g, E2) and for every
r1, T2, R1 >1ry > R10 = Rlo(e,El), R2 > 19 > R20 = R20(6,E2). Thus
1/2
([ 11122 = Quagna 1,22
- d £ mi d £ m2
S KM(Tl,T2)< 1¢ > < 2€ > .
r

1 2

(2.15)

Now by (1.6), we have

biny+1,ma+1 =/Ef(Zl,ZQ)Pm1+1,m2+1(21722)du

mi,m2

= /E{f(zl’ ZQ) - Z bj11j2Pj1:j2 (Zl’ ZQ)} Pm1+1,m2+1(zl’ ZQ)dM'

J1,J2

By Schwarz’a inequality, we have

mi,m2

’bm1+1,m2+1’2 < (/E‘f(Zl’ZQ) - Z bjr g2 Pjr o

J1,52=0

2
dﬂ) (/E‘Pm1+17m2+1‘2dlu')
mi,m2

2
:é‘f(21722)_ Z bj17j2Pj1,j2(2'172'2)

J1,J2=0

dp

S/E £ (21, 22) = Quayma (21, 22) 2 ds,

since Fourier sums give the best L%ﬂ) approximation. So (2.15) gives

__ . . 2
by +1.mp+1|2 < K2 [M(Tl,Tg) (dle )ml (dQ—e)mQ} , which gives required re-

T1 T2

sult.

Lemma 2.7. Let f(z1,22) € [ is of order p(0 < p < o0) and type T.
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Then
log log M
(2.16) p = limsup oglog M(r1,2)
71,7200 log(r172)
log M
(2.17) T = limsup 22MrLra)

71,72—00 V"f + 7’5

Proof. Let (z1,29,) be a fixed point of the set E, and r1 > 1, r9 >

For every point z; € E,, there exists a z; = z/(z;) € E, t = 1,2 such that
|zt — 2| = dist (2, F).
By the triangle inequality and by
dist (2, F) < di(F)exp Vy(z) < dist (2, E) + |E| for 2z € C*\ E.
We have
|zt — 2to| < |2t — 2f| + |2f — 20| <7+ |E| for z € E,,, m > 1.

and

re — Bl <z — 2|, Bl = |2 = 2t

We see that
re —2|E| — |z,| < |2e| < v+ |E| + |z, for z€ B, 1> 1.
Let R; > 1 be such that

re — 2|E| — |z, > % and 1y + |E|+ |z, < 2ry for > Ry

53

1.
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Hence for r; > R; we have

loglog M (%5, %) < log log M (r1,72) - log log M (2ry,2rs)
log(rira) = log(rira) log(r1r2)

and if 0 < p < o0,

log M(ry — ay,re — asg) < log M (11,72) < log M (r1 + by, 72 + b2)
b e T b

)

where
a1:2]E1H—\210\, a2:2’E2’+’E20‘7 blz‘E1‘+‘Zlo‘7 b2:’E2’+’220’, E=F1xE,.

Passing to limit superior the proof is completed.

3. Main results.

Theorem 3.1. The entire function f(z1,22) € L%M) is of finite order p,
if and only if
1 mi . mo
(3.10) 0 = limsup log(my"m;7)

< 005
1 )
mi,ma2—0o0 log |bm1,m2|

and then 0 = p.

Proof. Let 0 < oco. Then for any € > 0 there exists my, = my,(e),

ma, = my,(e) such that

mi.__mo
log my ' ms

<0+e for mq>my,, mo>msy
10g i, ms |71 v ’

or

b g | < my ™ OF 2 O]

which implies that

(3.11) Hm by, |/ ™1Hm2) = 0,

mi1,m2—00
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By corollary to Lemma 2.5, f(z1,22) € [. Let its order by p. Since the

Fourier expansions of f(z1,22) in L%M) is

o0
f(zh 22) == Z bml,mgpml,mg (217 22)
m1,m2=0
and

1G22l <1 Tbmymal < ((EDY2.

Thus

| f(z1,2)| < (u(E)Y? <m1+1><mz+1>M0(T—1>ml<r—2)m2<1+6>ml*m2 for z € E,,.

dy do

So

s < wo((2522).(2452)
(3.12) — MM (Tl(ldf ), TQ(ldj 6)) ,
where
(3.13) g(z1,22) = i by me 21tz 2 for 2z € By,

m1,m2=0

and

M(ri,ro) = |gl|i>7§t lg(21, 22)].

