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A NOTE ON ABSOLUTE SUMMABILITY FACTORS

BY

S. M. MAZHAR

Abstract. This paper deals with the generalization of a
number of results due to Bor [5,6,7]. It also shows how certain
results due to Mishra and Srivastava [14] and Bor [3] can be

deduced from known results.

1. Let " an be a given infinite series with {s,} as the sequence of its
nth partial sums. Let {pn} be a sequence of positive numbers such that

P,=po+pi+-+pa— 00380 —> 00 We write

1 n
Up =5 Zpksk
. n

and

A series . a,, is said to be summable |C, 1|k, k> 1, if

(1.1) i [ < 00
. " .
Tt is said to be summable |N, pnlk, k> 1if

=%} k—1
(1.2) s (fﬁ> \Un = Una* < oo[1].

1 Pn
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Mishra [12] and Mazhar [10] obtained the following theorem for summa-
bility IC, llk-

Theorem A. If {\,} is a convex sequence such that

0o A
(13) El —n*' < o0
and if
= |su]®
= >
(1.4) El " O(logn}),k >1,

then 3~ anAy, is summable |C,1|y.

It is known [8,11,15] that if A2, > 0 and (1.3) holds then

(1.5) > nlog(n +1)A%), < oo,
1

{An} is a non-negative decreasing sequence and Anlogn = o(1). With a
view to obtain a more general result Mishra and Srivastava [13] proved the

following:

Theorem B. Let {X,.} be a positive non-decreasing sequence and let

there be sequences {B,} and {\,} such that

(1.6) A < B
(17) /Bn I O,n — 0
(1.8) anmxn < o0
1
(1.9) Al Xn = O(1).
If
(1.10) i's”jk =0(Xy), k>1
. - v . n/iy - ?

then 3° an Ay is summable |C,1|y.

For X,, = logn, B8, = |A\,|. ‘Theorem B gives Theorem A. They

showed by means of an example that condition (1.8) does not imply
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(1.11) > nlAT A Xn < 0.
1
Taking
1 1 "
)\n:—_;ﬂn:_)ane_zanZZ’
ner er n
A = —= (1= e ) < By B — O
= —— —_—
7 nen (1 +Tl,)6 Ko 7
and |A%)\,| < =%, C is a positive contant, we have
i |AZN,|X <Ci~1— <
n nlXn < —5 <0
1 1
while
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Thus in general, conditions (1.8) and (1.11) are independent of each other

and claims made earlier in [4,13] that (1.8) is a weaker condition is not true.

9. Generalizing Theorem B, Bor has proved a number of theorems

for summability [N, pnlg, &k > 1. In all these theorems he imposes certain

restrictions on the sequence {p,}. Some of his theorems are given below.

Theorem C [6]. Let {X,} be a positive non-decreasing sequence and

let sequences {fn} and {X.} satisfy (1.6), (1.7) and (1.9). If

(2.1) 1= 0(pn), n — 0
(2.2) S P Xa|AB| < 00
1
and
(2.3) Z PP— sn‘k O(Xm), m — 00,
1

then 3. an)n is summable [N, pnles k > 1.
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Theorem D [7]. Let {X,} be a positive non-decreasing sequence and
let sequences {B,} and {\,} satisfy (1.6)-(1.9). If

(2.4) P, =0(np,), n — o0
then under the condition (2.3), - anA, is summable [N, p,|s, k> 1.

Theorem E [5]. Let sequences {p,}, {B.} and {)\,} satisfy the con-
dittons (1.6), (1.7) and

(2.5) % = O(pn), 1 — 00
(2.6) inPnIAﬂn | < o

(2.7) PalAn| =0(1)

(28) 3 palsult = O(Bo), m — o0

then Y anXn is summable |N,p,|i, k> 1.
It is clear that

(i) (2.1) and (2.2)=(1.8)

(i) (2.3) and (2.4)=(1.10)

(i) (2.5) and (2.8)=>

(2.9) i 'i’fb'k = O(P,,)
(iv) (2.1) and (2.3)=
- £k
(2.10) Z 2 =0(Xyn), m — 00,
1 n

while the converses need not be true.

In view of (ii) it follows from Theorem B that > apAy, is summable
|C, 1]k for any sequence {p,} satisfying (2.3) and (2.4) and not simply for
Pn =1 as is the case in Theorem D.
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Tt will also be observed that conditions (2.1), (2.4) and (2.5) are restric-

tive as results for p, = 1 ¢an not be deduced from Theorem C, D, E,

nlogn
and for p, = % from Theorem C, D.

In order to extend the scope of these results we prove the following
more general results. To do so we need the concept of almost increasing
sequence. A positive sequence {b,} is said to be almost increasing if there
exist an increasing sequence {c,} and positive constants A and B such that

Ac,, < b, < Bc,. Obviously every increasing sequence is almost increasing

but the converse need not be true.

Theorem 1. Let {X,} be an almost increasing sequence. Then under
the conditions (1.6)-(1.10) and (2.3), Y- anAn is summable [N, pulk, k> 1.

Theorem 2. Under the conditions (1.6)-(1.9), (2.2), (2.3) and (2.10)
S anA, is summable IN, Duli, k> 1, where {X,} is an almost increasing

sequence.

