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HOMOGENEOUS MAXIMAL ESTIMATES FOR

SOLUTIONS TO THE SCHRODINGER EQUATION

BY

PER SJOLIN

Abstract. Homogeneous maximal estimates are consid-
ered for solutions to an initial value problem for the Schrodinger

equation. Also more general oscillatory integrals are studied.
1. Introduction. Let f belong to the Schwartz space S(R™) and set

Sef(x) = u(x,t) = (2m)™" /n e EetlEl” fe)de, x €R" t €R,

R

where a > 1. Here f denotes the Fourier transform of f, defined by

f© = [ e a)de.

It then follows that u(x,0) = f(x) and in the case a = 2 u is a solution to

the Schrédinger equation i0u/0t = Auw.

‘We shall here consider maximal functions

S*f(x) = Sup |Sef ()], r € R",
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and

S f(r) =sup|Sif(x), @ R
t>0
We also introduce Sobolev spaces Hg by setting
Hy={f €8 Iflu, <o},  sE€R,
where

11, = [, ieyifera)

We shall also consider homogeneous Sobolev spaces H, defined by
Hy={f€8;|fly <=}, sER,

where
191, = ( [ ei7orae)

It is of interest to study local estimates

15" fllLas) < CBllfllm

and
1S fllLasy < CllflH

where B is an arbitrary ball in R” and H denotes H; or H s, and global

estimates
15* fllLagny < Cllf 1

and

1% Fll gy < CIL -

Estimates of this type have been considered in P. Sjolin [6], [7], [8],
[9], [10], and F. Giilkan [2], and in several other papers. We do not give
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a complete list of references but refer to the references in the mentioned

papers. We shall here concentrate on the estimate

(1) 15 flla@my < Cllfll g, -

We shall always assume 1 < ¢ < oo and s € R. We shall obtain the following
theorem as a consequence of results and methods in the papers [6], [7], [9],

[10], and [2].

Theorem 1. In the case n = 1 the estimate (1) holds if and only if
1/4 < s <1/2 and ¢ = 2/(1 — 2s). In the case n > 2 and f radial the
estimate (1) holds if and only if 1/4 < s <n/2 and ¢ = 2n/(n — 2s).

Remark 1. In the case n > 2 and f general (not necessarily radial)
we have only the following partial results. If the estimate (1) holds then
n/2n+1) < s < n/2and ¢ = 2n/(n —2s). If n/4 < s < n/2 and
g =2n/(n — 2s) then the estimate (1) holds.

Remark 2. Special cases of the above results are contained in C. E.
Kenig, G. Ponce, and L. Vega [3], [4], [5], but we have not been able to find

the complete results in the literature.

2. Proofs.

Proof of the Theorem. We first observe that a necessary condition for
(1) to hold is s > 1/4. This follows from counter-examples in [6], p. 712—
713, and [9], p. 55-58. These counter-examples are originally constructed
in the case of inhomogeneous Sobolev spaces Hg but they also work for

homogeneous spaces H.

We shall then prove that ¢ = 2n/(n—2s) is a necessary condition for (1).
For f € S weset fr(z) = f(Rz), R > 0, and then have fr(¢) = R™"f(¢/R).
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It is easy to see that Sy fr(x) = Sige(Rz) and we therefore have

S* fr(z) = S™ f(Rx).
Now assume that (1) holds. Then

15 frlly < Cllfrl 4,

where we have written || [|; instead of [| || ¢g"). The left hand side above
equals R~™/9||S** f||, and the right hand side is equal to R_"/2+5\|f\|HS. It
follows that

R4S fllg < CRT27| f,.

This can hold for all R > 0 only if
n_n
g 2

which gives the equality ¢ = 2n/(n — 2s).

Since 1 < ¢ < oo it follows that s < n/2 is a necessary condition for (1).
However, it is easy to see that the case s = n/2, ¢ = oo is impossible (cf.
[9]), and we have therefore proved that 1/4 < s < n/2 and ¢ = 2n/(n — 2s)

is a necessary condition for (1) (also in the case of radial functions).

By use of an extension of a method in [6], it is proved in [2] that (1)
holds if n/4 < s <n/2 and g = 2n/(n — 2s) (see Theorems 2.5, 2.6 and 2.12

in [2]). The proof of the Theorem in the case n = 1 is therefore complete.

We now turn to the case n > 2 and f radial. We shall prove that

(2) 15 Fll Laemy < Cllf |,

in the case s = 1/4 and ¢ = 4n/(2n — 1). The sufficiency part of the result

in the Theorem will then follow from interpolation between this result and
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the case s =n/4, g = 4.

To study the case s = 1/4, ¢ = 4n/(2n — 1) we shall extend a method

in [7]. It is proved in [7] that the estimate

||S*fHLq(B) < CBHfHH1/4

holds for the above value of ¢ and f radial. It is observed in [2] that one

also has
15 fllras) < CrI fllH, 4

and we shall prove that also

3) 15 flla@my < Cllf .-

Following [7] we set
Prg(r) = (L+1%)" 1512 /0 Toja (rs)e” O st DI g (5) ds

for 0 < r < oo, where g € L'(0,00) and has compact support. Here JInj2-1
denotes a Bessel function and ¢(s) is a positive measurable function on (0, c0).
For ¢ = 4n/(2n — 1) we define p by the formula 1/p + 1/¢ = 1, so that
4/3 < p < 2. Arguing as in [7] we then conclude that to prove (3) it is

sufficient to prove that

0 ([T 1egora)” <o [Tawras)”

for all g € LP(0,00) with compact support.

