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UNIQUENESS OF MEROMORPHIC FUNCTIONS

BY

INDRAJIT LAHIRI

Abstract. We prove a uniqueness theorem for meromor-
phic functions.

1. Introduction and definitions. Let f and g be two nonconstant
meromorphic functions defined in the open complex plane C. In the pa-
per we deal with the problem of finding out relations between f and g on
the basis of their a-points. We do not explain the standard notations and

definitions because they are available in [2].

Definition 1[1]. We denote by E(a,k; f) the set of distinct zeros of
f —a (a € C) whose multiplicities are less than or equal to k, where k is a

positive integer or infinity.

Definition 2. If k is a nonnegative integer or infinity, we denote by
ni(r, a; f) the number of zeros of f —a in |z| < r, where a zero of multiplicity
p is counted p times if p < k and 1 + & times if p > k; Ni(r, a; f) is defined

in terms of ny(r, a; f) in the usual way.

T(r,J) -
§(a; f) < Skla;f) < bp—ifasf) < -+ < bola;f) = O(a;f) < 1 and
boola; f) = 6(as f)-

Definition 4. We denote by 7(r,a; f,< k) and N(r,a; f,< k) the

Definition 3. We define 6x(a; f) = 1-lim sup Y&@if) - Then 0 <

counting functions for distinct zeros of f — a of multiplicities not greater
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than k. If k£ < 0, we take 7i(r,a; f,< k) = 0 and so N(r,a; f,< 0) = 0. Also

we define 7(r,a; f,> k), N(r,a; f,> k), 7(r,a; f,> k) etc. likewise and we
take n(r,a; f,> k) =0 if k = co.

Definition 5. We denote by E the exceptional set that appears in
the second fundamental theorem (p.34, [2]) and by S(r; f1,f2,--., fn) 2
function of r such that S(r; f1, f2,--., fu) = o{> i, T(r, fi)} as r — o0

(r ¢ E) where f;’s are meromorphic functions defined on C.
Gopalakrishna and Bhoosnurmath [1] proved the following theorem.

Theorem A. If (i) for some a € C U {0} N(r,a;f) = S(r;f,9),
N(r,a;9)=5(r; f,g), (ii) there exist distinct complex numbers ay,as, ..., am
in CU{oo} \ {a} for which E{a;, ki; f) = E(ai, ki;9) (1 =1,2,...,m) where
each k; is a positive integer or infinity with ki > ko > -+ > ky, and (iii)

m k; k —
Zi=2 Tk, ,1+1k1 > 1 then f=g.

m ky
1=2 1+k;
ky

iy S 1 and if possible under which situation? The purpose of the paper

Now one may ask is it possible to replace condition (iii) by >

is to answer this question.

2. Lemma and theorem. First we prove a lemma which is necessary

for the theorem.

Lemma. Let k be a nonnegative integer or infinity. Then for a €

C U {oo}

k

N(r,a; f) <
(T7a7f)—-1+k

N(r,a; f,< k) +

1 +ka(r,a;f).

Proof. If k = oo, the lemma is obvious. If £ < co then

(A +k7n(ra f) =1 +k)na(ra f,> k) + (1 + Eya(r,a; f,< k)
=ni(r,a; f) —n(r,a; f,< k) + (1 + k)n(r,a; £, < k)
< nk(r> a; f) + kﬁ(’f‘,a; fa < k))

from which the lemma follows.
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Theorem. If i) N(r,a; f) = S(r; f,9), N(r,a;g) = S(r; f,g) for some
a € CU{oo} (ii) there exist distinct elements ay,as, ... ,an in CU{co}\{a}
for which E(a;, ki3 f) = E(ai,ki;g) (i = 1,2,...,m) where k; is a positive
integer or infinity with ky > ko > -+ > ky, and (iii) Doy 1—1%- - 1+k1 <1,
(iv) 7, min{S, (as; £), 6k, (a3 9)} > {1+ 4 = T, 211+ ky), then

f =g. In particular, if the right hand side of (iv) is equal to zero, “min” in

the condition (iv) can be replaced by “maz”.

Proof. By the second fundamental theorem we get because N(r,a; f) =

S(r; £, 9)-

(m —1)T(r, f) < N(r,a; f) Z (r,as; f) + S(r, f)

N(r,a; f) + S(r; £, 9)-

I
.MS

1

2

We note that this inequality is true for ¢ also because N(r,a;g) = S(r; f, 9).
First we suppose that a = co. Then ay,as,...,a, are all finite and by

the Lemma we get from above

3

(m—-1DT(r f)<

(1) =
+

N(r,a;; f <k;)

'MS +

Ny, (7; a:; S(r; f,9)-
11+ki ki(yai5 f) +5(r; 1, 9)

7

Applying (1) to g and adding to (1) we get
2) (m—=1{T(, f)+T(r,9)}

m ki
SZl-l—ki

+Zl+k {N,(r,a55 f) + Ne(r,a559)} + S(r5 £, 9)

_(TJ a5 f) S k’l.) +N(’I", a;54, S kz)}

m

< o LN f0.< )