It may be noted that since, in general, |C, 1| and |N,pn|r are indepen-
dent of each other, the condition (2.3) is desirable.
In all above theorems direct restrictians on the sequence {p»} have

been removed. Hence apart from getting results for p, = —71;, nlg T

etc our

theorems are true under weaker conditions.

To prove these theorems we need the following lemmas.

Lemma 1. Under the conditions (1.7)-(1.8)

(2.11) > BaXn <0
1
and
(2.12) - nfaXn =o0(1), n— 0

where {X,} is an almost increasing sequence.
Writing Ac, < Xn < Ben, where {c,} is a positive increasing sequence

and proceeding as in [13] we can easily establish the above results.
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Lemma 2. If {X,} is an almost increasing sequence, then under the
conditions (1.7) and (2.2).

(2.13) P, X.0n=0(1), n — o0
(2.14) anXnﬁn < 0.
1

‘The proof is similar to that of Bor in [6] and hence omitted.

3. Proof of Theorem 1. Let T, denote the n-th (N,p,) mean of

the series Y a,\,, then

—
3
<

3
@
i
<)
1)
fl
)

so that forn >1

Tn“Tn._]_-——PP 1ZP’U 1a'v
n—1

__ pn
= — ————Pnpn—l vav)\vsv

Pn Dn
PUA vy —/\n n
F BBy 2 FeAhese b i has

=L1 + L2 + Lg, say.

Thus to show that - an ), is summable | N, p,|; it is enough to prove
that

o0

Pn k-1
> (—) |LJF <00, 7=1,2,3.
1

Pn

The proofs for r = 1,3 are easy and are the same as in Bor [7,481-482].

Hence we prove the case » = 2 only.
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m-+1 P k—1 m+41 n—1
n k
> <;,:> < 3 g (S risaie)
k-1
(ZP INY nmk) (ZPUIAM>
1

m+1

<27

n nl

m-1

- P’U A)\‘U 'Uk7
Pnpn_lg Al

since > |A)A,| < oo in view of Lemma 1 and (1.6).

oo

)Y PIAN s Y Pll’; ,
1 n ¥ Rd

n=vy+41

(1) Z [AN[so]* = 0(1) Y Bolsy|*
1

m=—1 v !STIk m lST'k
(;A{Vﬁv}27+mﬁm27>

=]

m-—1 m~1

(1) vIABIX, + 0( > ﬁva)
1 1
+ O(MBrm Xm)

= O(1) in view of (1.8), (2.11) and (2.12). This completes the proof of
Theorem 1.

Using Lemma 2 and proceeding as in the proof of Theorem 1, replacing
> BolsolF by ST B.P, lslf;}k we can easily prove Theorem 2.

Taking X,, = P, in Theorem 1 we have the following result:

Corollary 1. Under the conditions (1.6), (1.7), (2.6), (2.7), (2.9) and
~ Pn
(2.15) Elj B lsnl® = O(Pm)

> anA, s summable [N, pale, K > 1.

Since (2.5) and (2.8)=> (2.9) and (2.8)==(2.15), Theorem E follows

from Corollary 1.
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4. In 1984, Mishra and Srivastava [14] obtained the following theorem

on [N, p,| summability.

Theorem F. Under the conditions (1.6)-(1.9)

(4.1) P, = O(np,)
(4.2) P, Ap, = O(pnpn+1)
and
- |3v|

. = 0(X,),
(43) > = ot
> an ’\JPP =~ is summable |N,p,|, where {X,} is a positive non-decreasing
sequence.

This result was subsequently extended to |N,pn|x, k£ > 1 by Bor [3] in

1987. His theorem is as follows:

Theorem G. Under the conditions of Theorem F with (4.3) replaced
by (1.10), the series Zan% is summable |N,p, |k, k& > 1.

Theorem F is the case £ = 1 of Theorem G. It is easy to see that (4.1)
and (4.2) are equivalent to (4.1) and

(4.4) A(ﬁz.) - o(l).
NPy n
Thus a generalized version of Theorem G is:

Theorem 3. Under the conditions (1.6)-(1.10), (4.1) and (4.4), the
series ) 22228 s summable [N, p, |k, k > 1, where {X,} is an almost

increasing sequence.

To deduce this result we need the following inclusion theorem which
Bor [2] obtained in 1985 as an extension of a result of Khan and Alauddin

[9].

Theorem H. If
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Po _ A 40
9 B=o(3:)
(4.6) —-—-——ann o)
(4.7) P,Apg, = O(pn),

then S anfin is summable |N, ¢n |k, whenever > ayn s summable N, Palk,
where {gn} 15 a positive sequence such that Qn = qo+q1+ -+ qn —> X0

as n — 0.

Replacing p,, by 1 and ¢, by p» in the above theorem we find that if

P, = O(npn), np;”n =0(1) and Ap,= OG{),

then 3 anfin is summable |V, pr|r whenever 3 a, summable |C,1],. Writ-
ing pn = 7—1% it then follows that if

P, 3
T —0(1) and A(i> = 0<1>,
NPn v NpPn n

then Eann%"; is summable |N,pn|r whenever Y a, is summable |C, 1]

Now in view of Theorem 1 (for p, = 1), 3_ anA, is summable |C, 1| and

hence > an A;pi = is summable | N, pn|k. This proves Theorem 3.
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