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ON SOME CLASSES OF ANALYTIC FUNCTIONS DEFINED

BY RUSCHEWEYH DERIVATIVE

BY

JIAN-LIN LI (ZE#k)

Abstract.- The object of this paper is to investigate some
inclusion properties of certain analytic functions defined by using
the Ruscheweyh derivative. The results obtained here provide a
sharpening of earlier results proved by several authors.

1. Introduction. Let A(p) denote the class of functions of the form
oo
FR) =2+ et (peN={1,23,...}),
k=1
that are analytic in the unit disk E = {z € C : |2| < 1}. Let M(p,n,a,B)

be the subclass of A(p) whose members satisfy the condition

n+pf( n+p+1
Ly e {(1_a) DD"+:{J(‘ (zz) +O‘DDnipf](cS)

}>ﬁ(ﬁ<1; a€R; z€ E),

where
P
DVPL(z) = (m) * f(2) (n > —p).

Here “+” stands for the Hadamard product (convolution of power series, i.e.,
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if
x>
fi(2) =2 + 3 akepg” ™ € Alp) for j=1,2,
k=1
then
o0
(f1* fa)(2) = 2P + Z ak+p,1ak+p,2zp+k)'
k=1
Since
P n—1 (n+p—1)

(n+p—1)!

D™P=1f(2) is usually called the Ruscheweyh derivative of f(z) of order

n+p-— 1

The class M (p,n, a, 8), for special values of the parameters p, n, o, and
3, generalizes several known classes (cf.[4], [11], [12], [15]), and has aroused
considerable interest. For example, Goel and Sohi [6] generalized a result of

Ruscheweyh [13] and proved that

1 1
(12) M(p,’fl,l, 5) C M(panvoa 5)

where n is any integer greater than —p. Let f € M(p,n, a, 3), Chen and Lan
[4] obtained lower bound of Re {D"P f(z)/D"+P~1f(2)} in the cases when
a/(n+p-1) <f <1,and when1/2 < 8 < 1 and @ = n+p+1 (see also [§]).
Owa et al. [10] derived lower bound of Re {(D"+pf(z)/D"+p_1f(z))1/2} in
the case when —p < @ < n + p + 1, and considered its numerous con-
sequences. On the other hand, Chen and Owa [5] obtained lower bound
of Re{(D"+p_1f(z)/zp))‘} for f € M(p,n,0,8), 8 € [0,1) and 0 < X\ <
1/@2(n +p)(1 - B)).

One of the main objectives of this note is to give a sharp form of these

results in a simple manner.
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Let Tpip—1(a) be the subclass of A(p) consisting of functions which
satisfy

(D™ f(2))!
pzP !

(1.3) Re l: ] > o (z € E),

for some o < 1 and n > —p. The class Tp4p—1(c) introduced by Goel and
Sohi [7], also extends some known classes. In [7], the authors showed that (i)
Tnip(@) C Tnyp—1(e) for n € Np and « € [0,1); (ii) for ¢ > —p, the integral

operator
L orz
(1.4) Fo(z) = 9#—/ L () dt
z 0
preserves the class Tp,1p—1(c), where n € Ny and « € [0,1).

More recently, Aouf and Darwish [3] proved that if f € Tp1p41() with
n € Ny and « € [0,1) then

(L5) Re{ (D”+Pf(z))'} 14+ dan +p+1)(n+p+2)

E).
pzP~1 20n+p+2) (z € E)

In the present paper we shall extend and sharpen these results and some

related results.

2. Preliminaries. We need the following lemmas to prove our results.

Lemma 1. Let s >0 and 6 € [0,1). Ifp(z) =1+ pi1z+--- is analytic

in E and satisfies

' 2p'(2)
(2.1) Re {p(z) e } 6 (zeB),

then

(2.2) Re{p(z)} > w(s,d) = inf{Re H(2) : z € E},
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where
(1 _ z)25(5—1)

H(z) = .
=) S [ ts=1(1 — t2)2C@ Dy

This result is sharp and w(s,d) > 4.

Remark 1. More general forms of this lemmma may be found in the

work of Mocanu et al. [9]. Furthermore, in the case when

(2.3) ma,x{s2—_sl—,0} =G <b<1,

the value of w(s,d) given by (2.2) can be replaced by

9—25(1~4)
T oF(2s(1-0),55 +1;,-1)’

(2.4) w(s,8) = H(-1)

where 5 F; denotes the Gauss hypergeometric function.

The next Lemma 2 is of elementary, so we omit its proof.
Lemma 2. Let w € C with Re{w} > 0. Then for any p € [0,1]

(2.5) Re{w’} > {Re w}”’.

