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Abstract. H. Silverman [Internat. J. Math. Math. Sci.
22(1999), 75-79] investigated and obtained some results for the
properties of functions defined in terms of the quotient of the
analytic representations of convex and starlike functions. In this
paper, we obtain a sufficient condidtion of functions for strongly

starlikeness of order (3.

1. Introduction. Let S denote the class of functions f(z) normalized
by f(0) = f/(0) — 1 = 0 that are analytic and univalent in the open unit disk
U={z€C:|z| <1}. A function f(z) € S is said to be starlike of order «

if and only if

{5

for some (0 < a < 1), and for all z € U. The class of starlike functions
of order « is denoted by S*(«). Further, a function f(z) € S is said to be
convex of order « if and only if

Re {1 + fo,/;ij) } >«

for some a(0 < a < 1), and for all z € U. Also we denote by C(«) the
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subclass of S consisting of all convex functions of order « in U.

On the other hand, a function f(z) in S is said to be strongly starlike

el ) <3

for some B(0 < < 1), and for all z € U. We say that f(z) € SS§*(8) if f(z)

of order ( if it satisfies

is strongly starlike of order 8 in U

Silverman [2] investigated the properties of functions defined in terms of
the quotient of the analytic representations of convex and starlike functions.

Let Gy be the subclass of S consisting of functions f(z) € S which satisfy

2(2)
S LON U
G

f(2)

<b (z€0U)

for some real b.

For this class Gy, Silverman obtained the following rsult.

Theorem A([2]). If 0 < b <1, then

gbCS*( )

2
14++v1+8b
The result is sharp for all b.

In this paper, we consider the strongly starlikeness for functions f(z)

belonging to G.

2. Strongly Starlikeness. To discuss the strongly starlikeness of

functions f(z) in Gy, we have to recall here the following result by Nunokawa

[1].

Lemma. Let p(z) be analytic in U with p(0) =1 and p(z) # 0(z € U).
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Suppose that there exists a point zg € U such that

arg(p(2))| < 58 (2] < |zol)

and
arg(p(0))] = 5,

where 8 > 0. Then we have

where

K>5(at) when axg(p(n) = 5

and

1 1 m
K< —i(a + a) when arg(p(zp)) = —56,

1 .
where p(z9)? = +ia and a > 0.
Our main result is contained in

Theorem 1. If f(z) belongs to the class Gygy with

8
V=880 4 g

b(B) = (0<p <1,

then f(z) € S§*(B).

Proof. Let us define the function p(z) by
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Then it follows that

=)

D O N A C)

27C) 2"
= p(2)

If there exists a point zg € U such that
s
larg(p(2))| < 56 for |z] < |zo]

and
77
larg(p(20))] = 50,
then, applying Lemma, we have that

. 1
e

3 )

ZOP'(ZO)
p(20)?

\ — BIKla~"

v

Define the function g(a) by

gla) =a' P + a11+6 (a>0; 0<3<1).
Since
§(a) = (1= F)a® — (14 1)),
g(a) takes its minimum value at a = \/{¥%. This implies that
ZO(()) §< 1—2) )
D763

Ja=psa -+ gyee
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which contradicts our condition f(z) € Gyg) of the theorem. Thus we com-
plete the proof of the theorem.
Considering the case of 8 =1 in the proof of Theorem 1, we have
Corollary 1. If f(z) € G, with b= 1, then f(z) € SS* (1), or f(2) is
strongly starlike in U.

Taking B = % i Theorem 1, we have

Corollary 2. If f(z) € G, with b = \/;% = 0.438691 ..., then f(z) €
58*(3).

References

1. M. Nunokawa, On the order of strongly starlikeness of strongly conver functions,
Proc. Japan Acad., 69(1993), 234-237.

2. H. Silverman, Convex and starlike criteria, Internat. J. Math. Math. Sci.,
22(1999), 75-79.

Department of Mathematics, University of Gunma, Aramaki, Maebashi, Gunma 371-8510,

Japan.
Department of Mathematics, Kinki University, Higashi-Osaka, Osaka, 577-8052, Japan.

Dempatment of Mathematics, Ganma College of Technology, Toriba, Maebashi, Gunma
371-8530, Japan.

Department of Mathematics, University of Gunma, Aramaki, Maebashi, Gunma 371-8510,

Japan



