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STABILITY OF INFINITE DELAY EQUATIONS*

BY

SHUNIAN ZHANG (3EZE4)

Abstract. The infinite delay equations of the form
(») 2'(t) = G(t,z(s)a < s <t), t>t,
are considered. We establish theorems on the uniform asymp-
totic stability for (+) which can be applied to finite delay equa-

tions, infinite delay equations, and equations involving both fi-

nite and infinite delays in a unified way.

1. Introduction. We have discussed in [1] the infinite delay equations

of the following form:
(1) '(t) = G(t,z(s);a <s<t),  t2>ty
or shortly,

2'(t) = G(t, (),  t>t.,

where —co < a < t,, @ could be —o0, G is a Volterra functional determined
by ¢ and the values of z(s) for @ < s <t and taking values in R™. We have

established the stability result on (1) as follows:

Theorem 0. (cf. [1]) Suppose that v : [t«,00) X Cy(t) — [0,00) is

continuous, and locally Lipschitz in ¢. If there is a bounded continuous
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® : [0,00) — [0,00) which is L'[0,00) and such that

t

wn (o)) < v(t,00)) < wallop®)) +ws( | 8¢ = Jun(le(s)Dds);

e

vy 2()) < —ws(lz(2))),
then the zero solution of (1) is uniformly asymptotically stable (U.A.S.).

As we indicated in [1]. Theorem 0 is the counterpart of Burton’s result
on finite delay equations (cf. [2]). By introducing the so-called weight
function ®(-) we generalized the L2-norm for finite delay equations. In that
way, we unified the corresponding results on U.A.S. for finite and infinite
delay equations without assuming the boundedness of the right-hand side
of equations.

It has been shown that Theorem 0 is very effective, useful, and appli-
cable to various cases.

However, when we are concerned with the systems involving both finite

and infinite delays such as
n n i
zi(t) = Zaijxj(t —Tij) + Z/ kij(t — s)zj(s)ds, i=1,2,---,m;

t)—‘zau(t 7'1] mg (t—7i; +Z/ kij(t—s)xj(s)ds, i=1,2,---,m;

we discovered that it was not quite convenient to apply Theorem 0 even
though those kinds of equations are in the form (1).

In this paper we extend Theorem 0 by adding a third term to the upper
bound of v so that the obtained results could be applied to those kinds of

equations which involve both finite and infinite delays.

2. Useful lemma. First of all, we prove the following lemma, which
will be used in the proof of our theorems and will be found quite useful in

many other cases.
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Lemma. Letu : [ty,00) — [0, H] and g : [0,00) — [0,00) be continuous
functions with tg > —oco, H > 0 constants and g nondecreasing. If there
exists v > 0 such that f: u(t)dt > v with [a,b] C [tg,00), then there exists
B > 0, which is dependent only on the length of interval [a,b] (and of course
v, H), such that [ g(u(t))dt > .

Proof. Suppose b —a < 1. Let Iy = {t|u(t) > v/2} and I, = [a,b] — I1.
Then we must have p(Il;) > v/2H.
In fact, if pu(l;) < v/2H, then

\ |
v < / u(t)dt = / u(t)dt-l—/ w(t)dt < H- L+ L(b—a) < v.
a I I 2H 2

This is a contradiction. Hence, we have
. .
AR
u(t dtZ/ u(t))dt > gl =) —.
| stuenar> [ stwwyae>o(3) 5%
If b —a > 1, then let I {t|u(t) > v/2(b — a)}, Is = [a,b] — I, and we
assert u(I1) > v/2(b — a)H.
Indeed, suppose p(I;) < v/2(b — a)H, then

v < / ()t = /1 (et + /I w(t)dt

Y Y
<H-on—om tap-a C9 <

Also, a contradiction.

Therefore,

b
Y Y
> > . .
| swenae> [ swonit> o( 5575 55w
Hence, in either case we may pick 8 = g(v/2£)-(v/2¢H) with £ = max{1,b—
a}.

The proof is thus completed.

Immediately, we have the following facts.

Corollary 1. Let u be the same as in the Lemma, wy, we be wedges
(cf. §3 in this paper). If there exists v > 0 such that f: wy (u(t))dt > v with
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[a,b] C [to,00), then there exists B = wa(wy ' (v/20)) - (v/20wy(H)) > 0 with
¢ =max{1,b —a} such that f: we (u(t))dt > B.

Corollary 2. Let u, wy, wo be the same as in Corollary 1. Then
[P ws(u(t))dt < B = wa(wi(v/26)) - (v/2w1 (H)) with £ = max{1,b— a}
implies ff wi{u(t))dt < 7.