Let F' and G be analytic in E. The function F is subordinate to G,
written F' < G or F(z) < G(z), if G is univalent, F(0) = G(0) and F(E) C
G(E).

Lemma 3. Let <1l andm >2(1—0). Ifp(z) =1 +prz+--- is

analytic in E and satisfies

(2.6) Re {1 +nggi§)} S8  (z€E),
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then for any X € (0,1],
(2.7) Re{p*(2)} > 22V (z e B).
This result is sharp.

Proof. Tt follows from (2.6) that the subordination

zp'(z) 201-0) =z
p(2) “Tm 1-z

hods in E, Using a result of Suffridge [16], we have

(2.8) p(z) < (1 — z)XE-D/m,
Hence,

A . _A2M(B-1)/m
(2.9) Re {p (z)} > inf Re(1 - 2) .

From Lemma, 2, we obtain

1. 22(1-p)/m
> (E) (z € E)7

Re {(1- )PEDImL > {Re !

2A(1—B8)/m
1-— z}

and (2.7) is proved.

For the function py(z) = (1 — z)2(ﬁ ~1/m e observe that

Zig%Re{l+m%‘—é§l} =ziglf5{1+2(1—,8)ReliZ} =B,

. A .
inf Re {#0(2)} = Jnf Re(

(2.10) )
1 )2>\(1 B)/m _ g2 (B-1)/m.
1—2

This shows that the result is sharp.

Remark 2. Using the same technique as we have detailed above, one

can show that if p(z) = 1 +p1z + - - is analytic in E' and satisfies (2.6) for
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B <1and m > 0 then for any 0 < A < m/(2(1 — B)) the sharp result (2.7)

still holds.

3. The class M(p,n,a, ).

Theorem 1. If f(z) € M(p,n,0o,B) with0 < a < B(n +p+ 1), or

a=n+p+1and B> 1/2, then for any X € (0,1],

n 2 A
(3.1) Re{(%f_{%) }>’Y(P,n,a,ﬁ,>\) (= € B),

where

_ 1)— .
u/\(nﬂaz1 =, ﬂ(n":;,pﬁ_)aa)a if 0 < a<p(n+p+1)

3.2 N, & ﬁ)A:
(3:2) v(p; m, ){22)\([3—1)7 if a=n+p+1, g>1

and w is defined by (2.2). This result is sharp.

Proof. Tt is easily seen that, for every n > —p,
(33) (D" (2)) = (n+p)D™Pf(2) — nD™PLf(2),

which yields

2(D"Pf(2))' D"Pf(z)

(34) D”+P—1f(z) = (n + p)m;)

Let p(z) = D—Dn%f(% =1+piz+---. Using (3.4), we have

D) 1 {zp’(z)

D™rf(z)  m4p+1 1 p(2) +(n+p)p(z)+1}.
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This shows that f(z) € M(p,n,a, §) if and only if

zp'(2)

(3.5) Re {a e

+(n+p+1—a)p(z)} > B(n4p+l)—a  (2€E).

(a) If0 < a < B(n+p+1), then (3.5) gives

Re {p(z) 4 ZS’;' ((ZZ))} >6  (2€E)

where

S_n+p+1—a

>0
a
5= Bn+p+1)—a €0, 1).
n+p+l—a

Hence, Theorem 1 follows from Lemma 1 and Lemma 2.

(b) fa=n+p-+1and B> I, then (3.5) yields

Re{l—{—zﬁég)} > f3 (z € E).

Thus, Theorem 1 follows from Lemma 3. This completes the proof of

Theorem 1.

Remark 3. By assigning appropriate special values to the various
parameters involved in Theorem 1, we can derive several consequences of

Theorem 1. Only a few of them will be listed here

If welet o =1, 8=1/2, and A =1 in Theorem 1, we obtain
1
(36) M(p7n717 5) C M(p7na07w(375))

where n +p > 1, w(s,§) = H(~—1) is defined by (2.2) with s = n + p and
§ = (n+p—1)/(2(n + p)). This sharpens the above-mentioned result of
Goel and Sohi [6].
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Ifweleta=1,8=Mn+&+1)/(n+p+1),and A =1 in Theorem 1,
we obtain

n+ép+1

(37) M(pan717 n+p+1

) € M(p,n,0,w(s,d))

where n +&p >0, 0 <& < 1, w(s,d) is defined by (2.2) with s =n + p and
0 = (n+&p)/(n + p). This sharpens the result of Ahuja [1]. As a special
case (£ = (p—1)/p), (3.7) also sharpens the result of Soni [14].

