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SOME CONDITIONS FOR A COMPLEX STRUCTURE

BY

CHUAN-CHIH HSIUNG (££2:34)

The purpose of this note is to give a sufficient condition and there-
from a necessary condition for an almost complex structure to be a complex

structure. The results are contained in the following theorem.

Theorem. Let J be an almost complez structure on a Riemannian 2n-
manifold M2 (n>2). Let J:5 and Rpijr denote respectively the components
of the tensor of J and the Riemann curvature tensor of M>" with respect

to a Riemannian metric g;; and a local coordinate system, where all indices
take the values 1,...,2n, If J;7 satisfy

(1) Vi Ji,) = Vi, Ji? =0

for alliy, 19, j, where V denotes the covariant derivation with respect to g;;,

then J is a complex structure and
(2) Jir Jiy? Rijigk + Ji ' Jiy? Rijiyr + Jig“Ji? Rigik = 0
for all i1, 19, i3, k, where the repeated indices imply summation.

Proof. Let z!,...,2?" be a local coordinate system on the manifold
M?". Then with respect to this system the torsion tensor Ti’; of the almost

complex structure J;’ is given by

aJ;" 8Jsh> e (9" 8Jsh>,

- *\ 9z oI

h _ rsf{ZY heC
(3) L= Jj ( ors oz’
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which can be written, in term of the covariant derivation V with respect to

the Riemannian metric g;;, as
(4) T = J (VI = Vidm) = 35(V, I — v, 0.0,

From (1) it follows that T} = 0, so that the almost complex structure
J is integrable, and the Newlander and Nirenberg’s theorem [1] shows that

J is a complex structure.

On the other hand, using the Ricci identity we obtain

(5) (Vil viz - Vizvh)‘]isk = Jiaij_’iizil - ijRjisiin
(6) _(Viavi2 - Vizvia)‘]ilk = _Jilijjizia + ijRjilizis’
(7) (Vs Vi, = Vi, Vi )i, = 73,7 RY jiyiy — TP R4,

Adding (5), (6), (7) together gives
vil (viz Jisk - Vis‘]izk) + vi2 (Vis Jilk - vi1 Jisk)
+ v1'3 (vll Ji2k - Vig lek)

(8) 7 pk 7 pk 7 pk
== Ji, R jiyiy + Jiy? R jiyiy + Ji? R iy,

+ T (R iyigis = Rligiria — B iginiy)-
By (1) and
Rji1i2i3 + Rji2i3i1 + Rjigiliz = 07
(8) is reduced to
(9) Tir? R jigig + Ji? R jigy + Ji, ) RY iy = 0.
Multiplying (9) by gx; and summing for k£ we have
(10) Jir? Rijizis + Ji,” Rijigis + Jig” Rijiyi, = 0.

Multiplying (10) by Ji* and summing for i yield
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(11) Jir? Je* Rijigiy + Jia? T Rijigiy + Jiy? Ju' Rijiyiy = 0.

By changing il, k, i2 to ig, il, k; k, iz, i3 to iQ, 'i3, k; and il, k, ’i3 to k, i3,

i1, respectively, from (11) we obtain

JingiliRijkig + kaJiliRiji3i2 + JingiliRijizk =0,
Jiy? Jiy* Rijigk + Ji,7 Jiy " Rijiiy + Jo? Jiy* Rijiyiy = 0,

Je? Jiy* Rijigiy + Jiy? Jig* Rijin + Ji, 7 Ty " Rijay = 0.

Adding the above three equations together and making use of (1) we imme-

diately arrive at (2), and the proof of the theorem is complete.

Referee’s remark. Condition (1) is by no means necessary for an
almost complex structure J to be integable; in fact, for n = 2 if the metric
g = (9i;) and the almost complex structure J are compatible, i.e., if g(u,v) =
g(Ju, Jv) for any two tangent vectors w and v, then condition (1) implies

that the metric g is flat.
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