+Z - +k {Nii(r, ai; f) + Ne,(r,055.9)} + S(r3 £, 9),
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because lf}ﬁ > 11“_1.2 > 2> lf’,jm where N(r,a;; f, g, < k;) is the counting

function for common distinct zeros of f — a; and g — a; of multiplicities not

greater than k;.
If f # g, each common zero of f —a; and g —a; is a zero of f —g. Since

ai,as,...,6, are all distinct, we have
Z—]—V—(T, ai;f797 S kz) S N(T,O;f - g) S T(T> f) +T(Tvg) +O(1)
i=1

So from (2) we get

®  (m-1- 21

1+ 4k

T ) +T(r,9))

m 1
= ; T, Nea(rai; f) + N (r,069)} + 5(r3 £, 9).
Now for given € (>) there exists ro (> 0) such that for r >

Nki(ra ai;f) < {1 - 6k1(a17f) + 6} T(T7f) and
N, (r,0:;9) < {1— 6k, (as;9) + €} - T(r, g).

Hence from (3) we get

@ (T -1 ) @6, ) + T 9))

P 1+ E; B 14k
+ 17 2 A0k (0 ) = OT(, 1) + (B (0i,9) = OT(r, 9))
< 8(r; f,9).

Since the second term of the left hand is not less than

1 LA
1+ k [; min{é, (ai; f), 6k (a5 9)} — me] {T(r,f)+T(r,9)}
and 7, t5- — 1— 8- <0, it follows from (4) that
1 LA
* 1+k [Zmln{éki(ai,f)aéki (aivg)} - mé} <0

=1
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and this implies a contradiction to the condition (iv). Hence f =g.

1+k -, 15 = 0. Then from (4) we get

(5) Z[{éki(ah f)—et-T(r, )+ {5ki(aiag) —€}- T(T7g)] < S(r; f,9)-

Further we suppose that > .- max{6,(as; f), 6 (a;g)} > 0. Then
there exists a positive integer p, 1 < p < m, such that at least one of
6k, (ap; f), 6x,(ap;g) is positive. We consider only the case 6, (ap; f) > 0
because the other case is similar. If possible, let f # g. Then from (5) we
get

(6) Ok, (ap; /YT (r; £) < me{T(r, f) + T(r,9)} + S(r; f,9).
Now we show that

") > N(r,055£,9,< ) > S {T(r, 1) + T(r,9))

for all sufficiently large values of r(r ¢ E). If possible, let
TN 1
Z N(Ta a‘i;f)ga < kz) S E{T(Thf) + T(Tag)}
i=1

for a sequence of values of 7(r ¢ E) tending to infinity. Then from (2) we

get for a sequence of values of r tending to infinity (r ¢ E)

(m —=1{T(r, f) +T(r,9)} <
US|
+;1+ki

<{+ > g D) £ 0,0} + 50531,

3 T )+ T(9)}

i(r7ai;f) +Nki(raa’i;g)} +S(Tafag)

ie. {m- 1- 5 _]ffkl 1T T } {T(r,f) +T(r;9)} < S(r; f,9)

: =~ ki k
e {Crip-1-g +1k1} AT, )+ T(r,9)} < S(r3 1,9)
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e X 1) TN 4T < 5550
ky
14+ %k

l.e.

AT(r, f)+T(r,9)} < S(r; f,9),

which is a contradiction. So (7) is true.
Since mT(r, f) > >ie ) N(r,a;; f,9,< k;), it follows from (6) and (7)
that
{ 5k,, (ap§ f)

2m

_ me} AT(r, ) +T(r,9)} < S(r; f,9)

which is again a contradiction for sufficiently small e (> 0). Hence f = g.

1
a;—a

elements of C. Let F = (f —a)™! and G = (g — a)~!. Then N(r,00; F) =
N(r,a;f) = S(r;F,G) and N(r,00;G) = N(r,a;9) = S(r;F,G). Also
E((a; — a) L k;; F) = E((a; — a)™4,k;;G) for ¢ = 1,2,...,m. Finally
8k ((a; — a) Y F) = bk, (a5 f) and 6, ((a; — a)™ 1 G) = &, (ays;g) for i =
1,2,...,m. Now by applying what we have already proved to the functions
F and G with (a; —a)™%, (as —a)7},..., (am —a)~! we see that F = G and

so f = g¢. This proves the theorem.

Next we suppose that a #% oo. Then

(t=1,2,...,m) are distinct

Remark 1. Consider f = exp(z), ¢ = exp(—2) we see that N(r,co; f)
= N(r,00;9) = 8(r;f,9), a1 =0, a0 =1, a3 = =1, k; = ks = k3 = 1 and
2?21 min{é; (a;; f),61(a;,9)} = 1. So the condition (iv) of the theorem is

necessary.

Corollary 1. If (i) there exists a € C U {co} such that N(r,a;f) =
S(r; f,9), N(r,a;9) = S(r; f,9), (i) E(a;,1; f) = E(as,1;9) for a; € CU
{ooh\{a} (i =1,2,3) and (iii) 227, min{61(ai; £), 61(as;9)} > 1 then f = g.

Corollary 2. If (i) there exists a € C U {co} such that N(r,a; f) =

S(r; f,9), N(r,a;9) = S(r; f,9), (ii) E(a;,1;f) = E(ai, 1;g) for a; € CU
{oo} \ {a} (i = 1,2,3,4) and (i) S+, max{6;(a;; f),61(ai;9)} > 0 then
f=g.
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