Hence by (3.11), g(z1,22) € [ and (1.3) implies that it is of order p and
(3.12) gives

log log M(Tl, ) log log M (m(;:rs) 12 (;;re))
< +o(1), for large r; and ro.
log(r172) log(r172)
So we get

(3.14) p <0,
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which show that f(z1, 22) is of finite order p. Now let f(z1,22) € [ of order
p < co. By (2.16) for any € > 0 there exists r1, = ri,(g), ro, = ro,(g) such

that
M(r1,79) < exp(r%pﬁ)rgpﬁ)) for 1 >1r,(e), r2 > 1roy(e),

using Lemma 2.6, we have

(pte), (pte)
|b |<Kexp(r1 P )dml—ldmg—l (mi1t+ma—2)e
mi,ma2| —= mi1—1_mo—1 1 2 €
"1 L)

for large K and 71, ro.

Choosing a sequence 7,,, — 00, Iy, — 00 as my, my — oo defined as

my — 1\ /(e my — 1\ 1/ (Pte)
= () = (22
p+e p+e

in above expression, we get

(m1—1)(ma—1) 2t etmitma—2)e

(o t-e)” }(—"“1)<m11>/(p+s)(m21)<m2—1>/<f’+€>
pte pte

bl < K exp {

or

_ mi—1 mi—1 (mo—1) mo—1
log |bm1,m2| ! Par€ log( Par€ )+ pte log( piz—:
mg =

™ )—1—0(1) as mj — 00, Mg — 00
1 mi m9 9
IOg ’I’I’Ll m2 lOg ’I’I’Ll m2

or

log |b -1 1
liminf —2 | L ’m2 >
mi,mz—o0 log my" ' ms p+e

)

or

) log my"mb*?
lim sup g1—2_1 <p+e,
mi1,ma—oo 10g ‘bmwm’

which gives

0<p+e.
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Since € is arbitrary, so we get

(3.15) d<p.

Which prove that (3.10) holds. Taking (3.14) and (3.15) together in to

account, we get @ = p. Hence the proof is completed.

Theorem 3.2. Let f(z1,22) € L%ﬂ) and for 0 < p < oo, then f(z1,22)

can be extended to an entire function of order p(0 < p < o0) and type

T(0<T < o) if and only if

(3.16) d’epT = limsup {mamm;m|bm17m2|p}1/(m1+m2).

mi,mg— o0

Proof. Let (3.16) be holds, then we have to show that f(z1,22) can be

extended to an entire function of order p and type T

By (3.16) it can be easily seen that

mi . m2
L log m{"'m,
p= limsup —————F+.
m1,ma1—o0 10g [bmy ms |

Using Theorem 3.1, we see that f(z1, 22) is an entire function of finite order

p # 0. Suppose f(z1,22) has type T, then using Lemma 2.7,

log M
T = limsup [ BMLT2)
71,72—00 (&1 + 9

Let T < co. For any € > 0, there exists r{ = r{(¢), r§ = 73(e) such that

log M(r1,72) < (T +¢&)(r{ +rb) for ry > Y, ro > 19,

By Lemma 2.6, we obtain

10g [byny ms | < (T+e)(r{+75) + (m1+ma—2)e — (my—1)log(ry/dy)
(3.17) —(mg — 1) log(ry/de) + log K

for r; > r(l), 9 > 7“8 and mq > m?(e), mo > mg(e).
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. 1/p 1/p
Choosing r,, = (p&”jre)) s Ty = (p(?je)) , then for r| = r;,, 72 =

T'mq, WE get

log |bm1,m2| < <M

) (mma—2)e — (M ) tow (it )

mo — 1 < mo )
— lo + log K,
p P\ BT+ o) g

which gives

Hmsup {m7my™2 by, o [P}/ M2 < ep(T + &) dfdbers,

mi1,ma— 00

since this is true for every € > 0, we have

. m m 1
. - mi,m: ! I
(3.18) epTd? > Timsup {m my2 by, m, [P}/ ™M

mi,mg—00

By (3.12), we obtain

lim sup
71,I2—00 ""f + 7'5

log M 1 P /1 p

g Mlri,ra) ( +6> ( +6> type of g(z1, 22).
dy do

Using Lemma 2.7 and (1.4), leads to

(3.19) Tepd® < limsup {m m3 by, m, |+ (M1tm2),

mi,mg— o0

Combinding (3.18) and (3.19) we get the required result.

The converse part is left to the reader.
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