BULLETIN OF THE

INSTITUTE OF MATHEMATICS
ACADEMIA SINICA -
Volume 27, Number 1, March 1999

TOTALLY REAL SURFACES IN QP?
WITH PARALLEL MEAN CURVATURE VECTOR

BY

LIU XIMIN (ZIHEE)

Abstract. It has been shown, under certain conditions
on the Gauss curvature, every totally real surface in quater-
nion projective space QP2 with parallel mean curvature vector

is either flat or totally geodesic.

1. Introduction. A quaternion Kaechler manifold is defined as a 4n-
dimensional Riemannian manifolds whose holonomy group is a subgroup of
Sp(1) - Sp(n). A quaternion projective space QP"(c) [5] is a <quaternion
Kaehler manifold with constant quaternion sectional curvature ¢ > 0.

Let M be an n-dimensional Riemannian manifold and j : M — QP"(c)
an isometric immersion of M into QP"(c). If each tangent 2-subspace of
M is mapped by 7 into a totally real plane of QP™(c), then M is called a
totally real submanifold of QP™(c) [2]. Chen and Houh [2], Funabashi [4]
and Shen [6] studied this class of submanifolds and got many interesting
curvature pinching theorems. In the present paper, we consider the totally

real surface in QP? with constant quaternion sectional curvature ¢ > 0.

2. Preliminaries. We give here a quick review of basic formulas for

totally real submanifolds in a quaternion Keahler manifold, for details see

[2]-

Let @P™(c) be an 4n-dimensional quaternion projective space with con-
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stant quaternion sectional curvature ¢ > 0. Let M be an n-dimensional.
totally real submanifold in QP"(c). We choose a local field of orthonormal
frames in QP™(c):

e, enserqy = lei, ... erm) = Ienseyay = Jey, .. exm) = Ken.

in such a way that, restricted to M, ey,...,e, are tangent to M, where
(I,J,K) are the almost quaternion structures on QP"(c).
We will use the following convention on the range of indices unless

otherwise stated:

A B,C,...=1,....,n,I(1),...,I(n), J(1),..., K(n);

i,j,k,...:l,...’n; ()b:I,J’ OrI{;

Let w” and w% be the dual frame field and the connection forms with

respect to the frame field chosen above. Then, the structure equations of
QP™(c) are

dw? = —Zw‘g/\wB,wg +wh =0,

1 _
A
dw’éz— E wc/\wg+§ E RABCDLUC/\WD.
where

Rapep = 2(5.4053[) —6apbépc +IacIpp — Laplpc +2laplcp
+ JacdBp — JapJsc + 2JapJep + KacKsp
— KapKpc +2K4pKep)

Restricting these forms to M, we have

(1) w*=0, w¥= Zh;}jwj, Wi = wzg))) hY = hY, h%i) = h;i;(j) = hfj(k)

Define h;, by [3]
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) Z hukw = dhi; ~ Z hm J Z hl]wl - Z hijw,

Then the Gauss-Coddazzi-Ricci equations of M in QP"(c) are

C
(3) Rijn = Z(‘Sikéjl — 6ubjk) + Z( il — hih)
(4) hise = b,

[
Ruukl = "'(IukIvl - IulI'uk + JuchUl - JulJvk+

)
( ) I{uk-h'vl —I{ullka +Z u v ;Llh’fk)

The Laplacian Ah; of the second fundamental form hi; is defined by

Ah;‘j =3 h;‘j px- By a simple calculation ‘we have

(6) D BGARG =3 hhE Rugk + Y W hE R — S B kY Ruaji

Denote by S = }7(h%)? and H? = L3 0. h%)?, then S and H are the
square of the length of the second fundamental form and the mean curvature,
respectively.

If M has parallel mean currature vector, then

(7) Z hi =0

3. Main results and proofs. In this section, let QP? be an 8-
dimensional quaternion projective space with constant quaternion sectional
curvature ¢ > 0 and M be a totally real surface in QP?. Then the Gauss

equation of M is
1
(8) 2K = S+ 4H® - S

If M has parallel mean curvature vector, from (1) and (7) we can obtain

2
(9) D o (r)? =80 (A2 + () + D)2y
) =1
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Theorem 3.1. Let M be a totally real surface in QP? with parallel

mean curvature vector, then
(10) S > 3H?,
if the equality holds, then M has parallel second fundamental form.