Ifwelet p=1, 8=1/2, and A =1 in Theorem 1, we obtain
1
(38) M(lan7 a, 5) - M(].,'IL,O,U)(S,&))

where n > —1, 0 < o < (n+2)/2, and w(s,d) = H(—1) is defined by (2.2)
with s = (n+2—a)/a and 6 = (n+ 2 — 2a)/(2(n + 2 — «)). This sharpens
the result of Al-Amiri [2] in the case when 0 < a < (n + 2)/2.

Theorem 1 also sharpens the result of Chen and Lan [4] in the case when

A =1, and the result of Owa et al. [10] in the case when A = 1/2.

Theorem 2. If f(z) € M(p,n,0,0) forn > —p and B < 1, then for
any 0 < A <1/(2(n +p)(1 — B)), we have |

(3.9) Re { (M)A} S 92A(n+p)(8-1) (z € E).

2P
This result is sharp.
Proof. Let p(z) = &erz:pll(i) =1+piz+---. Then from (3.3), we have

DMPiGE) 1 zp(2)

Drp=1f(z) n+p p(z)

Thus,

(3.10) f(2) € M(p,n,0,5) < Re {1 + ningé‘;)} >pB, (2€E)
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and the desired result follows from Lemma 3. This completes the proof.

Remark 4. It is easy to see that Theorem 2 extends and sharpens the

above-mentioned result of Chen and Owa [5).

4. The class T, ,—1(a).

Theorem 3. Ifn > —p and o < 1, then Tpp(e) C Thip—1(p), where

u=1+2(1—a)(p+n)§:——(—:})—k——>a.
k:1n+p+k -

This result is sharp.

Proof. 1t follows from (3.3) that

Dn-i—p—lf(z) — Iinn /z tn——an—i-pf(t)dt

(4.1) SR

= (p+n) / t"IDVPf(t2)dt
0

which yields

(D11 (2))
pzP~1

(D"Pf (tz))’

(42) p(tz)"!

= (p+n) /01 grtpt dt (z€E).

Since f(z) € Tpyp(c), we have

(D" (tz))'

p(tZ)P——l } >(1- a)i——-_l_—z + « (z € E, tel0,1)).

(4.3) Re{
Therefore, form (4.2) and (4.3), we have

(DL (2)) 1 11— (1-2a)t
{——-p;})—l——“} > (p+n)/ e 1—1——}—_’;—(#

(4.4) = 1+2(1—a(p+n)i +;)—|—k
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= u2za

To show that this result is sharp, we consider the function

oo

45) foz) =P +20—-a)p ) I‘I‘(k +1)T(p+n+1) Pk
k=1

(k+p+n+1)(p+k)

which is an element of T, (). Since

(4.6 {(D i OW} T e
0

pzP—1 1—tz ’

one can easily show that fo(2) € T yp—1(1), but fo(2) ¢ Tnip-1(p') if ' > p.
This completes the proof of Theorem 3.

Remark 5. Theorem 3 extends and sharpens the above-mentioned
result of Goel and Sohi [7]. From Theorem 3 and Lemma 2, we obtain the

following Corollary which extends and sharpens the inequality (1.5).

Corollary. Let n > —p and a € [0,1). If f € Ty ypi1(a), then

Re { [ (D7 f(2)) }
pzp~1

[o%s) (_1)k 1/2
> {1+2(1—a)(1+p+n)]§1m} (z € E).

(4.7)

This estimate is sharp.

Theorem 4. Letn > —p, ¢ > —p, and a < 1. If f(2) € Tpip-1(e),
then the function F.(z) defined by (1.4) belongs to Tpyp—1(v), where

v=1+2(1-a)(c+ )i—(ﬂ
P etpt+k

This result is sharp.
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Proof. 1t is easily seen that

z
Dn+p—1Fc(z) _ E; / tc—an—l-p——lf(t)dt
0

(4.8) X
= (c+p) /0 tTI DML (12 dt.

Since f(z) € Tnyp—1(c), we deduce from (4.3) and (4.8) that

fe { (Dn+p—1Fc(z>>'} = et [ e { (D f(t2) } u
0

pzP~! p(tz)P~t
1 —(1—
> (c+p) / e L (11+ t2a)tdt
(4.9) 0 S
= 1+21-a)(c+p) Y, ———
imctptk

= v 2>aqQ.

The estimate (4.9) is best possible for the function (4.5) with n replaced by
n — 1. This completes the proof of Theorem 4. '

Remark 6. Theorem 4 also extends and sharpens the above-mentioned
result of Goel and Sohi [7].
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