Following [7] we write

Prg(r) = biA(r) + b2 B(r) + Q(r),
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where
A(r) = (1—1—7“2)71/8/ eirsefit(s)rasfwg(s)ds,
0
B(r) = (1—1—7“2)71/8/ efirsefit(s)rasfﬂfg(s)ds
0
and

IN

Q(r)| C(1 4172718 /OOO min (1, %)s*wg(s)\ds.

Here v =1/qg—1/4 = (n—1)/4n and b; and bs denote constants.

A and B can then be estimated as in [7]. The proof in [7] treats the
case 0 < t(s) < 1 but the same proof works in our case t(s) > 0. Also the

([T 1empear) " <clg,

can be proved by use of the method in [7]. To prove that also

estimate

®) (['eera)” <cig,

we can argue in the following way. For 0 < r < 1 we have

1/r oo 1
Q< [ sTlgelds +C [ s gls)lds
0 1/r T8

Observing that y¢ = 1 — ¢/4 and (—1 — )g = —1 — 3¢/4 we obtain

1r 1/q 1/ [o° 1/q
e [ smas) Vgl + e ([ s mas) gl
0

1/r

1\ Q—va)/q 1 1N\ [(=1-7)g+1]/q
= a(=) gl + () Il

= O Y gllp + Car 34 gll, = Cr Y4 gll,

Q(r)]

IN

for 0 <r < 1, and (5) follows. Thus (4) and (3) are proved.

Interpolating between (3) and the corresponding estimate in the case

s =n/4, ¢ =4, we obtain (2) for 1/4 < s < n/4 and ¢ = 2n/(n — 2s) (see
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J. Bergh and J. Lofstrom [1], p. 120). Using the proof of Theorem 2.6 in [2]
we can then conclude that we also have the homogeneous estimate (1) for the
same values of s and ¢q. Thus we have proved that the homogeneous estimate
(1) for radial functions holds for 1/4 < s < n/2 and ¢ = 2n/(n — 2s). The

proof of the Theorem is complete.

The sufficiency condition in Remark 1 follows from the proof of the
Theorem. To obtain the necessary condition in Remark 1 we argue as follows.
We know from the proof of the Theorem that 1/4 < s < n/2 and ¢ =
2n/(n — 2s) is a necessary condition for the homogeneous estimate (1). To
obtain also the necessary condition s > n/2(n + 1) we invoke a result from

Sj6lin [10], which states that if

1/q
() ([ 1 s1az) " < Callfln.
for every ball B, then
n—1_mn
> —.
(7) s+ 5 =1

Since the homogeneous estimate (1) is stronger than (6) we conclude that

(1) implies (7). Combining (7) with the equality ¢ = 2n/(n — 2s), we obtain

(n—1)(n —2s)

s+ in =

>3

and

dns+ (n—1)(n —2s) > n

Simplifying this inequality we obtain s > n/2(n + 1) and hence the results

in Remark 1 are proved.

References

1. J. Bergh and J. Lofstrom, Interpolation Spaces, Grundlehren Math. Wiss., 223,
Springer-Verlag, 1976.



140 PER SJOLIN [June

2. F. Giilkan, Mazimal estimates for solutions to Schrédinger equations, TRITA-
MAT-1999-06, Dept. of Math, Royal Institute of Technology, Stockholm.

3. C. E. Kenig, G. Ponce and L. Vega, Oscillatory integrals and regularity of disper-
stve equations, Indiana Univ. Math. J., 40 (1991), 33-69.

4. C. E. Kenig, G. Ponce and L. Vega, Well-posedness and scattering results for the
generalized Korteweg-de Vries equation via the contraction principle, Comm. on Pure and
Applied Math., 46 (1993), 527-620.

5. C. E. Kenig, G. Ponce and L. Vega, On the IVP for the nonlinear Schridinger
equations, Harmonic analysis and operator theory (Caracas 1994), 353-367, Contemp.
Math., 189, Amer. Math. Soc., 1995.

6. P. Sjolin, Regularity of solutions to the Schrédinger equation, Duke Math. J., 55
(1987), 699-715.

7. P. Sjolin, Radial functions and mazimal estimates for solutions to the Schrédinger
equation, J. Austral. Math. Soc. (Series A), 59 (1995), 134-142.

8. P. Sjdlin, Global mazximal estimates for solutions to the Schrédinger equation, Stu-
dia Math., 110 (1994), 105-114.

9. P. Sjolin, L? mazimal estimates for solutions to the Schrédinger equation, Math.
Scand., 81 (1997), 35-68.

10. P. Sjolin, A counter-example concerning maximal estimates for solutions to equa-
tions of Schrodinger type, Indiana Univ. Math. J., 47 (1998), 593-599.

Department of Mathematics, Royal Institute of Technology, S-100 44 Stockholm, Sweden.

E-mail: pers@math.kth.se