We remark that the Lemma given here is a modification and improve-

ment of its prototype in Burton’s paper [2].

3. Main results. We are dealing with equations of form (1). For given
to > t. and bounded, continuous function ¢ : [a,te] — R", we denote the
corresponding solution of (1) by z(t, %o, ), which is a continuous function
satisfying (1) on an interval [tp,tp + b) for some b > 0 with x(¢, g, ) = (1)
for a <t < tg.

We always assume that G satisfies certain conditions to ensure the
existence and uniqueness of solutions of (1) (cf. [3]) and that G(¢,0) = 0,
thus (1) has the unique trivial solution z(t) = 0. ‘

Let

C(t) = {¢: |a,t] = R"|p is continuous and bounded}.
For ¢ € C(t), define
lell = llel™ = sup |p(6)l,
<8<t

Where |- | is a norm in R™."

For H > 0 and iy > t., let

Ch(to) = {w € C(to)] llell = llwll™*! < H}.

We assume that the right hand functional G(¢,¢()}) of (1) is defined for
[te,00) x Cy(t).

Definition 1. The solution z(¢) = 0 of (1) is called uniformly stable
(U.S.) if for any ty > t. and given £ > 0 there is a § = §(¢) > 0 such that
[to > ts, @ € Cs(to), t > to] imply |z(Z,20,0)] < e.
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The solution z(t) = 0 of (1) is called uniformly asymptotically stable
(US.A.) if it is U.S. and if there is a 7 > 0 and for each v > 0 there
exists a T = T'(y) > 0 such that [ty > t., ¢ € Cy(to), t > to + T imply
lz(2, o, ©)| < -

Definition 2. A continuous function w : [0,00) — [0,00) is called a

wedge if w(0) =0, w(s) > 0 for s > 0, and w(s) T co as s — 0.
Now we prove the following theorem on U.A.S.

Theorem 1. Suppose that v : [t,,00) X Cy(t) — [0,00) is continuous,
and locally Lipschitz in . Let A : [t.,00) — [0, A*] be continuous with
some A* > 0. Let @ : [0,00) — [0,J] be continuous with some J > 0, and
® € L'[0,00). Let w; (i=1,2,...,7) be wedges, and T > 0 be constant. If

t

0 walleD < v(t,0()) < wallp®)) +wa( [

t—T

A(sYwa(li(s)])ds)

s [ 0 spwollo(o))ds),

[e4

and
(i) vy (6 2() < —wr(lz(8)),
then the solution z(t) =0 of (1) is U.A.S.

Proof. Let € > 0 be given. Choose § > 0 (6 < €) so that

ws(8) + w3 (A*Twa(8)) + ws (wﬁ(a) /0 - @(u)du) < (o).

Then for to > ¢t. > a+ 7 (W.L.O.G. we may assime t, > «a + 7) and
@ € Cs(to) let z(t) = z(t, ¢, ) and we have

wi(jz(®)]) < v(t,2() < vto, ()

< wy(8) + wa(A*Twye(6)) + w5(/ ’ D(tg — s)wﬁ(lx(s)|)ds)

< wn(8) + wa(A"rw4(6)) + ws (we() /0 B(u)du

< wl(e), t > tg.
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Thus,
lz(t)] < e, t > to.

This proves the uniform stability.

Now for € = H find § of uniform stability and let n = §(H). Let v > 0
be given, we will show there is 7 > 0 such that {t¢ > t. > a4+ 7, ¢ €
Cy(to), t >to+ T] imply that |z(¢)| = |z (¢, to, )| < 7.

In fact, for this given v > 0, we can find Ty > max{1, 7} such that

o0

1 ;71
) we(H) <I>(u)du<§w51(§w1(fy)).

To

W.L.O.G. we may assume A* > 0 is so large that

Q wa (i (s (Fun)) < guata)
and
(4) %ws_l (é"wl (’Y)) < mw (wgl ('2'%;))

with L = (2/37)wg ™ ((1/3)w1(7))-
Then by Corollary 2,

[‘.iTo wa(|z(s)|ds < Zliwgl(%wl('y)) < ﬁiﬁw (w6—1(_2_%))
implies

(5) / we(|z(s)|)ds < L = %ws"l (%wl(v)) for any t > to + To.

