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Abstract. In this paper, we determine explicitly inter-
polatory polynomials R, (z) of degree at most 3n — 2 (n even),
such that R,(yi) and R (z.), p = 0, 1 assume the preassigned
values at {zx}7.; and {yk};‘;ll, which stands for the zeros of
nt® Hermite polynomial H,(z) and its derivative H, (z) respec-
tively. Under certain conditions on f, we obtain the estimate of
e’ |f(z) — Rwn(f, z)|, v > %, on the whole real line.

In this paper we consider a special problem of mixed type (0;0,1)-
interpolation on the roots of Hermite polynomials.

Earlier P4l [7] proved that when function values are prescribed on one
set of n points and derivative values on another set of n—1 points, then there
exists no unique polynomial of degree < 2n — 2, but prescribing function
value at one more point not belonging to the former set of n points, there
exists a unique polynomial of degree < 2n — 1. Eneduanya [2] proved its
convergence on the roots of m,(z).

Let

—00 K Tpn <Tp_1p < 00 <Tfp <T1n <O

be a given system of (2n—1) distinct points. L. Szili [9] determined a unique

polynomial R,, of lowest possible degree 2n — 1 (for n even) given by :
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n n—1
Rn(x) = Zyz,nAz,n(x) + Z yz:nBi,'n(x):
i=1 i=1
satisfying the conditions:

Rn(xi,n) = Yin, 1= 1,2, P
R(2 ) = Yo v=12,...,n—1
and

R, (0) = 0.

If the interpolated function f is continuously differentiable f(0) = 0 and
Mmoo e 222 f(z) = 0, v = 0,1,2,... limz)_c0 F(z)e="/2 = 0, then

the sequence R, (z) satisfies the relation:
—va? 1y
e If(x)—Rn(;c)|:O(w(f'; %) 1ogn), v>1

which holds on the whole real line and O does not depend on n and z.

1. Let {z4}?_; and {yx}7Z; be the zeros of H,(z) and H/(z), where

2 At e

(1.1) H.(z)=(-1)"e T (e™™), n=12,...

The fundamental polynomials of Lagrange interpolation are given by

H,(z)

(1.2) h(z) = gresr, k=1n
and .
(1.3) Li(z) = — (@) k=1(1)n—1

Hy(ye)(z — yi)’
In this paper, we study the following:

(0;0,1)-interpolation on infinite interval. Let n be even, then for
given arbitrary numbers {b;}7Z7, {b;}2_; and {b1*}7_, there exists a unique

polynomial R, (z) of degree < 3n — 2 such that
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R.(yx) =br, k=11)n-1,
R.(zk) =05, k=11)n

and

Rl (zx) = b, k=1(1)n.

(1.4)

For n odd, R,(z) does not exist uniquely. Precisely we shall prove the

following:

Theorem 1. For n even,

n—1 n n .
(1.5) Ra(z) =Y belk(z) + Y biVi(z) + Y b Wi(a),
k=1 k=1 k=1

where Ur(z), k = 1(1)n — 1 and Vi(z), k =I(1)n are the fundamental poly-
nomials of first kind and Wi(z), k = l(1)n are the fundamental polynomials
of second kind of mized type (0;0,1)-interpolation. All such fundamental

polynomials of degree almost 3n — 2 are given by:

2 xr
(1.6) Us(z) = % k=1(1)n—1
(1.7) Vilz) = %@{1 —dz(@—z)}, E=I1)n
and
(1.8) Wi(z) = H”(zi"z(z))l’“(“’), k=1(1)n,

were I (z) and Li(x) are given by (1.2) and (1.3) respectively.

Theorem 2. Let the interpolated function f : R — R be continuously

differentiable such that
‘ Ilim z2* f(x)p(x) =0 (k=0,1,...),and
z|—+o0

(1.9)

l Ilim p(z)f'(z) =0, where p(z) = e P 0<B<1.
z|—+o0

Further, taking the numbers 6, such that

(1.10) 8 = O(e‘s’”i)w(f'; ) k=11n, 0<6<1,

1
7

where w is the modulus of continuity of f'. Then
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Q1) Ra(hz) =3 F@0Us@) + 3 Fa)Vel@) + 3 6Wila),
k=1 k=1 k=1
satisfies the relation:
e 1(@) - Falo)l = OW(f5 =), v> 5,

which holds on the whole real line and O does not depend on n and x.

Remark. w(f,6) denotes the special form of modulus of continuity

introduced by G. Freud [3] given by:
(1.12) w(f,8) = sup [[W(z+8)f(z+1) - W(@)f (@)l + I (62)W (z) f ()l

where

( )_{|m|, for |z| <1
= 1, forlzj>1
and ||-|| denotes the sup-norm in"C(R). If f € C(R) and limjz|—..o W (z)f(z)
= 0, then lims_.o w(f,9) = 0.

2. Preliminaries. In this section, we shall give some well known
results, which we shall use in the sequel.

The differential equation satisfied by H,(z) is given by:

(2.1) H) (z) — 2zH, (z) + 2nH,(z) = 0.
(2.2) H, (z) =2nH,_i(z).