Proof. Using (1), by a direct calculation we have

(1)
4(S — 31%) = () = 3m58")2 + (g — 3 {)? + (i — 3mg )

(8P = ) 4+ () = 3ng )2 o (g — 3R
so (10) holds. If S = 3H?, from (11) we have,
(12) R0 = gp2lY | RSP = 30, ¢ =1, K.

From (1) and (2) we have

: $(1) &k $(1) $(2) #(1
(13) 3wk = dnf +3riPwi), ¢ = 1,0, K
k
. A1 2 1 2 1 -
(19) SO rEVwr = angth + ngPwll) - Pl 6= 1,0, K
k

From (12), (13) and (14), we get
15) R = gty _gp D)y~ 1 J K
111 221 112 222

Combining (15) with (7) and (1), we obtain h‘fl(i) = h‘fg) = 0, then from

(2

(9) we have hj;, = 0, so the second fundamental form of M is parallel.

From Theorem 3.1 and the Gauss equation (8) we have

Corollary 3.1. Let M be a totally real surface in QP? with parallel

mean curvature vector, then the Gauss curvature of M satisfies

c 1
K< -+ -H?
_4+2 )

when the equality holds, M has parallel second fundamental form.

Just like the proof of Theorem 3.1, we can prove
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Theorem 3.2. Let M be a totally real surface in QP2 with parallel
mean curvature vector, then 3S > 8H?, the equality holds if and only if M

15 totally geodesic.

Lemma 3.1. Let M be a totally real surface in QP? with parallel mean

curvature vector, then

(16) [VSI? =2(S —3H?) Y "(h))2.

Proof. From (1) and (7) we have

1
Vst = Z Do hEh)? = (Y = 3Ry$0 )2 4 (hE) — 3pI()y2

+ (R} J“) = 3hgs)? + (hSY — 3RI(D)y2
+ (03 = 8hgs M) + (has® — 3RS (R, )?)

this together with (9) and (11) we have (16).

From (3) we know that the first term in the right side of (6) is
> L b Ry
= (MahYyRinis + hiyh Risor + b3y b Rat1s + by b Riga
=(D_(2(hi)* = ki1 b)) Rizis

=23 ((12)? — Bt b)) (e + S htahgy — 3 (h%)°).

Similarly, the second term in the right side of (6) is
D RhiRikge = (O (1) + (h2)? + 2(k¥y)*) Ruzn
1
= S(ZC + Z hyy gy — Z(hff‘z)z)-

Note that h_‘f,gi) = hfl(j) = hfj(k), ¢ =1,J, K, so from (5) it is easily know
that the third term in the right side of (6) is 2(3_(h¥ Y, — (RY2)?)) (3¢ +
20 hi gy = 32(RT,)?). '

On the other hand, S —4H? = 2" (h%,)2 -2 h¥, hY,, from the Gauss
equation 2K = £c+4H? — S, we can get K = Tc+ > B Y — S (hY,)?
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from (6) we have ) hi;AhY; = K(4 ST(h¥)?2 — 45 h¥hYy + S) = K(35 —
8H?), then we have

(17)' %AS =S (h)? + K (38 — 8H?)

Theorem 3.3. Let M be a totally real surface in QP? with parallel
mean curvature vector. If M has constant Gauss curvature K or M 1s
compact and has nonnegative Gauss curvature K, then M is either totally

geodesic or flat.

Proof.. (i) If M has constant Gauss curvature I(, from (8) we know that
S is a constant, from Lemma 3.1 and Theorem 3.1, M has parallel second
fundamental form. By (17), 3S = 8H? or K = 0, i.e.,, M is either totally
geodesic or flat.

(ii) If M is compact and Gauss curvature K > 0, from (17) and Theo-
rem 3.2, we have 35S = 8H? or K = 0, i.e., M is either totally geodesic or
flat.

Theorem 3.4. Let M be a totally real surface in QP? with parallel

second fundamental form, then M is either totally geodesic or flat.

Proof. M has parallel mean curvature vector. Then by Lemma 3.1, S
is a constant, so from (17) we know that M is either totally geodesic or flat,
this finishes the proof of Theorem 3.4.
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