t—To

Suppose tg > t. > a+ T, ¢ € Cyltp), t > to + Tp, then for z(t) =
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z(t,tg, ) we have

t

wilz(0)) < vlt,2() < wnllo)) +ua (4" [ walla(s)))ds)

t—To

o /:_To B(t — s)we(H)ds + /;T 3(t — s)ue((a(s)])ds)

< un((e(®)) + wa(4° [

t—To

wy(|(s)))ds)

t—a

+ ws (wG(H) B(u)du + J /t iT w6(|x(s)[)ds)

To
t

< ua((e(®)) + we(4° [

t—To

wa(|2(s)])ds

1 _,/1 t .
+w5<§w5 1(§w1(’)’)) + J/t . we(lx(s)l)ds), t > to + Tp.
—d0

Suppose for all t > tg + T we have

w ([ (0)]) +ws (A° /tT wa((a(s)])ds) +wg(%w5(%w1(q)))
(6) e

+ J/t_T we(|=(s)])ds) > v(t) > wi (),

then it implies that

L

w3 (A*/ w4(]x(s)[)ds) > Ewl(')/) for ¢ >ty + 2T,
t—2Ty 3

ie.,
t 1 1 .

1) / wallz())ds > g (Gwa()  for ¢ to+ 2T,
t—2Tg A 3

In fact, suppose for some £ > ty + Ty we have

ws(4° [ waleo)is) < Junta)

then

/gim wa(|z(s)])ds < %w;l(%wm))

and thus



116 SHUNIAN ZHANG [June

t

1 1 . N

/ wa(|z(s)])ds < ——w3* (—'wl('y)) for t et — To,t.
t—To A* 3

Hence, there exists some te [t~ — To, t~] such that

L@ < wp (st (30:0)).

and thus by (3), (4), and (5) we have

wy(leD) < 30107

and

ws (30 (Fun() + 7 | T wela(9))ds) < sw(y).

Therefore, there exists a £ > to + Tp such that

£

olf) < wa(a® +us (47 [ wala(e)l)ds)

—T

+ ws (%ws_l (%wl('y)) + J/:To w5(|x(s)|)ds)

1 1 1
< zwi(7) + 3wi(7) + 3w () = (),

this contradicts (6). Therefore, (7) holds.
Hence, by Corollary 1 there exists A > 0 dependent on actually only v
such that

-t
/ wilz(s))ds > b for ¢ 3> to+2Th.
t—-2Ty

Then if t > tg + 2NTp with N > wy1(H)/h we have

o(#) < vlto) — / wr(|2(s)])ds < wi(H) — Nh < 0.
to

This contradiction shows that there must be some t* < tg + 2NT with

v(t*) < wi ().

Therefore,
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wi(lz(@®)]) < v(t,z()) < vt 2()) <wi(y) for t>¢",
and thus
lz(t)| <~y  for t>ty+T,

where T' = 2NTp, which is obviously independent of o and .
This proves the U.A.S.

Actually, we note that we can modify Theorem 1 in the following way.

Theorem 2. With the same assumptions as in Theorem 1 except that
instead of the function @ : [0,00) — [0,J] we let ®(t,s) be a continuous
scalar function defined for o < s < t < 00, 0 < &(t,s) < J for some
constant J > 0, f; ®(t,s)ds < M for t > t, with some M > 0, and such
that for any € > 0, there exists Ty > 0 with f,_,cf: O(t,t — s)ds < e for
all t > Ty + t. (it suffices to assume that the integral f0°° O(t,t — s)ds is
uniformly convergent in t). Then if

t

() wile®) < v(t00) <walo®D +ws( [ Alshuallo(s))ds)

+us( [ 2t syusllp(s))ds),
and
(ii) vy (8 2() < —wr(|z(t)]),

then the solution z(t) =0 of (1) s U.A.S.

The proof of Theorem 2 is almost the same as one of Theorem 1 with

some minor trivial modifications and is thus omitted here.

4. Examples.” We illustrate the applications of our results by several

examples.

Example 1. Consider the scalar equation

(8) z'(t) = —a(t)23(t) + b()z3(t — 7) + /Ot c(t — s)v(s,z(s))ds, t>0,
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where a, b, ¢ : [0,00) — (—00,00) and v : [0,00) X (—00,00) — (—00,00) are
continuous, 7 > 0 is constant. Suppose
(i) b(t) is bounded, [;° |c(u)|du = ¢* < o0, and [;~ |c(u)|du € L*[0,00),
(ii) |v(t, )] < pz> with p > 0 constant,
(iii) a(t) — |b(t + 7)| — pc* > n with n > 0 constant.
Then the zero solution of (8) is U.A.S.
Actually, if we define

t

o(t, 0() = lo(®)] + / 1b(s +7)| lo(s)Pds +p / / " lefw— ) lduli(s)Pds,

-7

then we find
V(g (L)) < —a@®)e@)® + [b(s + )] |z (@)° + p/t le(u — t)|dula(2)®
< @)

Obviously, all the conditions of Theorem 1 are satisfied. Hence, the zero
solution of (8) is U.A.S.

