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SOME NEW SEQUENCE SPACES
DEFINED BY ORLICZ FUNCTIONS

BY

AYHAN ESI

Abstract. In this paper we introduce and examine some
properties of three sequence spaces defined by Orlicz function M,
which generalize well known Orlicz sequence space .

1. Introduction. Lindenstrauss and Tzafriri [8] used the idea of Orlicz

function to construct the sequence space
(2]
le{:CEW: g ]\4(—’3—> < oo for some p>0}.
P
k=1

The space Iy with the norm

z|| =in : - @
Il = inf {p > 0 ;M( ) <1}

P

becomes a Banach space which is called an Orlicz sequence space. The space
Ia is closely related to the space I, which is an Orlicz sequence space with
M(z) =2z for 1 <p < 0.

Let W be the family of all real or complex sequences. Any subspace of
W is called sequence space. An Orlicz function is a function M : [0,00) —
[0,00) which is continuous, nondecreasing and convex with M(0) = 0,

M(z) > 0 for z > 0 and M(z) — oo as z — oco. If convexity of Orlicz
function M is replaced by M(z + y) < M(x) + M(y) then this function is
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called modulus function defined and discussed by Ruckle [11] and Maddox
[6].

In the present note we introduce and examine some properties of three
sequence spaces defined using Orlicz function M, which generalize the well
known Orlicz sequence space [ and strongly summable sequence spaces
(©,1,p], [C,1,plo and [C,1, ploo.

Let p = (pi) be any sequence of positive real numbers, and A = (Gnk)
be a nonnegative regular matrix. We define

W (A, M,p) = {x €W :limy " ank [M('g“'—’“;—L—')]” ~0
k

for some p>0and L > O},

Wo(4, M, p) = {x cW: 1@2%,@ [M(‘ip"—l)]p =0
k ;

for some p > 0},

W (A, M,p) = {3: ew: supZank [M(Ia:—:—lﬂm < o0
Tk

for some p > 0}.

When A = (anz) = (C,1) Cesaro matrix, we have the following se-
quence spaces which are generalization of the sequence spaces W(M,p),
Wo(M,p) and W, (M, p) which were defined by Parashar and Choudhary
[9]:

n

W (M, p) = {x eW : hgn-i—bkzd [M(’ﬁ%ﬂ)]” =0

for some p>0and L > 0},

Wo(M, p) = {:L eW lim= Y [M(‘-x—’“l)]p —0

n n
k=1 P

for some p > 0},
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We(M,p) = {x ew: sup;ll—i [M(!_%"I)]pk ‘e
" k=1

for some p > 0}.

When M(z) = z and 4 = (an) = (C,1) Cesaro matrix, we have
[C,1,p], [C,1,p]o and [C,1,p|e respectively.

When M(z) = z, we obtain generalization of the sequence spaces (A, p],
[4,p]o and [4,plo, which were defined by Maddox [3]. If z € [A,p], we say
that z is strongly almost A summable to L.

We denote W(A, M,p), Wo(A4,M,p) and W, (4, M,p) as W(A, M),
Wo(A, M) and W (A, M) when py =1 for each k.

Now we study some properties of spaces W(A, M, p), Wo(A, M,p) and
W (A, M, p).

Theorem 1. Let p = (pi) be bounded. Then W (A, M,p), Wy(A, M, p)

and W (A, M, p) are linear spaces over the set of complex numbers C.

Proof. Using the same technique of Theorem 1 of Parashar and Choud-

hary [9], it is easy to prove of the theorem.

Theorem 2. Let H = max(1,suppy). Then Wo(A, M,p) is a linear
topological space paranormed by
. kal prN\ 1/H
g(z) = inf { pPn/H . ankM—] <L,n=1,2,3,...5.
= (5 (S (D)) < }
Proof. Clearly g(z) = g(—=z). The subadditivity of g follows from
Theorem 1. Since M(0) = 0, we get inf{p?»/H} = 0 for = 0. Conversely,
suppose g(z) = 0. Then it is easy to see that = 0. Finally using the same

technique of Theorem 2 of Prashar and Choudhary [9], it can be easily seen

that scalar multiplication is continuous. This completes the proof.

Remark. It can be easily verified that when M(z) = z; the paranorm

defined in Wy(A, M, p) and paranorm defined in [A, p]y are same.

In order to discuss further result we need the following definition.
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Definition. An Orlicz function M is said to satisfy As-condition for
all values of w, if there exists constant K > 0, such that M(2u) < KM (u)

(u > 0). The As-condition is equivalent to the satisfaction of the inequality
M (Lu) < KLM(u) for all values of u and for L > 1.

Theorem 3. Let A be a nonnegative reqular matriz and M be a Orlicz

function which satisfies Ay-condition. Then

[A,plo C Wo(A, M,p),[A,p] C W(A, M,p),and [A,plec C We(A, M, p).

Proof. Let © € [A,p], then

(1) Sn:Zanklxk_Llpk — 0 as n — oo.
k=1

Let € > 0 and choose § with 0 < § < 1 such that M(¢) < €/2 for
0 <t <6 Write yp = |z, — L| and consider

Zank ykl pk = Z Z

where the first summation is over y; < ¢ and the second summation over

yr > 6. Since M is continuous
Z <€ Z Ank

1 k

and for y > 6, we use the fact that
yr <ye/6 <1+ yi/6.
Since M is nondecreasing and convex, it follows that
M(y) < M(1+y/6) < 1/2M(2) + 1/2M(2y,./6).
Since M satisfies As-condition, therefore
M(yr) <1/2K yi /6M(2) + 1/2K yi /6M(2) < K yi, /M (2).

Hence
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> < max(1, K671 M(2)7 s,

2

This and from (1) and regularity of A, we obtain [A,p] C W(A, M, p).
Following similar arguments we can prove that [4,plo C Wy(A4, M, p) and
[4,Ploc € Weo(A, M, p).

Theorem 4. (i) Let 0 <infp, <pi <1. Then W(A, M,p) C W(A, M).
(i) Let 1 < pp < suppg < co. Then W(A, M) C W(A, M,p).
(iil) Let 0 < pr <qr and (qr/pi) be bounded. Then W (A, M, q)
C W(A, M,p).

Proof. (i) Let x € W(A, M, p), since 0 < infp;, < 1, we get

S M) < S e ()]

and hence z € W (A, M)
(ii) Let pr > 1 for each k, and suppy, < co. Let x € W (A, M). Then

~for each 0 < € < 1 there exists a positive integer N such that

S [P < e

0

for all » > N. This implies that

S [ (F ™ < s [ ()]

Thus we get z € W (A, M, p).
(iii) If we take

o (2

for all k, then using the same technique of Theorem 2 of Nanda [10], it is

easy to prove (iii).

Corollary. Let A = (an,) = (C,1) Cesaro matriz and M can be an

Orlicz function. Then
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() If px = 1 for all k and M be satisfies Aq-condition [C, 1o C Wo(M), .
(C,1] € W(M) and [C,1]ee C Woo(M).
() If1 <infpr < pe <1, W(M,p) C W(M).
(iii) If 1 < px < suppy, < oo, W (M) C W(M,p).
(iv) If 1 < p < qi and (qx/px) s bounded, W(M,q) C W(M,p).

Proof. Tt is same of Theorem 6 and Theorem 7bof Parashar and Choud-

hary [9].
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