From (1.2), we have

| # k
(2.3) lp(z;) = {0 for 7 , k=11n.
1 j=k
H,(z;) .
(2.4) l(x5) = { Hy(we) @ —ar) 7 7
' 2 L j=k

From (1.3), one has
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| # k
(2.5) Lk(yj) - {0 for g ;é s k= l(l)n - 1.
1 ji=k

For the roots of H,(z), we have

k2
(2.6) xﬂv;.
(2.7) H,(z) = O{n~Y*/2nnl(1 + W)ewz/z}, z € R.
(2.8) |H. (z)] > 2"+ [g] 1554/ 0 < §< 1.
S Hi(y)Hi(z) | Ha(y)Hnoa(z) = Hao1(y)Ha(2)
(2.9) ;) wm 7~ iy - 2)

From (1.2) and (2.9) at y = zx, we have

2”+1n!\/ﬁe%(x2+zi)

2.10 ! =0Q , >1

( ). lix(z)] = O(1) 2 (o) 2z

(2.11) Z e~k = O(v/n), where ¢> 0,
k=1

(1.12) 3Bk (H ()2 = 02" )T, 0<6<1
k=1

and
2 [(2)]?

(2.13) UG e n=1,2,...

(n+1)! o

233

3. Proof of Theorem 1. Using the results given in preliminaries and

a little computation, one can easily see that the polynomials given by (1.6),

(1.7) and (1.8) satisfy the conditions:
For k = Il(1)n — 1,
0 JFk

Uk(yj) = { for ) y ] = l(l)n - 1, Uk(xj) = O, _7 = l(l)n

1 _
(3.1) j=Fk

and
Up(z;) =0, j=11)n.

For k = I(1)n,
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0 J#k
Ve(y;) =0, j=Iiln—-1 Vi(z;)= {1 for , 7=11)n
(3.2) 7=k
' and
Vi(z;) =0, j=I1)n.
and
Wi(y;) =0, j=IlUn—-1, Wi(z;) =0, j=I1)n
and
(3.3) . itk
Wi(z;) = { for , j=Il1)n.
L iy

4. To prove theorem 2, we need

Lemma 4.1. For k=1(1)n -1 and z € (—00,00), we have

(2nn!e%(x2+yi)
VRHZ(yr)
where Li(x) is given by (1.3).

|Li(z)] = O ) v >1 and k=1I1)n—1

Proof. From (2.9) at y = vy and using (1.3) and (2.2), we get

n _ 'n——l
@)l < S5 E S i) 17
n i=0 ’

On using (2.7), we get the required lemma.

5. Estimation of the fundamental polynomials.

Lemma 5.1. For k=1(1)n —1 and z € (—o0, c0)

n—1
Z e”ylek(:v)I =0(vVn)e™, v> —g-, and 0< B <1,

where Uy (x) is given by (1.6).

Proof. From (1.6), we have

- ﬁy 2
Zeﬂy"!Uk )| < Z r H2(x) |Lk($)l

HZ(y)
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Using (2.7), (2.12), (2.13) and lemma 4.1, we get the required lemma.

Lemma 5.2. For k= 1(1)n and z € (—00,00),
Zeﬂmi‘Vk(m)l = O(\/ﬁ)e"”"z, v > %, and 0< B <1,
k=1

where Vi.(x) is given by (1.7).

Proof. From (1.7), we have

(5.1) Vi(z) = E;I}Lf’()-i()—m)u _ dz(z — o).

Using (1.2) and (2.2), we get

2n|Hn-1 (2)|E(2) | 2n|ze] |Hn1(2)] |l ()|

Vilz) <
V@l < =5 ()] 1 (z)
Therefore
- " 7t s ()
ﬁzi v <9 e ‘ n—1\Z )L\ T
e T < 41
D PV < 200, =
(5.9) oS s () 1)
= Hy, ()

= Il +Ig

Owing to (2.7), (2.9), (2.12) and (2.13), we get

e’* 3

(5.3) 11:0( . ) v><.
Using (2.7), (2.9), (2.12), (2.13) and (2.6), we get
3
(5.4) I, =0(/n)e, v> >

Combining (5.3) and (5.4), we get the required lemma.

Lemma 5.3. For k =I(1)n and z € (—00,00),

n 3
S P Wi (2)| = 0(e*), v>3 and 0SB <,
k=1

where Wi (z) is given by (1.8).
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The proof of this lemma follows on the same lines as that of lemma 5.1,

so we omit the details.

6. In this section, we mention certain theorems of G. Freud and L. Szili

required in the proof of Theorem 2.

Theorem. (G. Freud, Theorem 4 [4] and theorem 1 [3]) Let
f R — R be continuously differentiable. Further, let

lim z**p(z)f(z) =0, k=0,1,2,...

||+

and

lim p(z)f'(z) =0,
Jz|—-+oo

then there exist polynomials Q,(z) of degree < m, such that

6D @U@ - @@l =0(Z)u(rir). seh

where w stands for modulus of continuity defined by (1.12) and p(z) the

weight function.
Szili ([10] lemma 4, theorem 4) established the following:
(6.2) P@)IQT (@) =01), 7=01,; zeR

7. Proof of the main theorem 2. Since R,(z) given by (1.5) is

exact for all polynomials Q,(z) of degree < 3n — 1, we have
n—1 n

(7.1) Qn(2) =) Quye)Ui(@) + Y Qulzi)Vi()
k=1 k=1

+ Q@) Wi(2).

k+1

From (7.1) and (1.11), we have

|Ra () — £(@)] < |Ra(f = Quy)| +|Qn(z) — £(2)]
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—'V$2 bt 4 2
e |Rn(z) - f(z)] < €7 |@n(z) — f(2)]

n-1
—1122 - 2

+e7 N e £ (5a) — Qulye)| Uk (@)
k=1

+e7 S e P fan) — Qula)| Vi ()|
k=1

fe v Z 6k |[Wi(z)|
k=1

-V 2 = had :B2 :1:2
+e Yy e PR QL (24| (Wi () ]eP7x.

k=1

Owing to (6.1), (6.2), (1.10) and lemmas 5.1-5.3, theorem is proved.
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