Example 2. K. Gopalsamy discussed in [4] the asymptotic stability of

the zero solution for linear integrodifferential equations of the form

n n ot
x;(t) = Z aijacj(t — Tij) + Z/ kij(t — S)IL'J'(S)dS,
j=1 j=1v7%°

1=1,2,...,n, t>0

9)

He imposed that a;; are constants with a;; < 0 (t=1,2,...,n); kij :

[0,00) — (—00,00) are continuous functions such that

| sths@lds <oo, [ hs(ellds <oo, Gi=12,. )
0 0

while the discrete delays 7;; (3,7 = 1,2,...,n) are nonnegative constants
with 7;;, =0 (i =1,2,...,n).

He concluded that the zero solution of (9) is asymptotically stable pro-
vided that

A +|K* | =-8<0



1999] STABILITY OF INFINITE DELAY EQUATIONS 119

for some constants 8 > 0 where A and K* denote the matrices (a;;)nxn and

(fooo |k:5(5)|ds)nxn, respectively, and

n n [e's}
) = may + D laslh NI =max S [ s
%5 =
But actually, we could obtain stronger conclusion that the zero solution
is U.A. S. if we apply our Theorem 1.

In fact, if we define

o(t, () = Z st + e [ testotas

J#t
n co t
+ Z/o ki (s)] lps(m)dn dS]
j=1 t—s

as in [4], and let 7 = max{r;;}, A = max{|a;;|}, and ®(t) = max; 1, 7
|ki;(uw)|du, then it is easy to see that

le@ll =D les@)] < oty ()

i=1

<loll+ [ Ale@lds+ [ 3= les)lds
and
viey (1,3() <Z[ |aunxz<t|+Z|amnmy<t|+z / s (&)l ()lds]

1%
< (w(4) + K DIzl < —Bllz®)]]-
Obviously, the conditions in Theorem 1 are all satisfied except that
we need to verify that () = max; Yoy [ lkij(w)|du € L[0,00) or
I kij(u)|du € L0, 00) (4,5 = 1,2,---,n).

This is true because by interchanging the order of integration we have

/Ooo(/toolkm(u)uu = / /wc” i)

:/ ulk;;(u)ldu < oo for 4,5=1,2,...,n
0

as assumed.
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Therefore, by Theorem 1 we conclude that the zero solution is U.A.S.

even though under the same assumptions as in (4).

Example 3. Consider the linear nonautonomous systems of the form
n n
zi(t) = Z a;j(t — 1i5)z(t — 75) + Z /00 kij(t,t — 8)x;(t — s)ds,
(10) j=1 j=1v0
i=1,2,...,n, t>0,
which were dealt with also in (4).

Under certain conditions (cf. [4]) it was concluded that solutions of
(10) exist for all ¢ > 0 and tend to zero as t — oo.

We indicate here that if we impose somewhat stronger assumptions then
by applying Theorem 2 we can obtain the U.A.S. of the zero solution of (10).

In fact, suppose

(H;) The discrete delays 7;; (¢,5 = 1,2,...,n) are nonnegative con-
stants with 75 = 0 (1 = 1,2,...,7);

(Hz) The n x n matrix A(t) = (a;;(t))nxn is continuous and bounded
for ¢ € [—7,00) where 7 = max{7;}, au(t) < —c for t € [-7,00) and
1=1,2,...,n with some constant ¢ > 0;

(H3) The matrix K(t,s) = (k;; (£, $))nxn is continuous on [0, co) x (—oo,

00) and is such that for¢,7 =1,2,...,n

(o] i
/ / lkij(n + s,m)|dnds < k for t > 0 with some constant k > 0,
0 t—s

and for any € > 0 there exists Ty > 0 with
(o) t
/ / |kij(n +s,m)|dnds < e for all t> Ty,
To t—s

(Hq) w(A@®) + [;° 1Kt + s,t)[lds < —b for t > 0 with some constant
b> 0.

We comment that assumptions (H;), (Hz), and (Hy) are exactly the
same as the ones in [4], and only (Hj) is naturally strengthened for the sake
of uniformity.

Then we can show the U.A.S. of the zero solution of (10) as follows.
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Define

oo =3 |soz<t>|+2 / las3 ()] (3)]ds
i=1 Tij

+ é /Ooo (/ti ks (n + s,n)llw(n)ldn) ds]

just as in (4). Note that by changing variables and order of the integration
we have

[T wsta+ smiesoans
_ /_; / i+ ¢ — 5, ks (n)dnds
_ / ; /oo ki (0 -+ £ — 5, m)ldsleos (n)ldn
-/ ; [ st mldute; idn
= [ 7 st olauts(olas

Therefore, if we let ®(t, s) = max; > oy [, |ki;(u, s)|du, then it implies

t

lo(Oll < v(t,0()) < lle®l + / IAGeElds + [ @ oles)lds

hasie v}

and

o (6,50) < [A@©) + [ I+ 3,0l < b=

In order to apply Theorem 2 it suffices to verify the corresponding
properties of ®(%, s).

Indeed, since for —00 < s <t < co we have
/|@@ﬂmg/|%mmm
t s
=/|@@+umm=/ ki3 (£ + 5, 8)|ds
0 0

and assumptions (Hz) and (H,) imply I IK(t +5,t)||ds is finite, ®(t,s) is
bounded for —o0 < s <t < 00.
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Also, by assumption (Hs) for 7,5 =1,2,...,n

t [o <) oo t ] ~
/ / ki (u, 8)|duds = / / \kij(n + s,m)|dnds < k for t>0,
—oo Ji 4] t—s

it follows that there exists some constant M > 0 such that
¢
/ O(t,s)ds < M for t>0.
—o0
Finally, let € > 0 be given, for ¢/n > 0 by assumption by (H3) there is
To > 0 such that for 2,7 =1,2,...,n

oo t
/ / |kij(n + s,m)|dnds < e/n  for all t > Ty.
Ty t—s

But then

t—Ty o) t—To oo
[ st oiduds = [ [ ki, mldudn
—o0 t -0 t )

t—To n t—-To t—10 »
=/ / |kij(n +t — s,m)|dsdn =/ / |kij(n 4+t — s,m)|dnds

o t—To poo t
=/ / I%M+&WM®S/ /lmw+&wmm
To t—s To t—s

Hence,

oo

t—Ty
O(t,t — s)ds = / P(t,s)ds

To
n t—Tg oo
=ma,xZ/ / |kij(u, s)|duds <n-e/n=¢ fort>T,.
J
i=1Y—°° i

Thus, all assumptions in Theorem 2 are satisfied. We obtain the con-

clusion as desired.

5. Remarks.

Remark 1. Our Theorem 1 and 2 are appicable to either finite delay
equations or infinite delay equations or even equations involving both finite
and infinite delays (which we call mixed delay equations such as (9) and
(10)). Thus, we combine the corresponding results on U.A.S. for all these
three kinds of delay equations into one form. In this unified way we would

not have to have different theorems for them separately.
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It is easy to see that our results include the Theorem for finite delay
equations in {2] as well as the Theorem 8(d) for infinite delay equations in

[1] as special cases.

Actually, applying our results yields even better conclusion than the

theorem given in [5] for the example given there.

Consider the scalar equation
(11) z'(t) = —a(t)z(t) + b(t)z(t — h),

where a(t) and b(t) are continuous functions.

Under the assumptions that 0 < a < a(t) < oo, |b(t)] < b < pa,
0 < pu < 1 it was concluded in [5] that the zero solution is U.A.S.

However, if we let

ot () = O+ [ s+ Blle(s)lds,

then
Uy (6 2()) < —a(t)|z(@)] + (bt + R)||z(t)].

Hence, in order to obtain U.A.S. we only need to impose a(t) > 0 and
|b(t + h)| — a(t) < —n with some constant 7 > 0, which are weaker than the

assumptions in [5].

Remark 2. For just U.S. we only need to assume

/tt A(s)ds < A

—T

for t > t, with some constant A > 0 rather than A(t) < A* for t > t, both

in Theorem 1 and 2.

Remark 3. With the same idea in this paper we could use the so-called
Razumikhin techniques and introduce the so-called positive in measure func-

tions to establish more general results as we did in [6].
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Remark 4. We indicate that the functions k;;(t, s) satisfying required
properties in Example 3 do exist. For instance, k;;(t,s) = exp(—2t + s),
exp(—3t +2s), 1/(3t — s + 1), 4(2t — s)/(1 + (2t — 5)%)?, . ...
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